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A PRIORI ERROR ESTIMATES FOR MIXED FINITE ELEMENT
APPROXIMATIONS OF THE ACOUSTIC WAVE EQUATION*
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Abstract. In this paper we derive optimal a priori L>°(L2) error estimates for mixed finite
element displacement formulations of the acoustic wave equation. The computational complexity
of this approach is equivalent to the traditional mixed finite element formulations of the second
order hyperbolic equations in which the primary unknowns are pressure and the gradient of pressure.
However, the displacement formulations with the physical variables of interest, displacement and
pressure, requires less regularity on the displacement.
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1. Introduction. There is significant interest in simulating the effects of wave
propagation in heterogeneous media to aid in the interpretation of field data and to
predict the damage patterns due to earthquakes. Simulated waveform data (seismo-
grams) computed for an assumed earth model are compared against the recorded data.
If the match is unacceptable, the model is perturbed, and the simulation is redone
and compared again. This procedure is implemented formally by global optimization
techniques [19] resulting in a description of an earth model (with its associated uncer-
tainties) that explains the observations. Thus there is a need for a fast and accurate
simulation technique that can be used for real time analysis of seismograms.

In the past, wave simulation has been successfully modeled using finite difference
methods [10, 13], but these solutions have been expensive to compute. The use of
structured finite differences in simulating earthquake responses in the Los Angeles
Basin requires 35 billion grid points [3], which emphasizes the need for unstructured
meshes. The staggered grid approach described in [10] may be used to solve problems
on the order of millions using a workstation, but memory optimization routines must
be used and it is unclear that the method is easily parallelized.

Finite element discretization methods have the advantage of handling complex
geometries and straightforward local discretization techniques using error indicators.
It is also easy to incorporate free surface boundary conditions and nonmatching grids.
In [13], Marfurt concludes that finite element methods may be the most cost-effective
way to simulate wave fields.

Previous attempts at wave simulation using finite elements have used continuous
Galerkin methods [2, 3, 9, 13, 18], discontinuous Galerkin methods [11, 17], and
mixed finite element methods [7, 8]. We propose mixed finite element displacement
formulations for solving the acoustic wave equation, which are described below. These
approximations can be defined for general meshes.
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Let ©Q be a bounded domain in R",n = 1,2,3, with boundary 002 = I'p UT'y.
The general form of the wave equation is

puy —V-T=Ff inQx(0,7),
V-u=0 onTpx(0,T),
u-v=_0 on 'y x (0,7,
u(,0)=wup in,
ut (,0) =u; in Q,

AAA/_\/_\
—_ = e e e
T = W NN =
I O D —

where w is the displacement, p is the density, and 7 is the stress tensor given by the
generalized Hooke’s law 7 = AN(V - u)T 4 pu(Vu + (Va)T). Here A > 0 and p are the
Lamé coefficients characterizing the material. We let f represent a general source
term, and let ug and uq be the initial conditions on displacements and velocities, and
we assume that f, ug, and w; are smooth enough so that there is a unique solution
u € C2((0,T) x Q) to (1.1)~(1.5) [12].

The acoustic problem is the limiting case with = 0. In this case, (1.1) becomes

(1.6) pui — V- (AV-u)I) = f.

We assume that p and A are bound above and below by the positive constants pg, p1,
Ao, and Ap, respectively.

A standard approach in geophysics modeling is to solve a scalar wave equation.
Here, since p = AV - u, we have p;; = AV - uy;. We substitute this expression into
(1.6) to obtain

(17) Pt — AV - % (Vp) = J.

where f =V-f

A priori error estimates for solving (1.7) with a constant A were obtained by
Cowsar, Dupont, and Wheeler [7, 8]. We propose an alternative mixed finite elements
displacement formulation that requires less regularity on the displacement solution
than the approach in [7, 8]. We describe this method in section 3. We derive the error
estimates for the continuous-in-time problem in section 4. For the discrete-in-time
problem, stability results and error estimates are obtained in section 5. In section 6
we present conclusions.

2. Preliminaries. In this section we describe the notation used in this paper,
we introduce the functional spaces, two projection operators and their approximation
properties, and we recall Gronwall’s inequality, which is needed in the error analysis.

