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A PRIORI ERROR ESTIMATES FOR FINITE ELEMENT
METHODS BASED ON DISCONTINUOUS APPROXIMATION
SPACES FOR ELLIPTIC PROBLEMS*
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Abstract. We analyze three discontinuous Galerkin approximations for solving elliptic problems
in two or three dimensions. In each one, the basic bilinear form is nonsymmetric: the first one has a
penalty term on edges, the second has one constraint per edge, and the third is totally unconstrained.
For each of them we prove hp error estimates in the H! norm, optimal with respect to h, the mesh
size, and nearly optimal with respect to p, the degree of polynomial approximation. We establish
these results for general elements in two and three dimensions. For the unconstrained method, we
establish a new approximation result valid on simplicial elements. L? estimates are also derived for
the three methods.
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1. Introduction. Over the past five years, discontinuous Galerkin methods have
become very widely used for solving a large range of computational fluid problems.
They are preferred over more standard continuous methods because of their flexibility
in approximating globally rough solutions, their local mass conservation, their pos-
sible definition on unstructured meshes, their potential for error control and mesh
adaptation, and their straightforward applications to anisotropic materials. Another
interesting aspect of these methods is that they can employ polynomials of degree k
(Py) on quadrilaterals, whose dimension is substantially lower than that of Qg, the
standard space of functions on quadrilaterals. Similarly, they lead to smaller systems
of equations than the locally conservative mixed finite element methods and do not
require the solution of saddle-point problems.

In this paper, we discuss three numerical algorithms for elliptic problems which
employ discontinuous approximation spaces. The three methods are called the non-
symmetric interior penalty Galerkin (NIPG) method, the nonsymmetric constrained
Galerkin (NCG) method, and the discontinuous Galerkin (DG) method. The three
algorithms are closely related in that the underlying bilinear form for all three is the
same and is nonsymmetric.

In the NIPG method, we modify the bilinear form of the interior penalty Galerkin
method treated by Douglas and Dupont [9], Wheeler [18], Arnold [2], and Wheeler
and Darlow [19]. Here, we antisymmetrize the bilinear form by changing the sign of
one term and as a consequence we require only a positive penalty, whereas the proofs
in [18] assume that the penalty is bounded below by a problem-dependent constant.
We choose the penalty term in such a way that we can establish both H' and L?
optimal convergence rates.
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In the NCG method, we impose that the jumps on each edge (or face) of the
subdivision have integral average zero. One constraint per edge (or face) is sufficient
for again proving optimal rates of convergence in the H' and L? norms.

The DG method is totally unconstrained and for that reason its error analysis
is more delicate. We recover full accuracy in the H' norm by introducing a special
interpolant, local to each element, whose average flux is orthogonal to constants on
each edge (or face). This interpolant is constructed first for constant tensors and then
extended to W1 tensors by an approximation result.

The results presented here extend significantly the work in [15]. To our knowledge
these results are new.

The DG method with this bilinear form was first introduced by Baumann [6], and
Oden, Babuska, and Baumann in [13]. In [6], Baumann showed that the method is
elementwise conservative and he proved a stability result in one dimension for poly-
nomials of at least degree three. However, his proof is based on an inf-sup condition,
which seems problematic in higher dimensions. Our approach uses special approxi-
mation results and trace theorems but no isomorphisms.

This paper consists of five sections after this introduction. In section 2, we list the
notation, state the problem, and describe the formulation of the three methods. In
sections 3, 4, and 5, the proofs of the error estimates of the three methods described
in section 2 are respectively given. A numerical example is presented in section 6. In
the last section, we present some conclusions.

2. Statement of the problem. Finite element methods.

2.1. Notation and approximation properties. Let () be a polygonal domain
in R™. Everything here applies also to n = 1, but to simplify we consider only n = 2
or 3. Let &, = {F1,Es,...,En,} be a nondegenerate quasi-uniform subdivision of
2, where E; is a triangle or a quadrilateral if n = 2, or a tetrahedron if n = 3.
The nondegeneracy requirement (also called regularity) is that there exists p > 0
such that if h; is the diameter of Ej;, then E; contains a ball of radius ph; in its
interior. However, for quadrilaterals, the requirement is a little bit stronger: the
quadrilateral is convex and each of its subtriangles contains a ball of radius ph;.
Let h = max{h;,j =1,...,N,}. The quasi-uniformity requirement is that there is
7 > 0 such that h—hJ < 7 forall j €1,...,N. This quasi-uniformity assumption is
used for deriving error estimates in terms of the degree of polynomials (i.e., for the
p-version). For deriving error estimates in terms of h (i.e., for the h-version), we need
only a regular subdivision. We denote the edges (resp., faces for n = 3) of &, by
{61,62,...,eph,eph+1,...,th}, where e, C Q2,1 <k < Py, and e, C 09, P, +1<
k < M. With each edge (or face) ej, we associate a unit normal vector vj. For
k > Pp, vy, is taken to be the unit outward vector normal to 9€). For s > 0 and p > 1,
let

WP(E) = {v e LP(Q) 1 v|g, € W*P(E;), j=1,..., Nu},
and we denote it by H*(&,) when p = 2.

We now define the average and the jump for ¢ € H*(&), s > % Let 1 <k < Py;
for e, = OE; N OE; with vy, exterior to E;, set

(6} = 5618l + 5 018)ers (6] = (Blm)les — (915,
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We consider a matrix-valued function K = (k;;)1<; j<n and a nonnegative scalar
function a. We assume

KeWh(&,), acL®(9).

We also assume that K is symmetric positive definite in € uniformly with respect to
2. This means that if vmin(2) < Ymax(z) are the smallest and the largest eigenvalues
at any point x of K, then there exist 79 > 0 and ; > 0 such that

(21) VI € Qa ﬁ/min(x) 2 70, ﬁ/max(x) S Y1-
The L? inner product is denoted by (.,.). The usual Sobolev norm of H® on E C R"
is denoted by || - ||s,z. We define the following “broken” norms for positive s:

2

Np,
@ = | > l1®12 5,
j=1

The reader can refer to Adams [1] and to Lions and Magenes [12] for the properties
of Sobolev spaces.
Let r be a positive integer. The finite element subspace is taken to be

Np,
h) = H PT‘(E )

where by P,(E;) we mean that the polynomials are defined on E; and not on a
reference set F. This distinction is unnecessary when FE; is a triangle, a tetrahedron,
or a parallelogram because the transformation from E to E; is affine. But it is
important when Ej is a quadrilateral: in this case, it is shown by [3] that P,.(E) does
not have optimal approximation properties, whereas it is shown by [10] that P,.(E;)
has optimal approximation properties.

We use the following hp approximation properties, proven in [4, 5]. Let E; € &,
and ¢ € H*(E;). Then there exists a constant C' depending on s, 7, p but independent
of ¢,7, and h and a sequence 2" € P,.(E;), r =1,2,..., such that for any 0 < ¢ < s

r—q
(2.2) 16— 27lg,m; < <0 ! —19lls,5,, =0,
Hﬁé 1
(23) 16 = 2lon < CLpllam, 5> 5

where ¢ = min(r + 1, s) and ~; is an edge or a face on 9E;. Using the same technique
as in [4], it can be shown that we have the additional approximation result

n=3
1 SO dllom, s>

TS

(24) ¢ - 221 2

Finally, we shall often use the following bounds with respect to h that extend to three-
dimensional formulae (2.4), (2.5) of [2]:

1
(2.5 v¢eH%@»|wm%<0(h ol )
J

(2.6) V¢ € H*(E

1
H By <h_|¢§,Ej + hj¢|§,Ej> :
j

0%
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We shall also use the following inverse inequalities.

