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Abstract

Coding parallel algorithms is generally regarded as a formidable task. To make this task manageable
in the arena of linear algebra algorithms, we have developed the Parallel Linear Algebra Package (PLA-
PACK), an infrastructure for coding such algorithms at a high level of abstraction. It is often believed
that by raising the level of abstraction in this fashion, performance is sacrificed. Throughout, we have
maintained that indeed there is a performance penalty, but that by coding at a higher level of abstrac-
tion, more sophisticated algorithms can be implemented, which allows high levels of performance to be
regained. In this paper, we show this to indeed be the case for the parallel solver package implemented
using PLAPACK, which includes Cholesky, LU, and QR factorization based solvers for symmetric pos-
itive definite, general, and overdetermined systems of equations, respectively. Performance comparison
with ScaLAPACK shows better performance is attained by our solvers.

1 Introduction

In this paper, we show that by creating an infrastructure for high level specification of parallel dense linear
algebra algorithms, not only is the code greatly simplified, but higher performance is achieved. Due to the
simplicity of the specification of the code, more complex implementation can be attempted, which in turn
yield higher performance. We demonstrate the validity of his observation through the use of the Parallel
Linear Algebra Package (PLAPACK) infrastructure to code high performance parallel implementations
of matrix decomposition algorithms like those for the Cholesky, LU, and QR factorizations. What is
somewhat surprising is that despite the fact that the literature on implementation of these algorithms is
vast (indeed too large to properly cite in this paper), we derive new algorithms for these factorizations,
which are shown to yield superior performance.

High performance libraries for matrix operations like the various factorizations first became available
with the arrival of the LAPACK |[2] library in the early 90’s. This library recognized the necessity
to code in terms of Basic Linear Algebra Subprograms (BLAS) [12, 7, 6] for modularity and portable
performance. In particular, it explores the benefits of recoding such algorithms in terms of matrix-matrix
kernels like matrix-matrix multiplication in order to improve utilization of the cache of a microprocessor.
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Extensions of LAPACK to distributed memory architectures like the Cray T3E, IBM SP-2, and Intel
Paragon are explored by the ScaLAPACK project [4]. While this package does manage to provide a sub-
set of the functionality of LAPACK, it is our belief that it has also clearly demonstrated that mimicking
the coding styles that were effective on sequential and shared memory computers does not create main-
tainable and flexible code for distributed memory architectures. The PLAPACK infrastructure attempts
to show that by adopting an object based coding style, already popularized by the Message-Passing
Infrastructure (MPI) [10, 14], the coding of parallel linear algebra algorithms is simplified compared to
the more traditional sequential coding approaches. We contrast the coding styles in [1].

It is generally believed that by coding at a higher level of abstraction, one pays a price of higher
overhead and thus reduced performance. While it is certainly true that the PLAPACK infrastructure does
impose such an overhead, we demonstrate that one can overcome this overhead by implementing more
complex algorithms. One can argue that these more complex algorithms can always also be implemented
using more traditional methods. However, it is the higher level of abstraction that makes the task
manageable, especially when a large number of algorithms are to be implemented.

This paper is structured as follows: In Section 2, we explain matrix-vector and matrix-matrix oper-
ation based versions of an algorithm for computing the Cholesky factorization of a symmetric positive
definite matrix. We show how this algorithm is parallelized and coded using PLAPACK, progressively
incorporating more sophistication into the implementation. The final improvement yields a previously
unpublished algorithm, which is shown to outperform previously published implementations. In Sec-
tions 3-4, we similarly discuss parallel implementation of the LU and QR factorizations. In Section 5,
we present initial performance results on the Cray T3E, including a comparison with ScaLAPACK.
Concluding remarks are given in the final section.

2 Cholesky Factorization
In this section, we discuss the computation of the Cholesky factorization
A=rLL"

where A is an n X n symmetric positive definite matrix and L is an n X n lowertriangular matrix.

2.1 Basic algorithm

The right-looking algorithm for implementing this operation can be described by partitioning the matrices

il | *x A | 0
A= and L=
( a2 | A2 ) " ( l21 | La2 >
where @11 and A1; are scalars. As a result, a1 and l2; are vectors of length n — 1, and A22 and Laa are
matrices of size (n — 1) x (n — 1). The * indicates the symmetric part of A, which will not be updated.