2.1. Inner products and norms. The L? inner product over € is defined as
(u,v) = / uv df2,
Q

and we denote by |[|-||;. the L? norm over €, i.e., lullp2) = (u,u)%. The inner
product over the boundary 92 is denoted

(u,v) :/ uv d§2
o0
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for u,v € H2+¢ (Q), with ¢ > 0. The time-space norm Il 20, 7;22(q)) is defined as

T
2
el 2 o 22y = el ooy = ( / u||L2<m>

The time-space norm || - || e (z2) is similarly defined.

1
2

2.2. Gronwall’s inequality. We recall Gronwall’s inequality, which states that
if y > 0 satisfies y; < ky(t) + h(t) for 0 < ¢t < 7, where k£ > 0 is a constant and
h(t) >0, h € L*((0,7)), then

v < e o)+ [ nis)as

for all t € [0, 7] [14].

2.3. Functional spaces and projections. We define the standard Sobolev
spaces for mixed methods:

H (Q,div) = {v:v € (L*(Q)",V-v € L*(Q)},

V={ve H(Q,div):v- -v|p, =0},

W=Hzte (Q) for any € > 0.
Let {Er}r>0 be a quasi-uniform family of finite element partitions of 2, where h is
the maximal element diameter. Let V', x W}, be any of the usual mixed finite element
approximating subspaces of V' x W, that is, the Raviart-Thomas—Nedelec spaces
[15, 16], Brezzi-Douglas—Marini spaces [5], or Brezzi-Douglas—Fortin—Marini spaces
[4].

Each of these mixed spaces has a projection operator I, : H (2, div) — V7, such

that for any z € H (9, div)

(2.1) (V-Ihz,w) = (V-z,w) Ywe W,
In addition, if z € H (€, div) N H* (), we also have
(2.2) Mnz = zllo < CH|lz];, 1<j<k,

where k is associated with the degree of the polynomial, and || - ||s is the standard
Sobolev norm on (H*(2))" [1].
Let Py, be the L? projection of W onto W}, such that

(2.3) (Pro,w) = (p,w) Yo e W, Ywe W,
In addition, if ¢ € W N H* (Q2), then we also have
(24) 1Pré—olls <CH=%igll;, 0<s<k, 0<j<k

3. Model problem and scheme. We observe that V- (A(V-u)I) = V(A\V - u)
so that (1.6) may be rewritten as

(3.1) puy —V (AV -u) = f.
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By introducing p = AV - u, we present (3.1) in a mixed finite element form:

(32) PUL — Vp = f in Q x (O,T) s
(3.3) AMlp=V.u inQx(0,7).
A similar approach for the linear elasticity problem has been presented by Brezzi and
Fortin in [6].

Let v € V and w € W. If we multiply (3.2) and (3.3) by v and w, respectively,
and integrate over {2 we get the weak formulation

(3.4) (pug,v) — (Vp,v) = (f(t),v) VveV,
(3.5) (A 'p,w) = (V-u,w) =0 Yw e W.

Clearly, if u, p satisfy (3.2) and (3.3), then u, p satisfy (3.4) and (3.5).
If we integrate by parts in (3.4) we get, for any v € V,

(vpav): <p,'U'V>—(p,V"U):—(p,V"U),

and the weak formulation becomes the following:
For any ¢ > 0, find (u(t),p(t)) € V x W such that

(3.6) (u(0),v) = (ug,v) YveV,
(3.7) (u(0),v) = (ug,v) YveV,
(3.8) (A'p(0),w) = (V- ug,w) YweW,
(3.9) (pun(t),v) + (p(t),V - v) = (f(t),v) VveV, V>0,
(3.10) (A (), w) — (V- u(t),w) = YweW, Vt>0.

Note that in [7, 8] it is necessary that Vp € H (€2,div) so that V-u € H? (Q). Here,
we require only that V-u € H2 (Q). It is clear that the solution u € C2((0,T) x )
of problem (1.1)—(1.5) with p = AV - u is a solution to (3.6)—(3.10). The uniqueness
is provided by the following lemma.

LEMMA 3.1. Let (uq,pa) and (up,pp) be two solutions of (3.6)—(3.10). Then
Uq = Up and pg = Pp-

Proof. Let x = u, — up and ¥ = p, — pp. Then by subtracting the equations
satisfied by these solutions we have

(3.11) (x(0),v) =0 VYveV,
(3.12) (x:(0),v) =0 VYveV,
(3.13) (A '(0),w) =0 YweW,
(3.14) (pxu(t),v) + (¥(t),V-v) =0 VveV, Vit>0,
(3.15) (A(t), w) — (V- x(t),w) =0 YweW, Vt>0.