LEMMA 2.1. Let E be an element in R™ (n = 2,3) of diameter hg, let ey be
an edge or a face of E, and let vy be a unit vector normal to ex. Then, if x is a
polynomial of degree r on E, there exists a constant C' independent of E and r such
that

_1

(2.7) Ixllo,ex < Crhg? (X0,
_1

(2.8) VX - Villoer < Crhy?[[Vxllo,z-

Proof. Let us briefly recall the proof for the reader’s convenience. In all the
proofs, C' will be a generic constant with different values on different places, that is,
independent of A and r. We consider the case where n = 2; the proof extends easily

to three dimensions. The factor h;é results from a straightforward scaling argument,
and we have only to exhibit the factor r in a reference setting. First, let us consider
the case where F is the reference square [—1, 1] x [1, 1], e is the segment [—1, 1] x {1},
and p is a polynomial of Q,, i.e., a polynomial of degree at most r in each variable.
Then, expanding p in terms of Legendre polynomials

p(ry, w2) = Z O‘m,an(Il)Ln(IQ)a

we obtain on one hand
2

2 N\ Ymn
b= it i D

m,n

Ip]

On the other hand,
p(x1,1) = Z L (21).

Therefore,

1
Wit =X (T

and by the Cauchy Schwarz inequality

1 A 1
o< > (Z ‘ +’1> (Z (n+ 2)) < Cpl3
2 2

m n n

D[

Hence,

(2.9) lIpllo,e < Crlpllo,e-

This inequality carries over to a polynomial of IP,. in a quadrilateral because the image
of P, on the reference square belongs to Q..

Finally, in the case of triangles, we choose for reference triangle E the equilateral
triangle with basis e = [~1,1] x {0} and third vertex at (0,1/3). Then we truncate
this triangle by removing the smaller triangle above the line x5 = 1. The remaining
area is a trapezoid, say, T, that is mapped onto the reference square [-1,1] x [-1,1]
by an invertible bilinear mapping. The image of p by this transformation, say, p,
belongs to Q,, and therefore (2.9) is valid for p in the square. Then passing back to
the trapezoid T, we obtain

[Iplloe < Crllpllo,z < Crllpllo,e- O
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2.2. Problem and nonsymmetric bilinear form. Let the boundary of the
domain 9 be the union of two disjoint sets I'p and I'y. We denote v the unit normal
vector to each edge of 9Q exterior to Q. For f given in L%(Q), po given in Hz (I'p),
and g given in L?(I'y), we consider the following elliptic problem:

-V -(KVp)+ap = f in Q
(2.10) p = po on I'p,
KVp-v = g on Iy.

With the above assumptions on K and «, problem (2.10) has a unique solution in
H(Q) when [I'p| > 0 or when o # 0. On the other hand, when 9Q = I'y and
a = 0, problem (2.10) has a solution in H'(f2) which is unique up to an additive
constant, provided [, f = — [, g (see [11]) . For K in W'4(&,) and v, ¢ € H?(&y),
we consider the nonsymmetric bilinear form

Np,
ans(0.0) =3 [ (KV0V6-+avo)

> | AKVY-vil(o Z {KVo- v} [Y]

k=1"Y¢k k=1"Y¢k
—Z/qu/) vi)b+ Z/Kw Vi)
er€l'p er€l'p

We define the linear form
1o =0+ ¥ [ wvovoms ¥ [ o
ex€lp ex€l'n

2.3. Finite element schemes. First we introduce the following interior and
boundary penalty term:

J3P6,0) = Zéﬂ’; [ e 3 2 [ o,

where ¢ is a discrete positive function that takes the constant value o on the edge
or face e, and is bounded below by oy > 0, above by o,,, |eg| denotes the measure of
ex, and 3 > % is a real number. The Galerkin approximation PNPS in D,.(&,) solves
the following discrete problem:

ans(PNIPS,0) + J (PN, o) = L(0)

rog
+ Z |€]€|B/ekp0v VUED»,-((C/‘]-L).

ex€l'p

(2.11)

The next lemma establishes the consistency of this scheme.
LEMMA 2.2. Under the above assumptions on the data (including K ), and if the
solution p of problem (2.10) satisfies p € H?(Ey), then p satisfies
ro
(212)  ans(p,v) + JP (p,v) = L(v) + Z |ek|kﬁ/ pov Vv e H*(E).
ex€l'p €k
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Conversely, if p € HY(Q) N H%(&y,) satisfies (2.12), then p is the solution of problem
(2.10).

Proof. Since (2.10) is a linear problem, we can proceed as follows. First we observe
that (2.12) has at most one solution p in H2(&) (or H2(E,)/Rif Tp| = 0 and a = 0).
Indeed, if p solves (2.12) with zero data, then p is constant in each E; and [p] =0 on
each interior edge ex. Hence p is constant in Q and if [['p| > 0 or « # 0, then this
constant is zero. Otherwise, p is unique in H2(&,)/R. Thus, it suffices to prove that
if the unique solution p of (2.10) belongs to H?(&), then it also solves (2.12). For
this, let v be an element in H?(E,). We multiply the first equation of (2.10) by v,
integrate on Ej;, and sum all over j.

Z/EY(KVva-i—apv)—Z (KVp-vi}[v] —/m(Kvp-u)u: (f.0).

k=1"¢k

Using the Neumann boundary conditions, we get

Np, Py,
> / (KVpVo+ape) = > [ {KVp-vi}bo] = Y / (KVp-vi)v
j=1 E; k=1"Y¢k ex€lp ¥ ¢k

Weadd Y, r, [, (KVv-vg)pand 3o, . Tects J., pv to both sides, use the Dirich-
let boundary condition, and note that [p] = 0. We clearly have (2.12). 0

We note that on each element, the mass conservation for the NIPG method can
be written as

/ aPNIPGi/ (KVPNPG ppp )+ Z Tgkg/ [PNIPG)[q]
E; OE;\I'y e EOE;\OQ lexl? Je,

rog NIPG rog
. [ [ ga] e x>
& Z D |ek‘5 7% E; BEjﬂFN Z ‘ek|ﬂ €k

ek€8EjﬁFD

The constrained discrete space is defined as follows:

Np
D (&) = UEHPT(Ej):/[v]zo Wk=1,.... P
j=1

€k

The discrete approximation PNCC in D (&),) satisfies
(2.13) ans(PNCC v) = L(v) Vv e Di(E).

The consistency of this scheme is a consequence of Lemma 2.2.
The discontinuous Galerkin approximation PP¢ in D,.(&,) satisfies the formula-
tion

(2.14) ans(PPC,v) = L(v) VYov € D.(&).

The fact that this scheme is consistent with problem (2.10) has been shown by
Baumann [6].
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LeEmMMA 2.3. Ifr > 1, the discrete solution of each of the three methods exists
and is unique, with one exception: if a is not bounded away from zero, then in the
DG scheme, we assume that r > 2 and the elements are not quadrilaterals.

Proof. Indeed, since it is a square system of linear equations in finite dimension,
it suffices to show uniqueness of the solution.