Now,
Ao (o] * _ M| 0 A | U5 _ A | *
a2 | A2 l21 | Las 0 | LT, A11la1 | 12113, + Loo LE,

From this we derive the equations

A = an
loi = axn/du
Asy —lnlyy = LasLi

An algorithm for computing the Cholesky factorization is now given by



1. Partition A = ( o | * )
a21 A22

.a11 A = 4Jou

2

3. a21 < la1 = a21/An1

4. Az < A2z — lzllg;

5. continue recursively with Azz

Note that only the upper or lower triangular part of a symmetric matrix needs to be stored, and the
above algorithm only updates the lower portion of the matrix with the result L. As a result, in the step
Aszy — Ay —1211%; only the lower portion of Ass is updated, which is typically referred to as a symmetric
rank-1 update.

One question that may be asked about the above algorithm is what is stored in the matrix after &
steps. We answer this by partitioning

A Aty * _ Lty 0
Apr | ABr Lgr | LBr
where A7y, and Lty are k x k. Here “TL” |, “BL”, and “BR” stand for “Top-Left”, “Bottom-Left”, and
“Bottom-Right”, respectively. As seen before

A Arp | * _ Lrr | 0 Lty | Ly _ Lri Ly | *
Apr | ABr LpL | Ler 0 | Lir LprLyy | LrLEr + LerLgg
so that
Arr, = LriLip
Apr = LpiLi
Apr = LprLhr+LerLhy

It can be easily verified that the above algorithm has the effect that after k steps
e Arr has been overwritten by Ly,
e Ap;s has been overwritten by Lpyr, and
o App has been overwritten by Apr — L LEy.

Thus, the matrix with which the algorithm is continued at each step is the submatrix Agrand to complete
the Cholesky factorization, it suffices to compute the factorization of the updated Apr. This motivates
the algorithm given on the left in Fig. 1.

2.2 Blocked algorithm

The bulk of the computation in the above algorithm is in the symmetric rank-1 update, which performs
O(n?) operations on O(n?) data. It is this ratio of computation to data volume (requiring memory
accesses) that stands in the way of high performance. To overcome this, we now show how to reformulate
the algorithm in terms of matrix-matrix multiplication (or rank-k updates) which have a more favorable
computation to data volume ratio, allowing for more effective use of a microprocessor’s cache memory.

Given the derivation of the basic algorithm given above, it is not difficult to derive a blocked (matrix-
matrix operation based) algorithm, as is shown in Fig. 1.



Arr, * Lrr 0
( AL | ABr ) an ( Lpr | LBr )

Assume Ary and Apr have been overwritten by Ltz and Lgr respectively, and Agr has been overwritten

new

by A%Y = Apr — Lpr L% so that only the Cholesky factorization of A%Y needs to be computed.

ATV — Q11 * d L —
BR < a21 | A2z an BR lo1 | L22

where a1 and Aj; are scalars. Then

ATEY a11 *
BR ( a21 | A2z
My | * T
= = LprL
< Atilar | I2al3y + Laa L3y pREBR
From this we derive the equations
Au = a1
lon = a21/An

Asy —lanlyy = LaaL3,

The above motivation yields the algorithm
o e ATL *
artition A =
P ( AL | ABr )
where A7z, is 0 x 0
do until Agr is0x 0

repartition

pra || e\ (Lol x| s
ABL ABR B

a1+ A = \/oar
az1 < la1 = a21//\11
Asz  Aapy — lzllgl
continue with
Aoo * *
ATL * T
A—”A— = ajp | O11 *
BL BR
Aszo | a21 || A2z

i I i s

enddo

A | * Lipz | 0
new __ _
BR — ( A1 | Aas ) and  Ler = ( Loy | Loz )

where A;; and Li; are of size b x b. Then

new  __ Au *
BR Azr | A2
_ LuLi; | * — LprL%
L1 Ly | La1L3; + Laa L3, BR

From this we derive the equations

An = LulLf;
Lol = Amn
Asy — Lo1L3; = LasLy,

The above motivation yields the algorithm
.. ATL *
partition A = ( A5 | Asn )
where Arr is 0 X 0
do until Agr is 0 x 0
determine block size b
repartition

( ATL * ) joo || A* | *
Ton [ Aon )~ | Ao f[Aun] «
Bl SER Az || Az1 | Az
where A11 isb x b
A1 < L11 = Chol. fact.(Ai1)

Ag1 Loy = An LT

Ao+ Aoy — Loy LT,

Cinjmin

continue with
ATL % AOO * *
in os | Aon ) T |l An
BL ol ZBR Aso | A1 || Az

enddo

Figure 1: Similarity in the derivation of a Level-2 (left) and Level-3 (right) BLAS based right-looking Cholesky

factorization.



