LOCALLY CONSERVATIVE COUPLING OF STOKES AND DARCY
FLOWS
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Abstract. A locally conservative numerical method for solving the coupled Stokes and Darcy
flows problem is formulated and analyzed. The approach employs the mixed finite element method
for the Darcy region and the discontinuous Galerkin method for the Stokes region. A discrete inf-sup
condition and optimal error estimates are derived.
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1. Introduction. The numerical modeling of reactive transport necessitates the
use of numerical schemes that do not create artificial mass [14]. Mixed finite element
(MFE) and discontinuous Galerkin (DG) methods are two examples of locally mass
conservative methods, that are used in the geosciences. MFE methods are quite
popular for porous media problems [16, 34, 17, 4] and DG methods are attractive for
modeling flow on unstructured meshes [33, 31, 30, 32].

Many applications involve different physical processes in different parts of the
simulation domain. In this paper we propose a numerical method for approximating
the solution to the coupled Darcy-Stokes problem. Such systems arise, for example,
in modeling the interaction between surface water (river) and groundwater (aquifer).
There are few works in the literature that address the numerical analysis of the cou-
pled Darcy-Stokes problem. In [25], Layton et al. consider a formulation based on
the Beavers-Joseph-Saffman interface conditions [5, 35, 24], prove the existence and
uniqueness of a weak solution, and analyze a continuous finite element scheme coupled
with MFE. A similar formulation is studied by Discacciati et al. [15], where contin-
uous finite elements are used in both regions. An application of this formulation to
vugular porous media is studied in [3]. A singularly perturbed Stokes problem, which
models Darcy flow as a limiting case, is considered by Mardal et al. [27]. There, a
new finite element is proposed which behaves uniformly in the perturbation parame-
ter. Ewing et al. [18] employ finite difference methods for a similar model involving
the Navier-Stokes equations with an added Darcy term.

The model we consider, which is similar to the one in [25], is based on imposing the
correct local equations in each region, coupled with appropriate interface conditions.
In particular the fluid region is modeled by the Stokes equations and the porous media
region is modeled by the Darcy’s law. Continuity of flux, balance of forces, and the
Beavers-Joseph-Saffman slip with friction condition (see (2.10) below) are imposed
on the interface. In this work we emphasize locally mass conservative discretizations.
Conserving mass locally is especially important when the flow equations are coupled
with the reactive transport of chemical species. In the porous media region, the
fluid velocity and pressure are obtained by MFE, and in the incompressible flow
region, the fluid velocity and pressure are approximated by DG. An advantage of our
approach is the possibility of coupling existing highly optimized MFE-based porous
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media simulators with the flexibility and easy implementation of DG methods for
incompressible flows. The meshes at the interface between the two regions may be
non-matching. The estimates are derived for two-dimensional problems. The results
are also valid in higher dimension, and depend on the existence of approximation
operators (See Remark 4.1 below).

The outline of the paper is as follows. In Section 2, the model problem, notation
and scheme are presented. Section 3 contains the derivation of the discrete inf-sup
condition. In Section 4, approximation results and optimal a priori error estimates
are proved. Some concluding remarks follow.

2. Model Problem, Notation, and Scheme. Let 2 be a domain in R¢,d = 2,
subdivided into two subdomains 4, Q. Let I'15 be the interface 9 N 9s. Define
Iy = 0Q;\I'12, i = 1,2. Denote by n the outward normal vector to 0. Let n1a (resp.
T12) be the unit normal (resp. tangential) vector to I'12 outward of Q. Denote by
u = (u1, us) the fluid velocity and by p = (p1,p2) the fluid pressure, where u; = u|q,
and p; = p|q;. The flow in domain € is assumed to be of Stokes type, and therefore
the following equations are satisfied:

-V T(ulapl) = fl in Qla (21)
V- u; = 0 in Ql,
u = 0 on Fl. (23)

Here T is the stress tensor
T(u1,p1) = —po I + 2uD(uy)
which depends on the viscosity p > 0 and the strain tensor
D(uy) = %(Vm + Vaui).