In the NIPG case, choose f =0, pg = 0, g = 0, and v = PNFS in (2.11). Then
PNIPG j5 hiecewise constant on &,. The “interior” penalty terms imply that PNPG ig
one constant over (2 and the boundary penalty term allows us to conclude that PNIPG
is the zero constant if [I'p| > 0. If I'p| = 0 and « # 0, then we can also conclude
that PNPG ig zero. Otherwise, PN'PC is unique up to an additive constant.

In the DG case, choose f =0, pg =0, g = 0, and v = PP% in (2.14). Then, PP¢
is piecewise constant on &,. If o is bounded below by a positive constant, then PP
is the zero constant on 2. If a is not bounded below by a positive constant, then in
order to prove that PPC is globally constant in ©, we need to construct a test function
v on a given element F; such that the quantity fek KVuv - vy is given on one edge (or
face) of E; and vanishes on the other edges (or faces). If K is constant in each Ej,
one can construct such a test function on a triangle, parallelogram, or tetrahedron,
by following a similar argument as in Theorem 5.1. If K is not constant in each Ej,
we assume that / is small enough and the existence of this test function follows from
Corollary 5.2. Then, the proof ends as in the NIPG case.

Finally, in the NCG case, choose f =0, pp = 0, g = 0, and v = PNCC in (2.13).
Then, PNCC is piecewise constant on £,. The constraint on the discrete space implies
that PNCG is globally constant over §2 and we finish the proof as above.

Note that if [I'p| = 0 and a = 0, then for the three methods, the discrete solution
is unique up to an additive constant. 0

Remark. The statement of Lemma 2.3 is possibly true for the DG scheme on arbi-
trary quadrilaterals when « is not bounded away from zero; however, the construction
of an adequate test function is more problematic. On the other hand, the statement
is not true for the DG scheme with 7 =1 and a not bounded away from zero.

3. A priori error estimates for NIPG method. In this section, we derive a
priori energy error estimates for the problem with mixed boundary conditions. These
estimates are optimal both in h and r if the continuous polynomials are contained
in the discrete “broken” space (which is the case for triangles in two dimensions and
tetrahedra in three dimensions). In the case of the Neumann problem (I'y = 92) on
triangles or tetrahedra, one can obtain fully optimal hr convergence results for any
B> (n—1)"1 n=2,3. In Theorem 3.2, L? error estimates are proved in the case of
pure Neumann boundary conditions and they are optimal in h and suboptimal in 7.

THEOREM 3.1. Under the assumptions of Lemma 2.2 and if p € H*(E,) and
B = (n—1)"1, we have the following: If o =0, then

i 1 Rt 1
9 - < 0 (k)

If a > ag > 0, then
~1

1 h*
IPNPE _ )y < C <00,K, Ialloo> s el

o h2p72
(3.1) Jo(PNIPG — p PNIPG _ ) < Cm\\lpllli,
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where p = min(r+1,s), r > 1, s > 2, and 6 = 0 in the case of triangles or tetrahedra

when |U'p| = 0. In the general case, § = 1/2. In the case of the pure Neumann

problem on triangles or tetrahedra, these results are valid for any 3 > (n— 1)1
Proof. From Lemma 2.2, we have

o ro
ans(e.0) + 55700 = L0+ 3 2% [ o vue (&),
€k

Let p be an interpolant of p having optimal hp-approximation errors (2.2) (2.4) and
denote x = PNPG _ 5. We have, by consistency and definition,

ans(xX) + JTP 06 x) = ans(p — B, x) + ISP (0 — §,X)

Np,
_ Z /E (KV(p— p)Vx + alp — p)X)

Py
*Z {KV(p—p) v+ > [ {KVx-vi}lp— 7l
k=1v¢€k k=1"¢€k
- (KV( )X+ (KVy-v )
k;})/ (p—D) - vE)X ,;D/ X-ve)(p—p
(3.2) o / b+ Y T / ~Px.

ex€lp

The first two terms in (3.2) can be bounded in the following way:
h 1
> | KV -5)-9x < IV - Dl Vo
L1 2 NE
GIE=Vxllo + ClIV (e = plo-

1 - 1
)|l = Bllolle2 x]fo,

IA

i/Ej a(p —p)x

A

1, 1 1 -
Slad X3+ S llallllp — 513

The third term is bounded by

(& B ro %
IR uk}[x‘s('r’;k) KT G- ) vidlocs (25 Il
S [ KV < LR +OZ"“' HEY D 5) - vt
k=1"¢k

As e is an interior edge, we assume that e, = OFE' N OF?, where E! and E? are
elements of &,; we set £} = E'UE? and hy, = max(diam(E"), diam(FE?)). Using the
approximation result (2.4), we induce

Py, 2pu—3

|€k\ C h
Z EVR=5) vl < Dl s

k=1

s, E12
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Thus, the final bound for the third term in (3.2) is

2#3

1
S° [ (vl mbi < L +—Z|ek|ﬁ Il g

k=1"¢k

In the case of triangles or tetrahedra, we can choose a continuous p and for the
pure Neumann problem, there are no other terms; thus we can conclude by choosing
B > (n—1)"1. In the general case, to bound the fourth term in (3.2), we deduce
similarly by using the approximation result (2.3) and the inverse inequality (2.8)

[ rvx uk}[pm\ < HEVx - villoeullo — #llloes

Bu—%
< O |KVx o, B2
h2

12,
5= B

1

Py, 1 N ) h2u—2 5
Z {KVx-vitp—p]| < 6'" 2VX|\|0+C7337,3”|17H|5-

k=1"Y°¢k

(3.4)

The interior penalty terms in (3.2) are bounded by using (2.3)

i /[p plIx]

TroL
CZ| 5l — p||0ek+ Jo’ﬂ(x,x)

Py, 2p 1
(3.5) <O el Il s + 5T (0 X)-
k=1

The boundary terms |3°, [, (KV(p =) - vi)xl, | 2., erp, Jo, (VX - vi)(p —
p)|, and | EEkEFD \:Tk\ﬁ o (p — p)x| have similar bounds as the interior terms, using,
respectively, (3.3), (3.4), and (3.5). By combining the bounds together, we obtain in
the general case

K% ) 1o o <Ch2#72 2 o h2n 5
5= Vxllo + lloxlls + Jo™" (0, x) < mll\pl\lﬁ IIallooﬁlllp\Hs,

-3 h2p, 1
+CZ ‘ek|ﬁ 23 2 “
2 -3 h2,u 1

ex€l'p

2 12
EN oM

Thus, if 3 = (n — 1)7!, then we obtain optimal convergence rates with respect
to h. 0

Remark. When |I'p| > 0 and pyg is a polynomial of degree r, for instance, pg = 0,
in the case of triangles or tetrahedra, the continuous interpolant p can be constructed
so that p = pg on I'p. Then, the statement of Theorem 3.1 is valid for 6 = 0 and any
B> (n—1)1

In the following theorem, we assume that I'y = 92 and that the subdivision of
Q consists of triangles or tetrahedra.
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THEOREM 3.2. Assume that € is convex, I'y = 00, and K is sufficiently smooth
so0 that for any f € L?(Q), the solution ¢ of the dual problem

~V-(KV¢)+ap=f in Q
KV¢-v=0 on 90

belongs to H*(Q), with continuous dependence on f. Then, in the case of triangles or
tetrahedra, for any 8> (n — 1)1,

1

i _34 B (=
o s D)
résTz

IPNPE — pllog < C

where = min(r+1, s) forr > 1,s > 2, and C is independent of h,r,p. In particular,
optimal L? rates of convergence with respect to h are obtained if 3 > 3 for n =2 and
if 6> % for n = 3.