2.3 PLAPACK implementation

In PLAPACK, information (e.g. size and distribution) regarding a linear algebra object (e.g. matrix or
vector) is encoded in a data structure (opaque object) much like MPI encodes communicators. Thus,
the calling the calling sequence for a Cholesky factorization need only have one parameter, the object
that describes the matrix. One advantage of this approach is that references into the same data can
be created as new objects, called views. PLAPACK provides routines that query information associated
with an object and other routines that create views. Finally, parallelizing the above blocked algorithm
in essense comes down to parallelizing the different major operations:

e Cholesky factorization of A1y A11 < Ly; = Chol. fact(A11)

e Update of As; Agy « Lap = A2 L;T (solved as triangular solve with multiple-right-hand-sides
LulLy = Aj)

e Symmetric rank-k update of A2 Asp < Az — L1 L3,
PLAPACK provides parallel kernels that perform these operations.

Basic parallel implementation

Fig. 2 (a)—(Db) illustrate how the developed algorithm is translated into a PLAPACK code. It suffices to
know that object A references the original matrix to be factored. Object ABR is a view into the current
part of the matrix that still needs to be factored (Asr in previous discussion). The remainder of the
code is self explanatory when compared to the algorithm in (a) of that figure. Note that the call to
Chol_level2 is a call to a basic (nonblocked) implementation of the Cholesky factorization. That routine
itself resembles the presented code in (b) closely.

Basic optimizations

While the code presented in Fig. 2 (b) is a straight forward translation of the developed algorithm, it
does not provide high performance. The primary reason for this is that the factorization of Ai; is being
performed as a call to a parallel matrix-vector based routine, which requires an extremely large number
of communications. These communications can be avoided by choosing the size of A1 so that it exists
entirely on one node.

In Fig. 2 (c) we show how minor modifications to the PLAPACK implementation in (b) allows us
to force Ai; to exist on one node. To understand the optimizations, one must have a rudimentary
understanding of how matrices are distributed by PLAPACK. A given matrix A is partitioned like

Ao,o T Ag,(v-1)
A= : :

Ao | | Apn,ov-n
For understanding the code, the sizes of the blocks are not important. What is important is that these
blocks are assigned to an r x ¢ logical mesh of nodes using a two-dimensional cartesian distribution:
e All blocks in the same row of blocks, A; . are assigned to the same row of nodes.

e All blocks in the same column of blocks, A.,; are assigned to the same column of nodes.

Given that the currently active submatrix Apgr is distributed to a given logical mesh of nodes,
determining a block size so that Aj; resides on one node requires us to take the minimum of

e the number of columns that can be split off from the left of Apr while remaining in the same block
of columns of Agg, and

o the number of rows that can be split off from the top of Apr while remaining in the same block of
rows of Aggr.



ATL *
artition A =
P Apr | Apr )

where A7z, is 0 x 0
do until Agr is 0 x 0
determine block size b
repartition

ATL - A00|| * | *
= A || A *

PLA_Obj_View_all( A, &ABR );

while ( TRUE ) {
PLA_Obj_global_length( ABR , &b );
b = min( b, nb );
if ( 0 == b ) break;

Ef%ﬂ Aor | Aon PLA_Obj_split_4( ABR, b, b, &A11, %A12,
Az || A21 | A2z &A21, &ABR );
where A1 isbx b
% Ai1 < L1 = Chol. fact.(A11) Chol_level2( A1l );
Eﬁ%ﬂ Asi Loy = A Ly[T PLA_Trsm( PLA_SIDE_RIGHT, PLA_LOW_TRIAN,
PLA_TRANS, PLA_NONUNIT_DIAG,
% Azg + Agy — Lot LY, one, Al1, A21 );