In the region 2, the fluid pressure and velocity satisfy the single phase Darcy flow
equations:

V cU2 = f2 in QQ, (24)
Ug = —KVpg in QQ, (25)
us-n=0 only, (2.6)

where K is a symmetric and positive definite tensor representing the permeability
divided by the viscosity and satisfying, for some 0 < kg < K1 < 00,

kofTE < ETK (2)€ < k1ETE Va € Qy, VE e RY (2.7)

The physical quantities are coupled through appropriate interface conditions

U1 - MN12 = U2 - N2, (2.8)
p1 = 2u(D(u1)ng2) - ni2) = po, (2.9)
w1 - T12 = —2G(D(u1)ni2) - T1a. (2.10)

Note that condition (2.8) represents the mass conservation across the interface, con-
dition (2.9) imposes balance of forces across the interface, and condition (2.10) is
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the Beavers-Joseph-Saffman law, where G > 0 is a friction constant that can be de-
termined experimentally. The reader should refer to [5, 35, 24, 25] for a detailed
description and motivation for the choice of these interface conditions.

For i = 1,2, let & be a non-degenerate quasi-uniform subdivision of ; [11]
such that the partition £} consists of triangles and &7 consists of either triangles
or rectangles. Let T} be the set of interior edges and let h; denote the maximum
diameter of elements in £}.. The meshes at the interface between the two domains €2;
may not match. For s > 0, p > 1, and a domain E C R?, let W*?(E) be the usual
Sobolev spaces [1], let H*(E) = W#2(E) be equipped with the usual norm || - ||s,%,
and let L3(E) denote the space of L? functions with zero average. In the formulation
for the Stokes region, we need that both the gradient of u; and the pressure p; have
a trace on line segments. For this, it suffices to define the following velocity—pressure
spaces for the Stokes region:

X' ={v; € (L2())?: VE€&}, wvi|ge (W>3(E)%},
M = {a1 € Lz(ﬂl) : VEE€ gflu qle € W1’4/3(E)};

with norms

oo, = Y lloill g,

Eegl

g
bt D |;f]ll[vlll

eEFiUFl

i
[o1]%: = [[Vo: o0t c > llor - Tzl

e€lia
llgllar = llgllo,e -

Here, the parameter o, > 0 takes a constant value over each edge e and |e| denotes the
measure (or length) of e. Given a fixed normal vector m, on each edge e = OE! NOE},
directed from E! to E2, the average and jump of functions in X' and M' can be
defined as

{w}=5Wlg) + 3(wlg2), [w] = (wlp:) — (w]g2), Ve=0E;NOEL,
{w} =w|g:, [w] = w|g1, Ve=0E;NdN.

The velocity-pressure spaces for the Darcy region are

X? = {ve H(div; Q) : / v-nw=0VYwe Hyr, ()},
89
M2 =L2(QQ):

where H (div;(22) is the space of vectors in (L?(22))¢ whose divergence lies in L?(Q>)
and

H&)FIZ(QQ) = {w c HI(QQ) cw=0on Flz}.
The norms associated with (X?, M?) are
o2l = v2ll5.0, + IV - v2llf 0, llazllaez = llgzllo.o,- (2.11)

We can now define X = X' x X2 and M = (M' x M?) N L}(9), the spaces for the
coupled formulation with the usual norms

[vl% = lloslls + llvalli=s  llall3r = lasllie + llgzll3ze- (2.12)
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In [25], it was shown that there exists a unique weak solution (u,p) of the coupled
problem (2.1)~(2.10), with u; € (H'(Q:))%, us € X2, and p € M. We will assume
that the solution (u,p) is regular enough, so that it is a strong solution of (2.1)—(2.10).
Next, we introduce the bilinear forms a; : X' x X' > R and by : X' x M! - R,

ar(ug,v1) =24 Y /ED(m):D(vl)Jr > %/[ul]'[vl]

Ee¢g} e€l'} Ul
EDY /{D(ul)}ne-[v1]+2ue S [(Dw)in. - [u)

ecriur; © ¢ eeriur; ¢

-}-ﬁ Z /u1 - T12V1 - T12, (213)

G e
e€l2
bi(vi,p1) =— ) /plv-v1+ > /{pl}[vl]-ne- (2.14)
Beg, ' P ecltur; *°

Here, € is a constant that takes the value —1 or +1, which makes the bilinear form a,
symmetric or non-symmetric. The bilinear forms corresponding to the Darcy region
are as: X>x X? >R and by : X% x M2 - R:

az(uz,v2) = K 'uy v, (2.15)
Q2
b2(172,(]2) = —/ QQV V2. (216)
Q2

Let ky, k2 and 5 be positive integers. Let X, and M}, be finite dimensional subspaces
of X and M respectively, such that

Xy, =X x X3, My,=M}xM:,
where (X}, M}) is the pair of discontinuous finite element spaces

X,ll = {’Ul € .Xl : VE € g}%, V1 € (Pk1 (E))d}7
M;:{Q1€M1: VEG(‘:%, q1 ePk1—1(E)}'

The discrete spaces corresponding to the Darcy region, consist of the standard mixed
finite element spaces (such as RT spaces [29], BDM spaces [9], BDFM spaces [8] and
BDDF spaces [7]). The mixed spaces X} and M? contain all polynomials of degree at
least k2 and l2, respectively. Note that for the Raviart-Thomas spaces, the condition
lo = ko holds. We also assume that

Yvs € X7, w2-mn=0 on Ts.