We differentiate (3.15) with respect to time:
(3.16) (A M, w) — (Vex,w) =0 YweW, Vt>0.
We choose v = x; and w = p. Thus (3.14) and (3.16) become

(3.17) (PXte> xe) + (¥, V- x;) =0,
(3.18) (A1) = (V- x4, 9) = 0.
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We add (3.17) and (3.16) so that

(319) (pXtt7Xt) + ()‘_lwhw) =0
and thus
1d 1
2 77 | vl
(3.20) 2 dt pQXt L2(Q) 2dt L2(Q)

We integrate (3.20) with respect to time to obtain

(3.21) ; }

Cl»

]
P 2Xt *3 H v L2(Q)
where C is a constant independent of time. As (3.21) holds for any ¢, it holds in
particular for ¢ = 0. We have from the initial data that ||x,(0) H%Z(Q) = [|4(0) Hi2(Q) =

0, so C; = 0. Hence

o2 T e TN
’ 9 |7 Xt 2(Q) 2 2(Q)
and therefore

1 1 2
323 3ol = 3
( ) B P?* Xt L2(Q) ¢ L2(Q)

However, we assume that both A and p are bounded above and below away from 0.
Hence we must have that

x: =9 =0.
Now we consider x, = 0. We integrate with respect to time and obtain
X = C27

where C is a constant independent of time. This holds for any ¢; in particular, it
holds for ¢ = 0. Again, we use the initial conditions and see that x(0) = 0, and hence
C5 = 0. Thus x = 0, which concludes the proof. 0

The mixed finite element approximation to (u(t),p(t)) for any ¢t > 0 is given by
the functions (U (t), P(t)) € V', x W}, satisfying

(3.24) (U(0),v) = (Tpup,v) VveVy,
(3.25) ) = (Mpuy,v) Vo e Vy,
(3.26) (P(0),w) = (p(0),w) Yw & Wy,
(3.27) (pUy(t),v) + (P(),V-v) = (f(t),v) VYveV, Vit>0,
(3.28) (A'P(t),w) = (V- U(t),w) =0 Vwe Wy, Vt>O0.

The existence and uniqueness of a solution (U (t), P(t)) to (3.24)—(3.28) is shown
in the following lemma.

LEMMA 3.2. A solution (U(t), P(t)) to (3.24)—(3.28) exists and is unique.

Proof. Because we are operating in a finite dimensional space, it suffices to show
uniqueness. Uniqueness follows directly from the proof of the previous lemma. ]
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4. Continuous in time a priori error estimates. In this section, we prove
the convergence of the scheme (3.24)-(3.28) in the L°°(L?) norm. We first derive
an estimate for the error in the pressure and the velocity, then for the error in the
displacement.

THEOREM 4.1. Fort > 0, let (u(t),p(t)) be the solution of the problem (3.6)—
(3.10). Assume that u, € L™ (LQ(Q)), uy € LA(H"(Q)), p € L™ (L*(Q)), and
pe € L? (Hk (Q)) Then there exists a constant C independent of h such that

(4.1)

%(ut_Ut)H +H>\7%(I9—P)H

Leo(L2) Lo (L?)

< Ch* (HuttHLZ(Hk) + Hpt||L2(Hk)> J

where k is associated with the degree of the finite element polynomial.

Proof. For simplification, we denote x = U —Ilyu, £ = P — Ppp, n = u — [u,
and ¢ = p—Ppp, where II;, and P}, have been defined in section 2.3. These definitions
hold throughout the paper. If we subtract IIu and Pyp from (3.9), (3.10), (3.27),
and (3.28) we obtain

(4.2) (X1, 0) + (6, V- v) = (pny,v) + ((V-v) Yo e Vy,
(4.3) (AT w) = (Vox,w) = (A w) = (Veon,w) Yw € Wy,
Since x € Vp,, we can set v = x; in (4.2):

(4.4) (PXees xe) + (6 V- x0) = (M0, x0) + (G V- x0) -

We then differentiate (4.3) with respect to time to obtain

(4.5) (A w) = (Vo xpw) = (A 1¢,w) = (Veon,w)  Yw € Wi,
As £ € W), we can set w = & in (4.5), which gives
(46) (Ailgtvg) - (v : Xtag) = (Ailctvg) - (v : ntvf) .