PLA_Syrk( PLA_LOW_TRIAN, PLA_NO_TRANS,

continue with minus_one, A21, one, ABR );

AOO * *
A }
% A || x ) _ Ao | A | =
ABL ABR

Aszo | A2 H A2z
enddo
(a) Blocked algorithm (b) Basic PLAPACK implementation
PLA_Obj_view_all( A, &ABR ); PLA_Obj_split_4( A, 0, O, ¥ATL, &ATR,
while ( TRUE ) { &ABL, &ABR );
PLA_Obj_split_size( ABR, PLA_SIDE_LEFT, PLA_Mvector_create_conf_to( ABL, nb, &Al_mv );
&b_1, &owner_1l );
PLA_Obj_split_size( ABR, PLA_SIDE_TOP, while ( TRUE ) {
&b_t, &owner_t ); PLA_Obj_global_length( ABR, &b );
b = min( min( b_t, b_1 ), nb ); b = min( b, nb );
if ( 0 == b ) break; if ( 0 == b ) break;
PLA_Obj_split_4( ABR, b, b, &A1, %A12, PLA_Obj_vert_split_2( ABR, b, &A1, %A2 );
&A21, &ABR ); PLA_Obj_vert_split_2( Al_mv, b, &A1l _mvl, &Al mv2 );

PLA_Obj_objtype_cast( Al1, PLA_MSCALAR );
PLA_Copy( A1, Al_mvl );
PLA_Local_chol( A11 ); PLA_Chol_mv( Al_mv1 );
PLA_Copy( Al_mvi, Al );
PLA_Mscalar_create_conf_to( Ail1l,

PLA_ALL_ROWS, PLA_INHERIT, &A11_dup ) PLA_Obj_split_4( ABR, b, b, &A11, &A12,
PLA_Copy( A11, Al1_dup ); %A21, %ABR );
PLA_Syrk( PLA_LOW_TRIAN, PLA_NO_TRANS,
PLA_Local_trsm( PLA_SIDE_RIGHT, PLA_LOW_TRIAN| minus_one, A21, one, ABR );
PLA_TRANS, PLA_NONUNIT_DIAG,
one, Al1_dup, A21 ); PLA_Obj_horz_split_2( Al_mv, b, PLA_DUMMY,
PLA_Syrk( PLA_LOW_TRIAN, PLA_NO_TRANS, &A1l _mv );
minus_one, A21, one, ABR ); }
3
(c) Basic optimizations (d) New parallel algorithm

Figure 2: Various versions of level-3 BLAS based Cholesky factorization using PLAPACK.



Once it is guaranteed that A;; resides within one node, the call to Chol_level2 can be replaced by a
sequential factorization provided by PLA Local_chol.

Notice that if A11 exists within one node, then As; exists within one column of nodes. Recognizing
that As; < Lai = A2 Ly, is a row-wise operation and thus parallelizes trivially if L1 is duplicated
within the column that owns Li; (and thus As1), a further optimization is attained by duplicating L1
within the appropriate column of nodes, and performing the update of A2; locally on those nodes. The
resulting PLAPACK code is given in Fig. 2 (c).

A new parallel algorithm

To understand further optimizations, one once again needs to know more about some of the principles
underlying PLAPACK. Unlike ScaLAPACK, PLAPACK has a distinct approach to distributing vectors.
For scalability reasons, parallel dense linear algebra algorithms must be implemented using a logical two-
dimensional mesh of nodes [5, 11, 13, 15]. However, for the distribution of vectors, that two-dimensional
mesh is linearized by ordering the nodes in column-major order. Assignment of a vector to the nodes is
then accomplished by partitioning the vector in blocks and wrapping these blocks onto the linear array
of nodes in round-robin fashion. Assignment of matrices is then dictated by the following principle:

e the ith row of the matrix is assigned to the same row of nodes as the ith element of the vector.

e the jth column of the matrix is assigned to the same column of nodes as the jth element of the
vector.

In [8, 16] we call this approach to generating a matrix distribution from a vector distribution physically
based matriz distribution. A consequence of this assignment strategy is that a column of a matrix can be
redistributed like a vector by scattering the elements appropriately within rows of nodes. Similarly, a row
of a matrix can be redistributed like a vector by scattering the elements appropriately within columns
of nodes. Naturally, redistributing a vector like a column or row of a matrix can be accomplished by
reversing these communications.