Let E be a mesh element with diameter hg. Given p € LE(Q), we denote by p the L?
projection of p in M}, satisfying

Vo€ Py (B), [ ap-p)=0, VEec}, (2.17)
E

Vg € Py, (B), / (F—p) =0, VEeE, (2.18)
E
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and, if plo, € H* () and p|g, € H211(Qy), then

P = Bllm,e < CRE"™plky. 5, ECQ, m=0,1, (2.19)
||p _ﬁHM,E S ChlE2‘+1_m|p|l2+1,E7 EC QQJ m = 07 1. (220)

REMARK 2.1. One advantage of the DG method is that one can vary the polyno-
mial degrees from element to element. Here we assume that ky is the minimum of the
polynomial degrees used in the Stokes region.

Here and throughout the paper, C' denotes a varying constant that is indepen-
dent of the diameter of the mesh elements. We also make use of the the quasi-local
interpolant IT}, : (H'(€,))? — X}, [13, 19, 12, 22] satisfying for all v, € (H'(9;))?

bl(]]}lvl - ’Ul,ql) =0, Vaq € M,}, (221)

Vee F}L UFl, /[H}.L’Ul] g1 = 0, Vvl € (Hl(Ql))d IV = 0 on Fl, \7’q1 S M’%,
e
(2.22)
ITo1 0, < Cllvill,o- (2.23)

The operator H}L has the optimal approximation properties

|TT} v, — V1|m,e < Ch, ™|vils5) Y1<s<ki+1, Vv €H (), m=0,1,

(2.24)
where 0(F) is a suitable macro-element containing E. Moreover, it holds that for at
least one edge e of every element E € &}

/(H}Lvl —01) =0, Ve (H(Q)" (2.25)

e

We note that (2.25) holds true for all edges in the case k =1 and k = 2. For k = 3,
we can assume without loss of generality, that (2.25) is satisfied for all edges in T'y5.
We will make use of the following bounds on IT}.

LEMMA 2.1. Let 1 < s < k; + 1. For all v1 € (H*(1))4,

ITT01 — vallxs < Ch o, (2.26)
01l x: < Cllvall,e,- (2.27)

Proof. From Lemma 3.10 of [22], and from (2.24), we have
lv1 = Io1llx1 < ClIV(v1 — v1)llo, < Chi™'oilsen, (2.28)

The bound (2.27) follows easily from the triangle inequality and (2.26) with s = 1,
using that ||'U1||X1 S C”'Ul”l,Ql for V1 € (Hl(Ql))d a

We also recall the mixed finite element interpolant II; : X N (H?(:))? — X7
for any 6 > 0, satisfying [10], for any vs € X* N (H?(Q2))%,

by (I vy — v3,¢2) = 0, Vg2 € Mj, (2.29)

/((H%’uz —vy) m)wy-n, =0, Ve €2, Yw, € X7. (2.30)

e
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Moreover, 1'[,2z satisfies the approximation properties

||’02 — s,E> 1<s< k‘g =+ 1, (2.31)
IV - (va = M0s)|lo,.e < Ch|V -valsm, 0<s<lo+1. (2.32)

It has been shown by Mathew in [28] for the Raviart-Thomas elements [29] that
||H121"’2”H(div;92) < C(llv2llo.q + IV - v2llo,0,), (2.33)

a result that can be trivially extended to the other families of mixed finite element
spaces. Recall the basic trace inequalities on any mesh element E with diameter hg.

V¢ e H'(E), VeCdE, |4]2.<C(hg 2 2 (2.34)
V¢ € H*(E), VeCOE, [Vé-nl,<Chg'l¢l;p+heldhr),  (2:35)
V¢ € Py(E), YeCOE, |Vé-nlo.<Chz’? el 5, (2.36)

Recall also the Korn’s inequality proved in [6].