Adding (4.4) and (4.6) gives

a7 14 ‘

2
2 dt +**H

L2(Q) 2dt

1
P Xt

()
= (PN Xt) (¢, V- x;) + ()\_1Ct75) —(V-n,9).

If we use the definitions (2.1) and (2.3) of the II;, and P} projections, we obtain

1d
2.dt

1

(4.8) P Xt

= (P41 Xt) + (/\71@’5) .

2
L2(Q) 2 dt H L2(Q)

We use the Cauchy—Schwarz inequality to bound the right-hand side of (4.8) so that

A2

2
L2(Q) 2 dt

1d
2dt

7l

1
P"’Xt‘ L2(@) ‘/02Xt‘

i

L2(Q) L2(Q)

L2(Q) H L2(Q)
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and use the fact that 2ab < a® + b? to get

2 2

L 2
3
P? Xt ‘ (Q)

d 1 ])12
— [\ 2
L2(Q) + dt H ¢ L2(Q

g

+|rte

e i ‘
dt‘ PEX L2(Q)

i

L2(Q) L2(Q)

Now we can apply Gronwall’s inequality and

1 2 1 2 1
b 0 I 05 0O 00
‘p2Xt L2( Q) H 25 L2 sz)() P#x:(0) L2(Q) + *¢(0) LZ(Q)
t 2
Jr/ (’pémt H 2Ct >
o L2(Q) L2(Q)

If we take the supremum over all ¢ and use the initial conditions we obtain

We complete the proof by using the approximation properties (2.2) and (2.4) of the
projections. O
We now derive an estimate of the error in the displacement in the L°°(L?) norm.
THEOREM 4.2. For t > 0, let (u(t),p(t)) be the solution of problem (3.6)—
(3.10). Assume that uw € L> (L*(2)), u; € L2(H*(Q)), u(0) € H* (), and
p € L? (Hk(Q)) Then there exists a constant C independent of h such that

bl

L2(L2) :

w [t

2
p XtHL o (L2) ‘LOC(LQ) ‘p n“‘w(w)

(4.9) ‘

i
< O (Il paamy + e (Ol ze + 12l 2arey)
where k is associated with the degree of the finite element polynomial.

Proof. We first obtain the same equations (4.2) and (4.3) that arrive after taking
into account the definition of the II;, and the P}, projections

(4'10) (pXtt7 ) (6 V- ’U) (pntt’ ) Vo € Vh7

(4.11) (AT w) = (Vox,w) = (A 'Gw) Yw € W,

If we integrate (4.10) from 0 to ¢, noting that x,(0) = 0, we obtain

(112) xeo)+ ([ €50 = (e — (om0)).
Weset v=x, ¢ = fo s)ds, and w = ¢. Then (4.12) and (4.11) become
(4.13) (pxe, Xx) + (6, V- x) = (P x) = (pm:(0), x) ,

(4.14) (AT 0) = (Vx.¢) = (A1, 9).

Adding (4.13) and (4.14) gives
(oxe:x) + (AT16.0) = (pmy, x) — (pm,(0), ) + (A77C, 9).-

Therefore

(0x1:X) + (A" 06, 0) = (pm1:x) — (pm(0), %) + (A71¢, 8)
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so that

1d

2dt (P11, %) = (p1,(0), %) + (A1¢, ).

p2

77925‘

+

L2(Q)

Multiplying through by 2 and using the Cauchy—Schwarz inequality gives

2
‘L2(Q) dt H ‘LZ(Q) ‘p X‘L2(Q) ’L2(Q)
203 g [0 g+ 23] g 2729
+2||p2x . p2m,(0) ey ¢ . 2¢
Hence
di 1 1? d 1|2 I
—p2 — N2 2 2
dt ’p 2 Q)+ dt H ¢‘ L2(Q) "0 X) L2(Q) ‘ P L2(Q)
(4.15) ) )
1 1
0 g+ 272 Bl
+ ’p m:(0) £2(Q) ¢ L2(Q)+ 2(Q)

We apply Gronwall’s inequality to (4.15) and note that ¢(0) = 0 and x(0) = 0 from
(3.24). Then