Note that as a consequence of the last optimization, all computation required to factor A11 and update
Aay is performed within one column of nodes. This is an operation that is very much in the critical path,
and thus contributes considerably to the overall time required for the Cholesky factorization. If one views

the panel of the matrix
All
Az

as a collection (panel) of columns, then by simultaneously scattering the elements of these columns
of matrices within rows of nodes one can redistribute the panel as a collection of vectors (multivector).
Subsequently, A11 can be factored as a multivector and, more importantly, considerably more parallelism
can be attained during the update of Asi, since the multivector is distributed to nodes using a one-
dimensional data distribution.

It should be noted that the volume of data communicated when redistributing (scattering or gath-
ering) a panel of length n and width b is O(%b), where r equals the number of rows in the mesh of
nodes. The cost of (parallel) computation subsequently performed on the panel is O(%bz). Thus, if
the block size b is relatively large, there is an advantage to redistributing the panel. Furthermore, the
multivector distribution is a natural intermediate distribution for the data movement that subsequently
must be performed to duplicate the data as part of the parallel symmetric rank-k update [16]. A further
optimization of the parallel Cholesky factorization, for which we do not present code in Fig. 2, takes
advantage of this fact.

Naturally, one may get the impression that we have merely hidden all complexity and ugliness in
routines like PLA_Chol mv. Actually, each of those routines themselves are coded at the same high level,
and are not substantially more complex than the examples presented.




3 LU Factorization (with pivoting)
Next, we discuss the computation of the LU factorization
PA=LU

where A is an m x n matrix, L is an m x n lower trapezoidal matrix with unit diagonal, and U is an n xn
uppertriangular matrix. P is an m X m permutation matrix which has the property that P = P,_1 -+ Py
where P; is the permutation matrix that swaps the jth row with the pivot row during the jth iteration
of the outerloop of the algorithm.

3.1 Basic algorithm

Let us assume that we have already computed permutations Py, ..., P; such that

Pj___PlA:<ﬂHﬂ>:<LL) ( Uz || Urr ) +<0|| 0 )
Asr || ABr Lpr 0 || Asr — LrUrL

where Arr, Ltr, and Urr are j X j, and the matrix has been overwritten by

L\Urt || Urr
Lpr || Asr — LarUrr
The outer-product based variant, implemented for example in LAPACK, for computing the LU fac-
torization with partial pivoting proceeds as follows:

e Partition Apr (which has been overwritten as described above) like
Apr = ( ap1 | Ap2 )

where ap1 equals the first column of Agg.

o Compute permutation P;,; which swaps the first and (j + 1)st rows of Apg, where the (j + 1)st
element in ap1 equals the element with maximal absolute value in that vector.

e Permute ( Agpr | ABr ) — 13k+1( AprL | ABr ) and repartition updated Apg like

T
Q11 | Q12
A =
BR ( a1 | A2 )
e Update a21 + l21/ai1.-

e Update Az Ao — 1210,?2.

e Repartition

A’I'L ATR
Pij1 Py PLA=
k+1Lk 1 (ABL ABR )

where Arr is now (5 + 1) x (7 + 1), and

L] o
Pia=(—2
j+1 ( 0| Pt )

e Continue with this new partitioning.



It can be easily shown that after the above described steps

Arr | Arr Lt ( Ure | Urr ) 0| 0
Pjt1P;---PiA = =
I ! ( ApL | ABr LgL 1o | Apr — LerUTL
where Arr, Lrr, and Urr are now (5 + 1) X (5 + 1), and the matrix has been overwritten by
L\Ury | Urr
Lpr | Apr — LprUrr

Notice that when j = 0, the matrix contains the original matrix, while when j = n, it has been overwritten
with the L and U factors.

3.2 Blocked algorithm

Given the basic algorithm described above, it is not difficult to derive a blocked algorithm as we show
next. The result is given in Fig. 3.

3.3 PLAPACK Implementation

A new parallel algorithm

The implementation of the LU factorization in parallel using PLAPACK closely follows the blocked
algorithm discussed in the last section. There are, however, two important differences.