Voe X, ClVolge, <ID@)Go, + Y.
e€F1UF1

|||[ V][[5.- (2.37)

Define the finite-dimensional space of functions on the interface A, = X7 - ny» and
let

Vh:{v:(vl,vg)eXh: Z n(vl—vz)-nu:O, V?’}EAh}.
e€l2 " ¢

Defining a = a1 + a2 and b = by + by, the numerical scheme is: find (U, P) € Vi, x M},
such that

a(U,v) +b(v,P) = fi-v, YveVy, (2.38)
Q1

b(U,q)z/Q f2q, Vq€ M. (2.39)

REMARK 2.2. This scheme is locally mass conservative. Indeed, if one chooses
the test function in (2.39) such that ¢ =1 on E and q = 0 on the rest of the domain,
we have

/ {U}-ng =0, VECE&;
oF

U-nE=/f2, VE C &
24 E

REMARK 2.3. The space of weakly-continuous-normal velocities V', is introduced
to facilitate the analysis of the numerical method. A direct construction of this space
may, however, be difficult. An equivalent formulation to (2.38)—(2.39) is given in
Section 5. It is only based on the space X and is more suitable for implementation.
The space Ay, plays the role of a Lagrange multiplier or mortar space for imposing
continuity of the normal velocities on I'1o. The choice Ay = X}f - Mo IS critical for



COUPLING OF DG AND MFE FOR STOKES AND DARCY FLOWS 7

the stability and accuracy of the numerical scheme, even in the case of non-matching
grids across I'12. This choice differs from the mortar space used in [2] in the case of
MFE discretizations on non-matching grids.

In the rest of the section, we show that the solution of the coupled problem
satisfies the scheme up to an interface consistency error. We also prove uniqueness
and existence of the discrete solution.

LEMMA 2.2. If (u,p) € X x M solves the coupled Stokes-Darcy flow problem
(2.1)-(2.10), such that w; = ulg, and p; = plq,, then (u,p) satisfies the variational
problem:

a(u,v) +b(v,p) = [ fr-vi— Y /P2(Ul —v2) m2, VveEV, o (240)
B! e€l1z " °

b(u,q) = | foq, Vg€ M. (2.41)

Proof. Multiplying the Stokes equation (2.1) by v; € X and integrating by parts
over one element F,

/T(Ulapl) =V'Ul—/ T(ulapl)nE"Ul =/ f1-v1
E OE E

Summing over all elements E,

> [ cmi+2uD@): Voi = 3 [[=nI+ 21D ()ne -0

1 e
eel’;,

- /Fu(—p11+ 2uD(u1))niz - v1 —/

(=p1 I +2uD(ur))n-vi= [ fi- v
Fl Q1

It is easy to show that D(u1) : Vv; = D(uq) : D(vy) and that I : Vv, = V - v;.
Thus, the equation becomes

Z/E(zw(ul) :D(v) —p1V - v1)

-y / {—p1I +2uD(wr)}n, - [01] = / [~p1I + 2uD(u1)Im. - {v1}

ecrt ’° ecrl ¢

—/ (=p1I +2uD(uq))ns - v1 —/ (=p1I +2uD(uq))n - vy :/ f1-v1
r12 Iy N

By regularity of the true solution, we have

;/E(?MD(’IM) : D(v1) —p1V - v1) —/ (=p1d +2uD(u1))n12 - v1

T2

-y /{—p11+2uD(u1)}ne ol+eY /{2uD(’u1)}ne ]

ecrt “ ¢ ecr} ¥ ¢

—/Fl(—p11+ 2uD(uy))n - vy +e/

2uD('ul)n-u1 = fl * V1
Fl Ql

Let us now consider the interface term

(—p1I+2pD(uy))ni2 = —prinie+2p(D(u1)ni2) T12)T12+ 2u(D (u1)n12) ni2)ni2,
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which, combined with v1 = (v1 - T12)T12 + (V1 - R12)T12, gives

(—=p1I +2uD(u1))nis - v1 = —p1(v1 - N12)
+2u(D(u1)'n12) *T12 (’U1 '7'12) + ZN(D(’Uq)nm) ‘M2 (’01 "fl12)

Thus,

_/r (=p1I +2pD(u1))nyz - v1 = _/r (=p1 + 2u(D(u1)n12) - n12) (V1 - M12)

_/r 2u(D(u1)n1z) - T1a(v1 - T12)