L2
1 A ’
‘ P2X’ L2(Q) )+ H L2(Q
t 2 2 L2
[l Pl o)
0 L2(Q) L2(Q) L2(Q)
and thus
xH
‘ p2X’ L2(Q) )+ H L2(Q)
2 L2
(0)] ’ +ofate .
L2(Q) L2(L?) L2(L?)
We take the supremum over all ¢ to get
’ ’ C A
: Rl I
‘ P XHLoc(L2) L2(L?) 0) L2(Q) + C L2(L2)

The final result is obtained by using the approximation properties (2.2) and
(2.4). d

5. Explicit method. In this section, we define further notation, we formulate
the fully discrete mixed finite element scheme, and we analyze the stability and the
convergence of the discrete method.

5.1. Notation and scheme. Let At > 0 be the time step size and define
t; = 1At with ty = T. For any function ¢ of time, let ¢™ denote ¢(t,). We denote
"tz = (¢" 4 ¢"+1)/2, and we define the following terms for the discrete temporal
derivatives:

¢n+1 _ ¢n71
2At ’

¢n+1 _ ¢n
At

¢n+1 _ 2¢n + ¢n71

Qo = D"t = o¢" = AP
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We easily see that we have

n+% _ n—% —i—2 n——
(5.1) o2gm = 0:¢ Ataﬂb and 9,0 8t¢ 42‘8t¢

The fully discrete mixed finite element scheme is as follows: find (U"H,P”H) in
Vi, x Wj, such that

(5.2) ( ,’U) (ITpug, v YveVy
(5.3) (P°,w) = (p°, ) Yw e Wy
(5.4) <pZtatU%,v> (P, V- v) = (fo +pA ,u, ) Yo e Vy,
(5.5) (pOfU™,v) + (P",V -v) = (f",v) Vv eV,
(5.6) (AP ) — (VU w) =0 Vw € Wy,

5.2. Stability condition for the discrete problem. We show that the scheme
is stable for the Dirichlet (homogeneous) problem, and in particular show that the
temporal iterates are bound by the initial data. We consider (5.5) and (5.6) for the
homogeneous case,

(5.7) (pOFU™,v) + (P",V-v) =0 Vv eV,
(5.8) AP ) — (VU w) =0 Yw e Wy

As in [7], we use the “inverse assumption,” which states that there exists a constant
Cy, independent of h, such that

(5.9) IV -8l L2y < Coh™ 18]l 120
for ¢ € Wh,. .
THEOREM 5.1. The explicit scheme defined by (5.2)—(5.6) is stable if At < thi .
That is, o
(5.10) (1 - Mq%) Ha UN+i HPN+2
4h2pq L2(Q) L2(Q)

is bound by initial data.
Proof. If we subtract (5.8) from itself, with n + 1 replaced by n — 1, we get

(5.11) (AN (P =P w) — (V- (U —U ) ,w) =0, weW,.

As (5.7) holds for all v € V', and (5.11) holds for all w € W}, we set v = 9, U™ and
w = P — . This gives

(5.12) (pofU™,0,U™) + (P, V - 0,U") =

P pr
-1 n+l _ pn-—1 . . n+l _ rrn—1 —
(5.13) (/\ (P P ),Mt> <v (U U ),QAt) 0

If we add (5.12) and (5.13), we obtain

Un+1 _ Un—l Pn
271N —1 n+l _ pn—1 —
(5.14) <p3tU oA ) + (/\ (P P ,Mt> 0.
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Substituting (5.1) into (5.14) above yields

(5.15)

2At

1
=

We now examine (9;P™, P™). We have

p20U

n+% 2 A

L2()

p%&gU

nol

EQUATION 1707

(o (03 —0U™%) 0U™E 4 oU™E) + (A9, P", P)

2

2
—1 n n\ __
Lm)) + (A" to.Pm, P) = 0.