First, pivoting is more complex in parallel. The pivot is determined by a straightforward call to
PLA_Tamax(). However, the permutation of rows may require communication. Second, on a parallel
machine with cartesian deistribution, the matrix-vector-based factoring of the left panel of columns of
the matrix may incur load imbalance (because the panel only exists within a single column of processors.)
We circumvent this load imbalance by redistributing the panel as a PLAPACK multivector during the
panel factorization, as discussed in the section on Cholesky factorization.

With these points in mind, we present the algorithm for the parallel LU factorization side by side with
the PLAPACK code implementation. The code for the column-by-column factorization of the panel as
multivector is not presented. It is a straightforward translation of the algorithm presented in Section 3.3.

4 Householder QR Factorization
In this section, we discuss the computation of the QR factorization
A=QR

where A is m x n, Q is m x m and R is m x n. Here m > n, Q is unitary (QQT = QTQ = I) and R has

the form
— Rl
w= (%)

where R; is an n X n uppertriangular matrix. Partitioning

R=(0:11Q2)

where ()1 has width n, we see that the following also holds

A=Q@Q1R:

In our subsequent discussions, we will refer to both of these factorizations as a QR factorization and will
explicitly indicate which of the two is being considered.



PLA_Obj_view_all( A, &A_B );

partition A = (
PLA_Obj_view_all( A, &ABR );

Arp | ATr )

ApL | ABRr
where Arp is 0 x 0

do until Agr is0x0

determine block size b while ( TRUE ) {

PLA_Obj_global_length( ABR , &b );
b = min( b, nb_alg );
if ( 0 == b ) break;

partition
Hﬁ ( Az || Arr ) = ( Aty | Are PLA_Obj_vert_split_2( ABR, b, %AB1, &AB2 );
ABL ” ABR ABr ” Ap | Ap2 PLA_Obj_vert_split_2 ( pivots, b,

where ABl has width b &inOt_l , &inOtS) ;
PLA_Mvector_create_conf_to( AB1, b, &AB1_mv );

Eﬁ factor PeurAp1 — ( Ly ) Un PLA_Copy ( AB1, AB1_mv);
Ly LU_mv ( AB1_mv, pivot_1);

( Apo || A1 | A2 )

« Pcur( ABo || Ap1 | Apa ) Apply_pivots ( A_B, pivot_1);
overwrite Ag; with factored panel PLA_Copy ( A_1i_mv, A_1);
repartition
4 4 Ago || Ao1 | Aoz PLA_Obj_split_4( ABR, b, b, &A11, &A12,
TL TR
( =2 L ) — (A T4, [ 4 %A21, &ABR );
BL BR A20 A21 A22

where A1 isbx b
Ags — Lyg = L1—11A12 PLA_Trsm( PLA_SIDE_LEFT, PLA_LOW_TRIAN,
PLA_NO_TRANS, PLA_UNIT_DIAG,
one, A11, A21 );

Ags — Agy — Loy s PLA_Gemm( PLA_NO_TRANS, PLA_NO_TRANS,
minus_one, A21, A12, one, ABR );

IS

continue with PLA_Obj_horz_split_2( A_B, b, PLA_DUMMY,
Az || Arr_ 200 | Aot |l o> A_B );
% A—”A— == A].O All A12 }
BL |l #BR Ago | Aay || Azo
enddo
(a) Blocked algorithm (b) PLAPACK implementation

Figure 3: The blocked LU factorization algorithm in PLAPACK.
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4.1 Basic algorithm

To present a basic algorithm for the QR factorization, we must start by introducing Householder trans-
forms (reflections).
Householder transforms are orthonormal transformations that can be written as

H = I+ pw")
where 8 = —2||v||3. These transformations, sometimes called reflectors, have a number of interesting
properties: HY = H, H'H = HHT = HH = I, and ||H||>» = 1. Of most interest to us is the fact
that given a vector z = (mf,mg)T, where z; is of length k£ — 1, one can find a vector vy such that
Pyx = (zT,:i:HmszeT) where e; = (1,0,--- 7O)T. Indeed, it can be easily verified that

0

o
T2 F ||$2||261

has this property. Notice that k here is used to indicate that the first £ — 1 elements of z are to be left
alone, which results in vy having k — 1 zero valued leading elements. The sign that is chosen corresponds
to the sign of the first entry of > to avoid catastrophic cancellation. Vector v; can be scaled arbitrarily
by adjusting 3 correspondingly. In the subsequent section, we will scale it so that the first nonzero (kth)
entry of vy is 1.