Proof. Consider the dual problem

—V - (KV¢)+ap=PNFC _p in Q,
KV¢-v=0 on 0.
By assumption, ¢ € H?(Q) and there is a constant C' that depends on  such that
(3.7) [¢ll2,0 < CIPMTE — pllo,o.

Note that if @ = 0, then since both PNPG and p are defined up to an additive

constant, this constant can be chosen so that PNPG — p has zero mean value. This

compatibility condition guarantees that the dual problem has a unique solution.
Denote x = PNPG — p. Then

IXl5.0 = (=V - (KV¢) + ag, ).
Integrating by parts on each element yields

Np,

Np,
2 = — .
Hxllo,a—; /E (V9T ad) g /a , (K96

:zh:/Ev(KV¢Vx+a¢x)—zh: {KV¢-vi}[x]

k=1"¢k

because the regularity of ¢ and K implies that the jumps [KV¢ - vi]le, = 0. By
subtracting the orthogonality equation for any ¢* € D,.(&)

ans(x. ¢*) + I3 (x. ¢%) = 0,

and using the symmetry of K, the regularity of ¢ and K, and choosing for ¢* a
continuous interpolant of ¢ satisfying (2.2)—(2.4), we obtain

Np,
o= [ (K- )9x+a(- )0
j=1"E;

3 / K@= 07 vl =2 [ (Ko mdi

k=1" ¢k
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The first two terms are bounded in the following fashion by using (2.2) and (3.7):

/Kw 51| < €3 16— 6", | K4l

Jj=1

1
< C;IIfblIz,QIHKszIHo

h 1
< ool Ol
Np 12
> [ 6= < Clale S I6llln

h2
< Cllallee 5 Ixllo.2llxlh-

By the Cauchy—Schwarz inequality, by (3.1), for any 3 > (n—1)"!, and by properties
(2.4) and (3.7), we have

P, P ekﬂ -3
> [ wve-o w3 (40) " jrve- o). |
k=1"¢x k=1 k

< JP(x, x) %<Z lexl” I{KV (¢ — ¢*) - uk}llé,ek>

1,8

Rt—3 p5(n=1)
< O Ipllslixlo.e-

Similarly, by Cauchy—Schwarz, (3.1), and (2.6),

<Z(e’“'k) K6 v o, (;Z’;)%n[x]nm

2

Py,
> [ {KVe- v}y

k=1 ¢k

1 €
< J5P (6 x)? (Z 38 I{EV - Vk}lloek>

hi—3 p5(n—1)

<C Iplls1xlo.c-

Combining the previous bounds and Theorem 3.1 applied in the pure Neumann case,
we have for any 3 > (n —1)"! that

pr—3+5(n—1) hu B
(Sl + — | Iplls + Cllelloe — lIplls,
T 2 T T
which concludes the proof. O

Remark. On parallelograms or quadrilaterals, we cannot use a continuous inter-
polant, and therefore the values of 3 in Theorems 3.1 and 3.2 are incompatible. Of
course, we can have a continuous interpolant on the function space Qg, but the scheme
is more costly.
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On the other hand, for the pure Dirichlet problem, even on triangles or tetrahedra,
we must choose 8 = (n — 1)~! in order to establish Theorem 3.1, and these are
incompatible with the values of 8 in Theorem 3.2. However, if the Dirichlet datum
po on L) is a polynomial of degree r, in the case of triangles or tetrahedra, then the
statement of Theorem 3.2 is valid.

Finally, it is well known that the duality argument of Theorem 3.2 is not well
adapted to mixed boundary conditions (except in very particular cases) because the
dual problem may have solutions that do not belong to H?(f2).

4. A priori error estimates for the NCG method. In this section, we derive
an error estimate for the H' norm and the L? norm that are both h-optimal for the
constrained Galerkin method applied to the pure Neumann problem.

THEOREM 4.1. Under the assumptions of Lemma 2.2 and, if p € H*(E), we
have

-1

hH
IPNCC — plly < C(K, ||atlloe) — lIplls»

5
réTz2

where p = min(r + 1, ), C is independent of h,r,p, andr > 1,8 > 2.
Proof. We have the following orthogonality equation:

ans(PNCC —pv) =0 VYo e DiE).

We can show [14] that there is an interpolant p € D} (&) that satisfies the approxi-
mation properties (2.2) (2.4). Let y = PNCY — j5; then

ans(X;x) = ans(p — D, X)

Np,
-3 /E (KV(p— p)Vx+ox(p— )

(4.1) =S [ o= i+ Y [ (K-l
k=1v¢k k=1 ¢k

The first two terms are easily bounded by Cauchy—Schwarz and by using (2.2):

Np,
S / KV(p— 5)Vx| < 1Kol K2V — )lo
j=1"E;

=

Nh h2,u72
1 .
(4-2) <CIK=Vxlo | X 5P 5,

j=1

In a similar manner, we have

Ny,

~ 1 1 ~
> [ axtw-5) < latxllat (- Pl
j=1"E;

NG

Nh 2[14

i 1
(4.3) < Cllal&lazxlo | Y 5Pl 5,

j=1
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Now we estimate the third term in (4.1), which we denote by A. Let ¢, be any
constant:

A= Z (KV(p—5)- v}l = Z/{Kvp B) vidlx — el

k=1"Y°¢k

We have by Cauchy-Schwarz and (2.4)

Py, %
I2lls (Z I = Ck]llg,ek>
k=1

The other factor is bounded in the following way; here again, we assume that e is
the interface between two elements E' and E? of &:

K\J\W

n—

(4.4) 1Al < ch

N\W

1D llo,ex = I1Dx = erllloex < 10¢ = k) mrlloer + 10 = k) E2lo,ex-

Since PNCG belongs to D (&), we have

/ (0o = / (e

Therefore, it suffices to estimate ||(x — cx) g1 ]|o,e, With the choice

1
Cp = — 1do.
k |ek:| /ek(X)E

Passing to the reference element, we note that ¢, = ﬁ f . xdé and that the mapping

frf- T L fdé is continuous on H'(¢) and vanishes on constant functions. Thus,

1% = celloe < ClIVerllo,,

where V; denotes the tangential gradient on é. However, since @éf( belongs to a
finite-dimensional space, on which all norms are equivalent, and since the subdivision
of Q is regular, we get the following by applying the inverse estimate (2.7) on the
reference element:

1% = ckllo.e < Crl|VeRll 5-
Therefore,
AL _1 Al
10x — ek)ptllo,er < Clek|2ha|BY 727 Vxllo,mr < Chir|[Vxlo,m2-

Thus, summing on k, we have

Py

(4.5) > Ikdl... Z Il = culllf e, < CZ hir? VXI5, 2, -

k=1

Combining (4.4) and (4.5), we obtain a bound for A:

(4.6) 1A <
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The last term in (4.1) is bounded as in Theorem 3.1:

Py,

> [ Vvl 5
k=1" ¢k

Combining (4.2), (4.3), (4.6), and (4.7), we obtain
hrt
,,-.S

1 Bt
(4.7) < C\”K?VXNOTS%

Iplls-

1 1 pH 1
ans (X, x) < C——lIplls 152 Vxllo + Cllalls = llazxlolplls,

5
2

which concludes the proof. 0
Remark. If we add the condition on

(4.8) / PNCG:/ po Ver €I'p,
ek ex

then we can construct p such that

/ (PNC —p) =0 Vepelp,

€k

NCG
P,

and therefore the error terms arising from the Dirichlet boundary condition have the
same estimates as the interior jump terms. Hence, if we impose (4.8), the statement
of Theorem 4.1 is also valid for the problem with mixed boundary conditions.