With the interface conditions (2.9) and (2.10), we obtain

—/ (—=p1iI + 2puD(uq))n12 - v1 = / p2(v1 - Ma2) + %/ (w1 - T12)(v1 - T12).
12 T2

T2
Thus
Z/ (2/LD(’U,1) : D(’Ul) —p1V . 'U1)
7 JE
- Y [tenT+wb@yng pilve Y [@uDn -]
eel}L Ul € e€l'L Ul €
+/ P2’01'n12+% Ul - T1201 - T12 = fi-v
T2 T2 Q1
which is equivalent to
al(ul,vl) + bl(’Ul,pl) +/ P2U1 - N1g = fl -V, Vv, € Xll’z (242)
T2 931
The Darcy’s law (2.5) can be rewritten as K “lus = —Vps. As usual, multiplication

by v € X3 and integration by parts on the Darcy region yields
h

K 'uy vy = — VP2-'U2=/ p2V"U2—/ P2V2 M
Qo Qo Qo SI92)
:/ pzv"ll2—/ P2’02"n+/ P22 - N2,
Qo To ISP
or equivalently,
az(uz,v2) + ba(v2, p2) —/ p2v2 M2 =0, Yoy € X}%- (2.43)
T2

Adding (2.42) and (2.43) yields (2.40). Clearly, the equation (2.2) and the regularity
of the solution gives

bl(ul,q)=0, VqEMé.

Finally, a simple integration in (2.4) yields

bZ(UZJq) = f2(I7 qu M}%;
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and adding to the previous equation gives the result. O

Next, we prove a coercivity lemma that holds true under the following condition.
Hypothesis A: In the definition of the bilinear form a; (-, -), let us assume that either
the condition (a) or (b) holds true.
(a) e =1 and o, > 1 for all edges in I'} UT';. For instance, one may choose o, = 2.
(b) e = —1 and o, > g¢ > 0 for o¢ large enough.

LEMMA 2.3. Assuming Hypothesis A, there exists a positive constant Cy such
that

Collv||% < a(v,v), Vv € X,:V-v=0ae in Q.

Proof. Let v € X . Then v = (v1,vs) with v; € X%,i =1,2. Using (2.13) and
(2.15),

'UU_QNZ/DUI v1) + /[1

Eecég} eF1 ury
—2(1—€)u /{D vi)In, - [v1] + = Z / - T12)? K 'vy - vy
eel'lury eEF12 Q2

Using Korn’s inequality (2.37) and the bound on K (2.7) gives

-1
a0,0) > CplVolia, +0 3 %= [
EF}LUF €
—2(1—e)u /{D v1) e - [01] + = Z / (v1-T12) + —||v2||092
e€l'}ul'y e€F12 €
If € = 1, then the result is straightforward. If ¢ = —1, we have from trace inequality

(2.36)

21-ep ) /{D(vl)}ne o) <dp Y hf1/2||VvlIIO,EQ(M)WII[vl]IIo,e

e
ecrlur; ”® ecllur, el

C ~ 1
<GuVule +C Y o [

eEF}LUI‘l
Thus, we obtain if e = —1
NERBES ML R By [
e€l'L Ul
n . 1 .
ta Z /(”1 -T12)? + m_1”v2”(2”92 > Co(llv1llk1 + [lv2l5.0,)
e€l2 ¥ €

with Cy positive constant, if o, is large enough (C(o, —1) — C > Cy > 0). O

We are now ready to prove that the discrete scheme (2.38)—(2.39)

LEMMA 2.4. If Hypothesis A holds, then there exists a unique solution to the
problem (2.38)—-(2.89).
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Proof. Since the problem (2.38)—(2.39) is finite-dimensional, it suffices to show
that the solution is unique. Set f; = 0 and choose v = U and ¢ = P. Then

a(U,U)=0
In addition,
b(U7 Q) =0, Vg€ My,

which implies that V-U = 0 in Q, since V- X3 = M, 2. Therefore Lemma 2.3 directly
implies that U = 0. Thus, the pressure satisfies

b(v,P)=0, Yve€EVy.