To compute the QR factorization of given m X n matrix A, we wish to compute Householder trans-
formations Hi,..., H, such that

H,---HiA=R

where R is uppertriangular.

An algorithm for computing the QR factorization is given by
Partition A = ( a | A, )
Determine (v, 3) corresponding to the vector a;.
Store v in the now zero part of a;.
Az — (I +BvvT)As = A2 + Buy” where y* = vT A,

T
5. Repartition A = ( on | 01, )

=W

a21 A22

6. Continue recursively with As»

4.1.1 Blocked algorithm

In [3, 9], it is shown how a blocked (matrix-matrix multiply) based algorithm can be derived , by creating
a WY transform, which, when applied, yield the same result as a number of successive applications of
Householder transforms:
I+WYT = HiH>--- Hy,
where W and Y are both n x k. Given the k£ vectors that define the k£ Householder transforms, these
matrices can be computed one column at a time in a relatively straight forward manner.
Given the WY transform discussion above, the blocked version of the algorithm is given in Fig. 4.

4.2 PLAPACK Implementation

A new parallel algorithm

The expert optimization of the QR factorization lies in the ability of PLAPACK of viewing parts of the
matrix as a panel that can be redistributed as a multivector on the nodes. A PLAPACK implementation
that explores this is given in Fig. 4.
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partition A = ( j}ii :/41;1}: )
where Arr is 0 x 0
partition 5 = Br
BB

where Br is of length 0

do until Agr has width 0
determine block size b

partition

( Aty || Arp ) _ ( Aty || Arp )
ﬂﬁ ApL || Apr )\ AsL || Ap1 | Apa

where Ap; has width b
partition
Br B
( i ) = 1 where (31 has length b
B2

A1 — Hi---HpRn

T

computing only the vectors for Hy,...,Hy
and storing scaling factors in (5,

copy Ri1 and Householder vectors to Ap1

@chompute W and Y from Ap: and (51

ﬁiNMABQ — (I +WYT)Ap,
repartition
A A A
Ars || Arg 00 || 01 | 12
% —”—ABL Ann = Ao || A1x | Ax2
Aso || As1 | As2
where A1 isbx b
continue with
Aoo | Ao1 || Aoz
A A
BE (%) | o [ A [ Ars
BL I ©BR Aso | Aot || Asz
Bo
and ( ZT ) = B1
B B

enddo
(a) Blocked algorithm

PLA_Obj_view_all( A, &ABR );

PLA_Obj_view_all( beta, &beta_B );

while ( TRUE ) {

PLA_Obj_global_length( ABR , &b );
if ( ( b = min( b, nb_alg ) ) == 0 ) break;

PLA_Obj_vert_split_2( ABR, b, &AB1, &AB2 );

PLA_Obj_horz_split_2(
beta_B, b, &betal, &beta B );

PLA_Mvector_create_conf_to( AB1, b, &AB1_mv );
PLA_Copy( AB1, AB1_mv );
PLA_QR_mv( AB1_mv, betal );

PLA_Copy( AB1_mv, AB1 );
PLA_Mvector_create_conf_to( AB1, b, &W_mv );
PLA_Mvector_create_conf_to( AB1, b, &Y_mv );
PLA_Compute_WY( AB1_mv, betal, W_mv, Y_mv );
PLA_Apply_W_Y_transform ( PLA_SIDE_LEFT,
PLA_NO_TRANS, W_mv, Y_mv, AB2);

PLA_Obj_horz_split_2( AB2, b, PLA_DUMMY,

&ABR );

(b) PLAPACK implementation

Figure 4: Optimized implementation of QR factorization using PLAPACK
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5 Performance

In this section, we present performance data measures on a Cray T3E-600. While we have run the
algorithms on many different machines, and many different numbers of nodes, the presented data was
chosen since it is the most complete data for all different algorithms.

In our performance graphs in Fig. 5, we report millions of floating point operations per second
(MFLOPS) per node attained by the algorithms. For the Cholesky, LU, and QR factorizations, we
use the accepted operation counts of %ns, %ns, and %ns, respectively. (Notice that we only measured
performance for square matrices.) All computation was performed in 64-bit arithmetic. The LINPACK
benchmark (essentially an LU factorization) on the same architecture and configuration attains close to
400 MFLOPS per node, but for a much larger problem (almost 20000x20000) than we measured.