Pn+1 pr_ pn_ Pnfl (PnJr% — Pnfé)
(5.16) 8, P" = + _ ,
2At At
We can rewrite P" as
Pn B Pn _|_Pn+l + Pn—l _|_Pn A7t2 Pn+1 _ 2Pn _|_ Pn—l
N 4 4 4 At2
Pn PnJrl Pnfl Pn A 2
_ + + iagpn
4 4
prts  prod At2
1 = — = 9?pm.
(5.17) 5 5 o2
If we use (5.16) and (5.17) in (8,5P”,P"), we have
1 1 1 1 1
—1 7 -1 1 -1 1 _1
(Aot ) = o (AT (P - pro) it 4 prod)
A 2
(A 19,P" tOQP”)

At 1 1
| 2= (8,3 apn—z)
2 (t + o ! At
= o || —H)\‘%Pn_% i
t L2(Q) L2(Q)
A2 2
S (H,\—atp 3 - |]rtapt )]
L2(Q) L2(Q)
Thus (5.15) becomes
2
5.18 } sountt | ‘ rg,Un
(5:18) le ey 177 12(@)
1 1 2 1 1 2
+|aEpeti o L
L2(2) L2(Q)
2
At (H)\ 6tPn+% ’ — H)\_%atP”_% ’ ) =0.
L2(Q) L2(Q)
If we sum (5.18) fromn =1,... , N, we get
2
‘pzatUN+2 +H)\—%]DN+% 2 _ A ‘)\—zatp +3
L2(Q) L2(Q) 4 L2(Q)
2 2 2 2
= etout|, +[rtph S0 tart,
L2(Q) LQ(Q) L2(Q)

AL (atP"+% - atP"*%)
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We recall from (5.11) that
(At (Pt =Py w) — (V- (U —U™) ,w) =0.
Then, by the Cauchy—Schwarz inequality and (5.9),
()\7% (PN+1 _ PN) ,w) _ (V- (UN+1 _ UN) ,w)

< HV (UNH - UN)‘ w120

L3(Q)

IN

Co HUN+1 _

Co
h

L2(Q) Hw||L2(Q)

IA

(a8) o™ H| el -

L2 ()

Thus

(at) (A ta,PV w) < % (A ||+

L2(Q) ||wHL2(Q)‘

1
We choose w = 9, PNtz so
pN+3

Hxaatpf“z o,UN+

LZ(Q) =~ h H L2(Q) H
Co/\§
< 1 ’

~ hpd

L2(Q)

PéatUNJr%

HA’%@PA”%

L2 () L2(Q)

or

pza UN+2

H,\—%atp“% C‘)Al )

Lh hog

L2(Q)

Hence
2 At?

8U2 _
p2 ¢ LZ(Q) 4

+ H/\—%P%

L2() L2(Q)

2
p23tUN+2 + H/\*%PN%

L2(Q)

L2(Q)

2
A HA—*a P

L2<9>

antUN+2 H)\ 2PN+2

L2( Q)
4h?po

_(4_ At?2CEN
4h?po

i

L2(Q)

1

P20, UN+2

L2(Q)

a UN+2

L2(Q)

r2(Q)’
Thus the temporal iterates are bound by the initial data and the discrete in time

scheme is stable if At < 2hp0 . |
A2 Co
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5.3. Discrete in time a priori error estimates. We now can derive the

estimates for the fully discrete scheme.

THEOREM 5.2. If u € L®(H(Q;div)), 2% e L' (L*(Q)) £% e L™ (L*(Q)),
and p € L>°(L?()), then for {U", P"} defined by (5.3)—(5.6) there exists a constant
C independent of h and At such that if At < 2’?‘? , then

A2y

(5.19) ‘

R

100 (L2 10 (L2)

Pu

< C(h* +A?) <||U||Loo(Hk) + HW

+ |p||L°°(L2)> ;
L (L2)

where k is associated with the degree of the finite element polynomial.
Proof. From (3.9)—(3.10) and (5.5)—(5.6), and by the properties of the L? and IIj,
projections, we can write

(5.20) (pOix™,v) + (£",V - v) = (pdin™,v) + (r",v),
(521) ()\*1§"+1,w) o (v . X’I’H*l,w) _ (A71<n+17w) ,

where r" = p(%?z" (t") — O2u™). We introduce
At At -
0_ 0 n_ 0 i
¢ ==& ¢ 5 & +Ati§:15-
Using (5.1) in (5.20) gives

P o
(patx OX ’v> b€V ) = (patn o ,v> + (r",v).