The next theorem shows that the NCG scheme gives optimal results with respect
to h in the L? norm. For simplicity, we do not specify the dependence with respect
to r.

THEOREM 4.2. Under the assumptions of Theorem 3.2, we have

IPNS — plloa < Ch¥ Il

forr>1,5> 2, and C independent of h and p.
Proof. As in the proof of Theorem 3.2, we consider the following dual problem:

~V - (KVY)+ayp = PNCG —p in Q,
KVYy-vr=0 on 0.

Denote y = PNCS — p. Thus, we have

x50 = (=V - (KVY) + v, x)
Np, Py,
(19) =3 [ wvevravy -3 [ (KT
j=1"E; k=1 ¢k
Let ¥* be in D(E,) N C°(Q). The orthogonality condition implies that
k=1"¢k

@0 0= [ wOxwetaw)+ 3 [ KV i

Now, we subtract (4.10) from (4.9) and use the regularity of KV - v on eg:

Np,
IlBo=3 [ (KTW -6 Tx+a(-v))
j=1"E;

(a.11) ) [ &Yoo+ [ KV -0

k=1"¢k
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As in the proof of Theorem 4.1, the first two terms are easily bounded by using
Cauchy—Schwarz, Holder inequalities, and the approximation property (2.2):

Np,

S| KV@® - ¢*)Vx| < ChlxloallKEVxlo,

j=17E;

Np,
Z[E a(y —¢*)x| < Cllafh?xllo.allxli,
j=1v"59

and we apply Theorem 4.1 to bound the factor [|K2 Vy|o in the first term and ||x|1.0
in the second term. To bound the third term in (4.11), let » be an element of D} (&) N
C°(Q) and & be any constant vector; we can write

2ki:/6k(KV1/)-uk)[X] = Zki/Ek(Kvw.yk)[chG — 4l

=22_3/%((Kw—a>-uk>[PN0G—m.

As it was proved in Theorem 4.1, (4.5), and from the approximation result (2.2), we
have
Ny,

Py
SIIPNS — 53, < 0> mIV PN ~ )R 5,
k=1 Jj=1
Np, Np,

<O hIVEPNCE = p)lE g, +C Y hilIV (e~ DIk,

Jj=1 j=1
< CR* = pl3.

On the other hand, by choosing

1
= —— KV
C= g ), BV

we have by applying (2.6)
(EVY = 8) - villoe, < (EVY = 8)|ptlloe, < ChTIKVY[ypr.

By assumption, K € WbH4(&,) and o € H?(&,). Therefore, KV belongs to H' (&)
with

1KVl < Clixllo,e:;
then

< Ch*|[xllo.cllplls-

2;./%(Kw-uk>[x]

Let A denote the last term in (4.11):

2
|g,ek> °

Al <C (Z I{V (¥ = ¢7) - vi}] 3,ek> (Z 1]

k=1
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As previously, we have by (2.4) and regularity of

Py,
STV = %) - vidlg ., < CRIGIS <
k=1

and according to (4.5),

Py,
D G ., < ChIVXIG < Ch* .
k=1
Thus, we obtain
|A] < B*[Ixllo,llplls-
The theorem is obtained by combining all the above results. 0

Remark. In the case of the pure Dirichlet problem, i.e., p = pg on 92, we can
obtain the same order of convergence in the L? norm if we impose (4.8) on PNCG,
Indeed, the corresponding dual problem is

~V - (KVY)+ayp = PNCG —p in Q,
=0 on 0f.
Then, we interpolate 1 by ¥* in D;(&,) N Hg(£2) and (4.11) is replaced by

Np,
IXIEo =Y / (KV( —0*)Vx + ald — $7)x)
j=1"E;j

Pp
42/ (KVY - i)l +Z {KV(% — ") - vi} W

=1"%
2 Y [wvegr [ KV@ - w)vox
ex€l'p ex€l'p

Since p can be constructed so that fek x = 0 for all e; in I'p, the above boundary
terms have the same estimates as the interior jump terms.

5. A priori error estimate for the DG method. In this section, we derive
an a priori optimal error estimate in two or three dimensions for the problem with
Neumann, or Dirichlet, or mixed boundary conditions, on triangles, parallelograms,
or tetrahedra. We make several additional assumptions:

o K € [Whee(E))™*™ Vj=1,...,Np, uniformly in Ej, i.e., 375 > 0,

n 2

max D IVkinll s, | <7
’ i,m=1

e We denote K = (k;;), where
- 1
(5].) kij = 7/ kij VE €&y
El Jr
It is easy to prove that K is also symmetric positive definite and that the

largest eigenvalue of K is < v; and its smallest eigenvalue is > 7o, where ¥,
and 7y, are the constants of (2.1).
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a,
e
€2 a,
&
a,

Fi1c. 5.1. Triangular element.

We first prove a local approximation result that holds for n = 2 or 3.

THEOREM 5.1. Let E be an element of the subdivision Ey, that is, a triangle or a
parallelogram in two dimensions or a tetrahedron in three dimensions. Let hg be the
diameter of E, let p € H*(E), for s > 2, let r > 2, and let K be the constant tensor
defined by (5.1). There exists an interpolant of p, p' € P.(E) satisfying

(5.2) / KV —p)-vi=0 Ve € dE,
h“—"
(5.3) IV =Pl < -5 lplle for i=0.1,2
3
_ h“*i
(5.4) [ RSG50 < CUE e,
€k

where § =0 fori=0,1, 6 = % fori=2, u =min(r + 1,s), and C is independent of
hg and r.

Proof. The case of triangles. Let E be a triangle with vertices ay, as, ag, opposite
sides eq, ez, e3, and unit exterior normal vectors vi,vs,vs as in Figure 5.1. Let
A1, A2, A3 be the barycentric coordinates of ai,as, and az in E. First, we will show
that given f in H*(F) with s > 2, there is a polynomial ¢; in Py(E) such that
I, KV(q— f)-v1 =0, L. KVqi-vs =0, and I.. KVq - vs = 0. For this, consider
the polynomial

@1 =4q1(a12) 21 (1 — A1),
where a3 is the midpoint of e3 = [a1, a3]. It is easy to check that each component of

Va1 = 4¢1(a12) VA1 (1 —2A1) has zero mean-value on e; and es, and (VA1) vanishes
on ej. Therefore, g1(a12) is determined by the conditions

4q1(a12)/ I_(V)\l'lllz/ RVf-Vl.

However,

vy |€1|
5.5 VA =———7+.
(> IERT]
Therefore,

611(6121)2—1 |E| / KVf-vy.
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&

a E

F1G. 5.2. Tetrahedron element.