We compare performance of our implementations to performance attained by the routines with the
same functionality provided by ScaLAPACK. The presented curves for ScaLAPACK were created with
data from the ScaLAPACK Users’ Guide [4]. While it is highly likely that that data was obtained
with different versions of the OS, MPI, compilers, and BLAS, we did perform some measurements of
ScaLAPACK routines on the same system on which our implementations were measured. The data in
the ScaLAPACK Users’ Guide was found to be representative of performance on our system.

In Fig. 5 (a), we present the performance of the various parallel Cholesky implementations presented
in Section 2. The following table links the legend for the curves to the different implementations:

| Curve | Algorithm | nb_alg | nb_distr |
Global level 3 BLAS Fig. 2 (b) 128 64
Local Cholesky and Trsm Fig. 2 (c) 64 64
Redist. panel as multivector Fig. 2 (d) 128 64
All optimizations Further optimization at end of Section 2.3 128 64

| ScalAPACK | Asreported in the ScaLAPACK Users’ Guide | 32 | 32 |

Recall that the basic implementation Global level 3 BLAS calls an unblocked parallel implementation
of the Cholesky factorization, which incurs considerablein turn communication overhead. It is for this
reason that performance is quite disappointing. Picking the block size so that this subproblem can
be solved on a single node, and the corresponding triangular solve with multiple right-hand-sides on
a single column of nodes, boosts performance to quite acceptable levels. Our new algorithm, which
redistributes the panel to be factored before factoring, improves upon this performance somewhat. Final
minor further optimizations, not described in this paper, boost the performance past 300 MFLOPS per
node for problem sizes that fit our machine.

In Fig. 5 (b)—(c), we present only the “new parallel algorithm” versions of LU factorization and QR
factorization. Performance behavior is quite similar to that observed by the Cholesky factorization. It
is interesting to note that the performance of the QR factorization is considerably less than that of the
Cholesky or LU factorization. This can be attributed to the fact that the QR factorization performs the
operation U = YT A, in addition to the rank-k update Aps < Aps + WUT. This, in turn, local on
each node, calls a different case of the matrix-matrix multiplication kernel, which does not attain the
same level of performance in the current implementation of the BLAS for the Cray T3E. We should note
that the PLAPACK implementations use an algorithmic block size (nb_alg) of 128 and a distribution
block size (nb_distr) of 64, while ScaLAPACK again uses blocking sizes of 32. Finally, in Fig. 5 (d), we
present performance of the LU factorization on different numbers of nodes, which gives some indication
of the scalability of the approach.

When comparing performance of PLAPACK and ScaLAPACK, it is clear that the PLAPACK over-
head at this point does impose a penalty for small problem sizes. The algorithm used for Cholesky
factorization by ScaLAPACK is roughly equivalent to the one marked Local Cholesky and Trsm in the
graph. Even for the algorithm that is roughly equivalent to the ScaLAPACK implementation, PLA-
PACK outperforms ScaLAPACK for larger problem sizes. This is in part due to the fact that we use
a larger algorithmic and distribution block size (64 vs. 32) for that algorithm. It is also due to the
fact that we implemented the symmetric rank-k update (PLA_Syrk) differently from the ScaLAPACK
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Figure 5: Performance of the various algorithms on a 16 processor configuration of the Cray T3E 600.
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equivalent routine (PSSYRK). We experimented with using an algorithmic and distribution block size of
64 for ScaLAPACK, but this did not improve performance. Unlike the more sophisticated algorithms
implemented using PLAPACK, ScaLAPACK does not allow the algorithmic and distribution block size
to differ.

6 Conclusion

In this paper, we have presented algorithms for the Cholesky, LU, and QR factorizations and shown how
they can be implemented for distributed memory parallel architectures at a high level of abstraction.
Although at this moment there is a considerable overhead for this high level abstraction, for large enough
problems this is not as noticeable. Indeed, by implementing more ambitious algorithms, considerable
performance gains can be made, when compared to more traditional approaches. We believe that by
optimizing the underlying infrastructure, the overhead can be greatly reduced, and thus even for smaller
problems high performance will be attained.
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