At At
Summing over time levels and multiplying through by At gives
(5:22) (o (x"* —axt) v) + (6" = ¢,V -v)
(oot - omt) o) ¢ (ar3rtn).
i=1

since Aty " & = ¢" — .
Using (5.4), we obtain

1 At
(patX2 7’U) + 7 (607 V- ’U)
1 1 At 2 83u
= (pam ,U) + (p(Muy —uy),v) — m/@ p (At —1) (815371)) dt,
and thus (5.22) reduces to

(5.23) (b2 3, 0) + (6.9 - v) = (p0m™ %, 0) + (R, ),
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where R" is defined as

- ; 1 At 2 83u
R" = At ¢ Ipuy — - — At — )" —=(t) dt.
Dot plthan —wn) = g [ (a0 R0
We now rewrite (5.21) by noting that ¢"+! = 8t¢"+%, so that
(5.24) (Afl(?tdf”%,w) —(V-x"hw) = (A1 w).

We choose v = x"*2 and w = ¢"*+2, which, when substituted into (5.23) and (5.24),
gives

(5.25) (p&sx"*%,x"*%) - (¢”,v : Xn+%) - (pamwr%’xn%) n (qun%) ’

We expand (5.25) and (5.26) to get

Xn+1 _ Xn XnJrl + Xn . AV (Xn+1 4 Xn)
(p( At > 3 )+ P", >
= (pam’”%,x”*%) + (R",x”%)
n+l _ 4n n+1 n n+1 n |
()\—1 (¢ ¢ >7¢ +9¢ >_<V.Xn+l’¢ +¢ > :(A—1Cn+l’¢n+§>’

At 2 2
so that
1 1 2 1 2 1 1

_ S~ n+1 _ 5~ M - n o+l - n n
(527) _ patnnJr%’XnJr%) + (Rn7xn+%)

1 1 2 1 2 1 1
P Tzgntl —|[AT2o™ = (V"L o) 4+ = n+l yn+l
2At (H)\ 2¢ ‘L2(Q) HA 2¢) L2(9)> 2 (v X ’¢ ) + 9 (V X a¢ )
(528) + (A—1<n+17¢n+%> ]

Adding (5.27) and (5.28) and multiplying by 2At gives

2 ‘ 2 2

+ H)\f%(i)nJrl

pEx"

(5:29) ||otx

2
L2(©)

n+1‘

L2() r2@) HA%M
+ At [((;5", V-x") - (V " ¢n+1)]
= 24t {(f@ﬂ"*?x”*ﬂ + (R”,X“%)} +2At (A*lgnH, ¢n+%) ,

L2(Q)

The terms on the right-hand side are bound using the Cauchy—Schwarz inequality as
o) | o
(p "I x < e IX
n _nt+t n n+ %
(R ' X +2) < 1R [| g2 (e HX Tz

e < it

Péaﬂ”ln—%

L2(Q)

L*(Q)

L2(Q)

i
)

L2(Q
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Sum (5.29) over time levels to get

2

S e
L2(Q) L2(Q) L2(Q)
2
_1
B H)\ Z(bo‘ L2(Q) — At [(V ’ Xn+1’¢n+1) - ((bo’v ’ XO)]

1 i+1 it+i i i+3
< 2At; <’ p2om'T? L2(0) HX ’ L2(Q) + HR ||L2(Q) HX ’ L2(Q))

(5.30) —&—Atzn: (H/\—éciﬂ‘ o (H)\—§¢i+1‘ L2(Q)>> )
i=0

After imposing the initial conditions (5.2) and (5.3) in (5.30) we have

=

L2 ()

2 2

% n—‘,—l’ H)\—% n+1‘ —At(V- n+1l n+l
‘p X" oy T A (V-x"* ")
< 2A¢ ‘ 1yt H i+ R H i+3
- §< PEO ooy I1X° L2(9)+H 2o ™ £2(Q)

1

ATz

v |

rary (e
i=0

o))

Using the Cauchy—Schwarz inequality and the inverse assumption (5.9) and choosing
1

-3 i+1‘
ey (3720

2
h and At such that At < 2hp°l , we have that
Co)\lz

At (VX" M) < ALV X ooy 07 2
< AtCoh™ HXHHHL%Q) ||¢n+1HL2(Q)

1
AtCoA? 2 2
<At (P b1 )
<‘ 1 n+1’2 +H)\_%¢n+1‘2
pEX L2(Q) L2(Q)
Thus we have
et e
pEX L2() L2(Q)
cony ([pham ™|, |x Rl [
- §< i PP PP Pl i PP

L?(Q)) '