Hence,
C _ 1 a
lg1(a12)] < — / KVf- v gclh% of
70 [Jey o on 0,e1
Therefore, for i = 0,1, 2,
. _ PP
(5.6) IVialloe < C|E\%h§’|q1(a12)| < C|E|%h;§, ! 6%;
0,e1

Similarly, we construct polynomials ¢z and g3 in Po(E) such that

/I_(Vq(s-u(s:/l_(Vf-u,g for 6=2,3,
es €s

/RVQQ'W:/I_(VQQ'V?):Q
€1 €3

/KVq3'V1:/qu3'V2:Oa
el €2

and such that the inequalities of (5.6) hold for ¢» and g3, with respect to es and es.
Let ¢ = ¢1 + g2 + g3, constructed with f = p — p!, where p! is an approximation of p
satisfying (2.2)—(2.4), and set p’ = g+ p’. Then p’ satisfies (5.2), and applying (2.4)
to (5.6) we derive, for i =0,1,2,

15" = pli,r <lalie + P! —plip
ny I
<C lplls,z + |p° — pli,E,

3
réT2

which has the same order of approximation as |p! — p|; g. Similarly,

/|f(v<ﬁf—p>-uk\s/ \f(wum/ RV —p)- il
er €L €k

and applying (2.4) to the second term, (2.6) to the first term, and the above estimate
for |ql; , we obtain (5.4).

The case of tetrahedra. The situation is much the same for tetrahedra. Let F be
a tetrahedron with vertices a1, as, as, aq, opposite faces ey, ea, €3, €4, and unit exterior
normal vectors vi,vs,v3, vy as in Figure 5.2. Let A1, A2, A3, Ay be the barycentric
coordinates of aj,as,a3, and a4 in E. Again, we will show that given f in H*(FE)
with s > 2, there is a polynomial ¢; in Py(E) such that fel KV(qg — f)-v1 =0,
fe5 KVqi-vs =0 for § = 2,3,4. For this, consider the polynomial

¢ = q1(a) M (83X —2).
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F1G. 5.3. Parallelogram element.

It is easy to check that each component of Vg,
Va1 = q1(a1)VA1 (6 —2),

has zero mean-value on ey, e3,e4 and (VA1)\; vanishes on e;. Therefore, ¢;(aq) is
determined by the condition

—qu(al)/ I_(V)\l'lllz/ I_(Vf'lll,

and since (5.5) is valid in three dimensions, this holds if

|E| 1 / _
Gla) = +—F-="-< KVfV .
) = e R Uy '
Hence
m ||of
a)| < C—=||=— ,
|Q1( 1)| =" llon -

and for ¢ =0, 1,2, we obtain the analogue of (5.6):
of

[V arllo. < CIE hg'lar(an)] < CIEF || =2

0,61

Then, the proof finishes as in the triangular case.

The case of parallelograms. Let E be a parallelogram with vertices a1, as, as, ay,
opposite sides eq, es, €3, €4, and unit exterior normal vectors v1,vs,v3, vy as in Fig-
ure 5.3. We want to construct a polynomial ¢ € Py(FE) such that fes KVq-vs =
feg KV f-vs and feé KVq-vs =0 for § = 1,2,4. For this, we replace the barycen-
tric coordinates with the functions ¢; € P1(E), 1 < i < 4, defined by ¢;|., = 0 for
1<i<4and ¢1|es = 1:¢2|e4 = 1a¢3|e1 = 1’¢4|82 = 1. Then, we set

1
1
q= 2q¢; (¢i2>a ¢ € R,

i=1

and we want to adjust the numbers ¢; so that g satisfies the above conditions. Con-
sidering that F is a parallelogram, it is easy to check that

el

Vo, = |E|VZ'
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Set C3 = |€3|(KU3, 113), Cqg = |64|(RV4, I/4), C34 = |€3‘(RV3, 114), Cy3 = |64|(Kl/3, V4).
Then the numbers g; must satisfy the following system of equations:

|E3| (3c3q1 + ca3q2 + €3q3 — C43q4) / KVf-vs,

€3q1 — Ca3q2 + 3¢3q3 + ca3qs = 0,
—C34q1 + Caq2 + €34G3 + 3¢aqs = 0,

€3q1 + 3¢aq2 — C34q3 + c4qs = 0.
In order to solve this system of equations and derive an upper bound for ¢;, set

azs = (Kvs,v3)(Kvy,vg) — (Kvs, vy)?,
and observe that
azs = ||K2v3)?|| K 2vy)? sin? 0,
where 6 is the angle between K2vs and Kovy. Owing to the regularity of &, this
angle is bounded below for all E € &, by a fixed angle 6y > 0:
VE €&, oass>||K2vs|?|K2vy?sin® 6y > 72 sin® 6.

Then, the solution of the above system is
b |B| (Kvs,va)
2 leslles] s

b |E] 1 (Kvs,vy)? 1
@B=—"50 1271 + -,
2 |es|” (Kvs, vs)

qa = , 42 = —(4,

34 4

b |E| 1 <(KU3,V4)2 + 3)
2 |€3|2 (KVg,Vg) '

Q34 4
where b = fes KV f-vs. We can easily check that

q1 =

Cyi 1 1|0f
— _ - a9 ,
2| = aa| < 222 sin26, " ||an .,
|q3‘<gllh% (7%4_1) of
= 29 P\gsin?0y 4/ ||onlly,,’
. 2
|q1|§€£h% (712_‘_3) af
2 Yesin®ly 4/ [|9nlly.,

From these bounds, we immediately deduce that Viq satisfies (5.6) and the proof
finishes as in the triangular case. 0
The next corollary extends the result of Theorem 5.1 to nonconstant tensors.
COROLLARY 5.2. We retain the notation of Theorem 5.1. Let K be a tensor-
valued function in [W1°(E)|™*™. There exists hg > 0 independent of E such that
for all hg < hg, there exists an interpolant of p, pI € D,.(Ey) satisfying

/KVp —p)-vg=0 Ve, €0FE,

hi ,
IV (3" = p)llo,g < C 5 —5—|plls,e, 1=0,1,2,

S
3
H=3

X bl
/ KV (5" —p) - vi| <C—E o=
ek




922 B. RIVIERE, M. F. WHEELER, AND V. GIRAULT

where § =0 if i =0,1, § = % if i =2, p = min(r + 1,s), and C is independent of h
and . _
Proof. Let K be defined by (5.1). Let
1K = Klloo,5 = sup || K (2) — K],
z€E
where || - || denotes the matrix norm subordinated to the Euclidean norm. It is easy

to check that

sup || (z) — K| < sup || K (2) - K]s,
zeE zeF

where | K (z)||% = Z” L k3j(). Since k” is also the average of k;; = kij o F on the

reference square E the mapping k,] — klj kz] vanishes if k,] is a constant function.
Thus,

ki = kijlloo, & < ClVEijllo 5 < ChelVEkijloo,z VE € &
Therefore,

(5'7> ”K - KHOO,E < CoohEHVKHoo,E-

In the course of the proof of Theorem 5.1, for any f € H*(FE), we have constructed a
polynomial ¢ € Po(E) such that

Ve € JE, /KVq-V:/f(Vf-u.

We propose to achieve the same result, with K instead of K, by means of the following
iterative procedure. Starting with ¢° = 0, construct ¢™ € Py(E), as in Theorem 5.1,
the solution of

(58) VeeaE, /Kquy:/Knyf/(Kik)vquly

Theorem 5.1 guarantees the existence of ¢"; moreover, combining (5.6), (5.7), and
(5.8) we obtain in the two-dimensional (2D) case

(5:9) Vg o, < Cal EI2hg* (IVf - vllo,08 + Coshpll VK [0, 2 Vg™ - v]l0,02)
and in the three-dimensional (3D) case
IVa™ lo,& < Cal BI2hg* (IV f - vllooe + Coch VK oo, Va™ " - vlo,08)

with constants independent of m, h, and E. Let us prove by induction on m that for
small enough hg,

(5.10) [|Vq

1
2C,|E|2hg? |V f-v]osr in  two dimensions,
203|E|%hgl||Vf -V]o,pg in three dimensions.

This is trivially true for m = 0. Assume that (5.10) holds for m — 1. Applying (2.8),
we have in the 2D case

Vg™ ll0.6 < Co| B2 R (1 - wllo,o5 + COxh B VE oo 5] Vg™ o.1)
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with a similar inequality in the 3D case. Therefore, in both cases, there exists a
constant Cy that depends on the above constants but is independent of h, m, and F,
such that if

1

5.11 hg= ————
(5.11) 0 S [VE er

and hg < hg, then the perturbation is bounded by ||[V¢™ (o, £/2. But either
Vg™ o,z < IVg™ 0.z, in which case (5.10) is established for [|[V¢™||o,z, or

Vg™ llo.2 < V4™ o,

and the induction hypothesis implies (5.10). Therefore, in both cases, (5.10) is proven
by induction. Furthermore, substituting (5.10) and (2.8) into the analogue of (5.9)
for V'¢™, we easily derive that, for i = 0,1, 2,
,
IVig™ o5 < C|E|zh% '|Vf-v]osr in two dimensions,
T C’|E\%h;32|\Vf -Vl||o,pg in three dimensions.

It follows from these bounds, uniform with respect to m, that a subsequence of ¢™
(still denoted by ¢™) converges to a polynomial of Py(E), and passing to the limit
with respect to m in (5.8), ¢ satisfies

Ve e OF, /KVq-V:/KVf-u.

The estimates for ¢ follow from the previous bounds and the argument of Theorem
5.1. |

COROLLARY 5.3. Let h < hg, where hqg is defined by (5.11), let &, consist of
triangles, parallelograms, or tetrahedra (in three dimensions), and let p € H*(Ey), for
s> 2, and let r > 2. There exists an interpolant of p, p' € D, (E,) satisfying

(5.12) / (KV@E —p)-vi} =0 VEk=1,..., P,
€k
(5.13) / KV —p) v =0 Vepelp,
€k
i( I hi :
(5.14) V(" —p)llo < CTS,%,(S Iplls, i=0,1,2,

Py, My, 3

. _ h#—2
(5.15) > [ HKVE —p)-vidl+ > |KV(p" = p)-vi| < C(K)——,
k=17 ¢k k=Pp+17 €k e

where 6 =0 if i = 0,1, § = 3 if i =2, and p = min(r + 1,s), and C is independent
of h and r.
Proof. The proof is a straightforward application of Corollary 5.2. d
THEOREM 5.4. Assume Q2 C R™ forn =2,3. If a = 0, then there is a constant
C independent of h,r,p such that for s > 2 andr > 2

p !

5
réT2

152V (p — PP%) o < C(K)——[Iplls-
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If a > ag > 0, then the following inequality holds:

hH—
Ip = PPCN < O(K Jlalloe) ——

S

: II\pllls,

where p = min(r + 1, s).

Proof. The difference between PPG

and p satisfies
aNs(PDG 7]),1)) =0 Vve Dr((c/'h).

We take v = PPS — p! where p! is the interpolant of p constructed in Corollary 5.3
and denote Yy = PPS — 5!, We have

s =3 [ (V0 =5) - Vickalp =0

—Z {KV(p—5") vi}\] +Z {KVx - vilp — 9]

—17ex —17¢ex
—Z/KVP ) ka+Z/Kvakp ).
exr€lp er€lp

In view of (5.12) and (5.13), we can write

ans(x,x) Z/ (KV(p ) - Vx +alp—p')x)
—Z {KV(p-— p) viH(x] — ek +Z {KVX'Vk:}[P_ﬁI]
k=1" ¢k k=17 °k
(5.16) — Z / (KV(p—p") - vi)(x — cx) Z / (KVx-vi)(p— ),

ex€lp exr€lp

where ¢, is chosen as follows: as previously, we assume that e, = OE! N 0E?, where
E' and E? are elements of &, adjacents to ey; then we take ¢, = ¢; — ¢z, where

i \E%|fEl X,%=1,2. Then

IX] = erlloen < lIxlEr = cilloex + lIxIE2 — c2llo.e

and applying (2.5) and (2.2),
_1 1 1
Ixler = cilloen < Clhy 2 lIx = c1llo,pr + REIX|1,e0) < Chi x|,
Hence,

1 1
I1X] = ckllo,ex < C(AT |X|1,80 + h3 |X]1,E2)-

Therefore, (5.15) gives

hL

Z/{KVP ) Vb =) < C(K) 2V xllollpls-
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The first two terms and the fourth term are estimated as in Theorem 4.1 (the same
result as in (3.4) except for the dependence with respect to r that becomes r257?).
Finally, the boundary terms are estimated as the interior terms, and the theorem is
obtained by combining all the results together. 0

So far, we do not know how to derive a sharper error estimate for the DG method
in the L? norm. As we have seen in Theorem 5.4, if « is bounded away from zero, the
error in the H! norm gives automatically a bound for the error in the L? norm, but
we lose a power of h with respect to the interpolation error.

The next proposition extends this result in two dimensions for the pure Neumann
problem to the case where a is not bounded away from zero. The same argument can
be applied to the pure Dirichlet problem. In the case of mixed boundary conditions,
the same result also holds, provided the corresponding dual problem satisfies the
regularity assumption of Proposition 5.5.

PROPOSITION 5.5. Let the dimension n = 2. In addition to the assumptions
made at the beginning of this section, suppose K is such that for any f in L3 (Q), the
solution ¢ € H*(Q) of the dual problem defined as

(5.17) V.KVé+as=f in O
(5.18) KV¢-vr=0 on 00

belongs to Wz’%(é’h), with continuous dependence on f. Then,

p—1

h
|PPC = plloq < C—(Cy + Cah?7)
T

5—3
forr>2,8>2;Cy and Cs are independent of h,r,p.

Proof. Let p be an interpolant of p in D,.(E,) N CY(€) that satisfies the approx-
imation properties (2.2) (2.4) and denote y = PP¢ — . Consider the dual problem
(5.17)—(5.18) with f = x. By assumption, ¢ belongs to H'(Q) N W23 (&,) and there
exists a constant C that depends on €2 such that

Il

where || - |x,m denotes the Sobolev broken norm on W*™(&,). We observe that the
arguments in the proof of Lemma 2.2 are valid for ¢ in H*(Q) N WZ’%(é’h):

2,4 < CHX”%,Q;

ans(¢,v) :/Xv Yo € H*(E).
Q
Therefore, we obtain

X130 = ans(@,x)-

We note that by symmetry of K, the following property holds for the nonsymmetric
bilinear form ays:

Np, N,
ans(d,x) +ans(x, ¢) = 2;/15’3- KVXVQH-Z;/Ej axo.