A RN ED DI
+ e 1 ; ¢
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. '+l
Since ‘x’ 2 L) < ||X||loc(L2), then
n+1 )\ n+1’
0 H S P
CQAt - i
S —1 1°°(L2) (Z’p28tn LZ(Q)_F;HR HLQ(Q)>
" 2
clary |aiery
el e (s e,
_1 LN ’
1 ’ pQXH —‘rCAtz (Z ‘ pf@{r,”‘? L2(Q)>
i=0

N 2
. LTI
+ CAt? (ZHRZHH(Q)) +1H ‘lem(Lz
1=0
n 2
c At HA—* i+1‘ .
v o(as e,

If we take the supremum on n on the left-hand side we get

clxi
o4 ey + 12720 ey < 0
2 N 2
CAL ‘ Yomith CAL R .
+ (Z_; prom E| L ) ;H [

The first two terms in the right-hand side of the previous inequality can be bound
using the approximation properties and the bound

N
Aty ‘
=0

We bound the last term by

83

39,mits
P2 oM rE

<C| W ull; + At? .
o ( I~ .

N
Atz HRiHm(Q) <C ||R||l°°(L2)
i=0

N
< CAtZ ||Ti||L2(Q) +Cllp (Mhur = wi)ll 20
=1

1 At , OPu

+C

L2(Q)
We obtain a bound on ||7]|12(q) by first expanding r* as
(5.31) r’ = p(ul, — 02u’).
We note that
witl — 9i 4 i1
At?

(5.32) Otu' =
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and use Taylor series to expand u'™* and u'~!. We have
u'™ = (t; — At)

ou, ;.  At20u,, A3 Pu
= u(t') - At*(t)+7ﬁ(t) e 6t3()

_ ot
1t . 3 0*u
- ' —At—t) —(t)dt

and
u™t = wu(t; + At)
i ou, .. A?Pu, . A Pu,,
_u(t)+AtE(t)+TW(t)+ 6 8t3 (t)
1 [rrar 3 0%u
- t At —t t)dt
rof, ra-0’ T
so that
24 t AL o4 )
w ™ T = 2u(th) + LA ) + = ! / a—“(t) (£ + At —t)° dt
o2 6|/, ot
" gy , 2
+ — () (t' — At —t)" dt
/ﬁem ot ®( )
: 0*u 1A s Pu
(5.33) =2u(t') + AP (') + 7/ (|t| — At)? —1‘ (¢ +1t) dt.
ot 6./ ns ot

When we use (5.33) and (5.32) in (5.31) we get

i P u i i

At 4
P _ 367u i
= GA /_At(m At) o (" +1t) dt

and thus

i Pu 2, i P A i 3
r —p(atz(t)—atu> _6At2/ e (t" + At) (t| — At)” dt.

Therefore
; 2
tit At o4
in2 9 0*u
Hr HLz(Q) = Ca /Q [/i—Af ot (t)] "

t'+ At 4,12
< CAt3/ péal
- ti—At ot

||
ot4

L2 ()

1
2

< CAtt||p

)

oo (L2)

so that
n 4

Y At < CAP etac
Loe(L2) = it

0*u
ot4

1
p2

AtZHr 2 < CAF

L (L?) .
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Similarly,
1 At At 3
—/ p(At —1)2u®(¢) < C’At2/ / pa—?(t) dt
2At J, L2(9) a \Jo ot
At 3,112
< CA / p? 0 "; dt
3 2
<oart|| 2 .
08 |l e z2)

Finally, using the approximation result (2.2) and combining all the bounds, we get
N .
A B < OO+ AP,
i=0

which concludes the proof of the discrete estimate. ]
Remark. The convergence rate in space can be at most quadratic, as At < Ch.

6. Conclusions. We have developed a priori error estimates for mixed finite
element displacement formulations of the acoustic wave equation. Our scheme main-
tains the same computational complexity as earlier mixed finite element formulations
for second order hyperbolic equations, as we have not introduced any additional un-
knowns. Our formulations require less regularity on the displacement than standard
approaches.

We have shown convergence of the scheme via our continuous-in-time estimates,
and we have shown that in the temporally discrete case we expect a quadratic con-
vergence rate.

Acknowledgment. The authors would like to thank Dr. Mrinal Sen of the In-
stitute for Geophysics at the University of Texas at Austin for his insights into this
problem.
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