Thus, we obtain

Np,
(5.19) 2o =23 /E (KVXV + axd) — ans(x. ).
j=17E;
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We now choose ¢* in D5(E&;,) an interpolant of ¢ constructed in Corollary 5.3, and we
add the orthogonality equation ang(x, ¢*) — ans(p — p, d*) = 0:

Np,
o =23 [ (KVoTx+axs) - ansté - &) - avs(o - 5.6)
=17 F;

=2§/Ej<KV¢vX+ax¢>—i/Ej KVXV(¢—¢*)—§/Ej ax(6— ")
—i};/EjKV(p—ﬁ)qu*—NZ};/Eja(P—p)fb
+,§‘: [ 1Kyl o ‘,i [ (K96 -9)- vl
(5.20) +k§_j [ (K900

Using the fact that ¢ belongs to W23 (&,) < H?2 (&), we bound the volume terms
as follows:

Np,
22/ (KV$Vx +agx)| < C(IK = Vxllo + o2 xllo) 1 xlo:
j=1 E;

Np,
Z/E (KVXV(¢—¢") + ax(¢ — ¢))| < Ch2 (|K>Vxllo + hllaz x]o)l4lls
j=17E;j

1 1 1

< Ch2 (K2 Vixllo + hllaz x[o)lI#ll2, 4
1 1 1

< Ch2 (| K2 Vxllo + hllazxllo)lIxllo.0;

n hi-1 h
> [ 596 Ve a7 < Ol (19671 + 2167
j=1"Ej

r

0,Q-

hr—1 h
<o (142 bl

The first edge term in (5.20) is bounded by the inverse estimate (2.8), the trace
theorem (2.5) combined with Corollary 5.3, with the same notation as in Theorem 3.1:

Ph 1
<OY by KXo pehil Sl g e
k=1

S [ (B o o

(5.21) < Crh2 | K2 Vx|o]lx

lo,0-

Similarly as in Theorem 5.4, we define a constant on each edge (or face) ey by

1 1/
=T | X" [ X
(BN e ™ 12 R
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To bound the next term in (5 20) we use the imbedding W3 (&) — L2(¢) and the

trace theorem ||f|| < C||f||

whie = w5y . Thus, by Corollary 5.3, we derive

Z {KV(¢ - ¢") - v}

k=1"¢k

Py,
<D IHEV( = 6) - viloenlIX] — cklloes
k=1

Py
<Cy o
k=1

2,4 E12h 1K=V xllo g2

139

Py
1 1
< Ch? || K2 Vx|lo (Z |||¢||§,3,E;2>

k=1
< Chz[|K=Vxlolll2, 4

< Ch2 || K2 Vxllollxllo.o-
(5.22)

Using the approximation properties, we can bound the last term in (5.20)

Py, Py,
Yo ABV @ —p)-vido]] < D IHEV® —5) - viHloel[e” = dllloe,
k=1"°¢k k=1
Py, h# 5
<03 Tyl
hH=3
(5.23) < ¢z IPllslIxllo -
The theorem is obtained by combining all the bounds above. ]

Remark. In three dimensions, the duality argument used in proving Proposi-
tion 5.5 is more delicate. The regularity of the dual problem (5.17) (5.18) should be
as follows: for any f € L%(Q), the solution ¢ of (5.17)—(5.18) belongs to W23 (&)
with continuous dependence on f. But, as it is shown in [8], for K sufficiently smooth,
¢ belongs to W?2P(Q) for any p < po and pg > %, and this is substantially smaller
than % To simplify the discussion, let us assume that ¢ belongs to W23 (&)- Then
on one hand W23 (E) < H1(E) and on the other hand, the trace of V¢ on a face
e belongs to Wi’%(e) — L%(e). Thus, by using Holder’s inequality, we can modify
the proof of Proposition 5.5 and derive in three dimensions that, under the very mild
regularity assumption ¢ € W23 (&), we have

| PPS — pllo, — (Ch + Cohzr).

6. Numerical example. The reader will find in [6, 13] several examples of
numerical computations with the DG method that confirm our theoretical results in
the case of smooth solutions. In contrast, the experiment in this section investigates
the robustness of the DG method when solving problem (2.10) with discontinuous
coefficients and a nonsmooth solution. The domain = (—1,1)? is divided into
four subdomains 2; as shown in Figure 6.1. The tensor K is a constant tensor K;
over each subdomain and we assume that K; = K3 and Ky = K4. We consider
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B

Fi1G. 6.1. Initial domain for the problem with discontinuous coefficients.

the case where K; = 5Id and Ky = Id. We seek an analytical solution of the form
r%*(a; sin(af) + b; cos(al)), where (r,0) are the polar coordinates of a given point in
Q and a;, b; are constants that depend on the subdomain €2;.

We can easily show that with the choice a = 0.53544094560, the analytical so-
lution p., satisfies the usual interface conditions: p., and KVp., - v are continuous
across the interfaces and —V - KVp = 0 on ). In addition, the solution has a singu-
larity at the origin, so that it belongs to H'(€) but not to H?(2). We first analyze
the convergence of the DG solution on a sequence of uniformly refined meshes. The
coarse mesh consists of the four subdomains €2;. The relative error in the L? norm,

defined as %, is plotted against the number of degrees of freedom in Figure 6.2.
First, we choose finite elements of degree two, and then of degree three. We see, for
these elements and in this example, that the convergence rate does not depend on the
degree of the approximation, but that it depends on the regularity of the solution. In

that case, the convergence rate in the L? norm is O(h2®) = O(h*?7), where h is the

10

Relative L? error

10°F b

10’3 ! ! !
10 10 10 10 10
Number of degrees of freedom

F1G. 6.2. Relative error in the L? norm versus the number of degrees of freedom for uniform
meshes in the case r = 2, 3.
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10

T
[ANN)

Relative Hé error
N
O‘
T

1072 1 1 1

10 10 10° 10 10°
Number of degrees of freedom

F1G. 6.3. Relative error in the H' norm versus the number of degrees of freedom for uniform
meshes in the case r = 2,3.

mesh size, or O(N®), where N is the number of degrees of freedom. We also study
the numerical error in the energy norm and we see in Figure 6.3 that the convergence
rate of the error in the energy norm is O(h®) = O(N?%), which is a little bit better
than expected.

We now study the influence of adaptivity on the numerical DG solution. We refer
to [16] for more details on the mesh adaptation strategy that we use here. Here,
the error indicators are the norms of solutions of a discrete problem, for which the
approximation order is r + ¢q. Therefore, we denote by ¢ the degree of enrichment.
We begin with a uniform mesh of size h = 1 and we adaptively refine the mesh.
We fix r = 2 and ¢ = 5 and we see that adaptive mesh refinements lead to optimal
convergence rates (Figure 6.4).

7. Conclusion and perspectives. The energy estimates we have derived in
this paper are local in the H' norm, i.e., they involve only the local regularity of the
solution element per element, and not its global regularity. Of course, for recovering
full accuracy in the L? norm, we need the global H? regularity of the dual problem.
But this is always necessary for a duality argument.

These discontinuous Galerkin methods have a very wide range of applications.
The most interesting one from the computational point of view is the DG method
because it is completely unconstrained. As a future extension, we propose to investi-
gate the numerical analysis of the DG method for problems of miscible displacement
in porous media, which involves the analysis of time-dependent convection-diffusion
equations. Numerical simulations with the DG method give very promising results
[17], especially compared to other methods. Another extension concerns subdivisions
with nonmatching grids. The advantage of the DG method is that it does not seem
to require the introduction of mortar elements or penalties.
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10

1
o error
|

Relative H,
N
o
L

1072 I I I
10 107 10° 10 10°
Number of degrees of freedom

F1G. 6.4. Relative error in the HY norm versus the number of degrees of freedom for uniformly
and adaptively refined meshes in the case r =2, ¢ = 5.
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