The inf-sup condition (3.1) proved below implies that P = 0. O

3. A Discrete Inf-sup Condition. In this section, a discrete inf-sup condition
is proved.
THEOREM 3.1. There exists a positive constant 8 such that

inf  sup b(vn,qn)

T e Mol = (3.1)
hEMr 4y eV, lonllx llgnlla

Proof. Let gn, € M}, be given. Then there exists [20, 21] v € (H!(2))¢ such that
V-v=—qn, inQ, v=0 on 01,
satisfying
lvll1,e < Cllgnllo,e-

Note that
boan) == [ (7 0)an = lanlF,
Q
which, together with the above & priori bound, implies

1
b(v,an) > & Ilvllie llanlla-

Next, we need to construct an operator 7, : X' x (X2 N (H'(Q2))%) — V,
satisfying

b(mpv —v,qn) =0, VY qn € My, and ||mpv||x < Cl|v||1,0- (3.2)

Let mpv = (mjv,m2v) € X}, x X;. We take miv = IT} vy where IT}, : X' — X is
the quasi-local interpolant defined in (2.21). Clearly, due to (2.27),

Imhollxs < Cllwllie,- (3.3)
To define m2v, consider the auxiliary problem
V-V =0, in Q,, (3.4)
Vo-n=0, on Iy, (3.5)
Vo -nis = (7r,ll'u —v) - n12, on . (3.6
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The problem is well posed, since
/ (7r,11'u —v)-n12 =0,
T2
due to (2.25). Let z = V. We note that the piecewise smooth function 7}v - n12 €
HY(T'y5) for any 0 < § < 1/2. By elliptic regularity [26],
I2ll6.00 < Cll(mhv = ) -nazllg—r/2,ryny 00 <1/2. (3.7)
Let w =v+ z. Clearly V-w = V- v in Q5 and w - ny2 = 7}v - 012 on ;5. We now

define 72v := I w, where I} : X N (H%(Q,))? — X is the mixed finite element
interpolant defined in (2.29). Note that, using (2.29),

ba(mpv, qn) = ba (I w, q) = ba(w, qn)
= [ Fwan=- [ (V-van =ba(w.ar). Van € M,
Qo

Qs
thus the so constructed m,v = (7}v, Thv) satisfies
b(mnv —v,qn) =0, V gn € M.

It is easy to see that mpv € V. Indeed, for every e € T'}? and 5 € Ay, using (2.30)
and the fact that Ay, = X7 - n1o,

2 2 1
/ﬂ'h’U SN = /th SNy = /w SN = /ﬂ'h’U - N12M,
e e [ e

It remains to show the bound in (3.2). Using (2.31), (2.32) and (3.7),

Imhollxe = [Tl x=
< |[M3o|lx= + [T 2| x=
< C(llvll.0, + llzllo,0.)
< Cllvlla, + (Tho = v) - nllr,,)

The last term can be bounded as follows. For every e € T'12, and edge (face) of
E € &}, using (2.34) and (2.24),

[(mhv =v)-maslle < C (b |Imhv—vllo,p+ by Imhv—v]1,5) < Chy*|vl1 5(m)- (3.8)
Therefore
I20llx= < Cllvll.0,
which, combined with (3.3), implies the bound in (3.2). Now using (3.2),

b(’]rhluaqh)
Sllmrvllx

b(v, qn) _ b(mhv, qn)
llvll1,0 llv]l1,0

1
5||£1h||M < < , for all g, € Mp,

which proves (3.1). O
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4. A Priori Error Estimates. In this section, optimal error estimates in the
energy norm are obtained for the velocity field. Also, optimal error estimates in the
L? norm of the error for the pressure are obtained. We start with an approximation
result for the weakly normal-continuous velocity space V.

LEMMA 4.1. For v € (H'(Q))? such that v|q, € (H*T1(Q1))¢ and v|q, €
(H*%1(09))?, and V - v|q, € (H211(0s))?, there exists © € V', such that

b(v—1v,9) =0, Vg€ My, (4.1)
Ve € T, UL, /[f’] -q=0, Vg€ (Pg-1(e))?, (4.2)
lv—vllx <C {hf1|v|k1+1,91 + B o]k 1,0, + BTV - ’U|lz+1,92} . (43)

Proof. We will show that the interpolant v constructed in Theorem 3.1 satisfies
the above conditions. Indeed, (4.1) and (4.2) follow directly from the construction of
mpv. To show (4.3), we first note that (2.26) implies that

lo — mrollxs < ChE o]k s1,0- (4.4
Next,

lv = mhollx2 = [lv — wllx: < [lv — Mol x2 + [T (w — )|l x> (4.5)

For the first term on the right in (4.5), using (2.31) and (2.32),
o — ol x> < ChE  olky 1,0, + RETHV - 01, 41,0, (4.6)
The last term in (4.5) can be bounded as follows, using (2.33), (3.7), (3.8), and (2.24),

ITE (w — )]l = T2 2 < [[2]lo.0,

< Oll(mhv =) -maslloris < O ol a0 (A7)

A combination of (4.4)—(4.7) completes the proof. O

THEOREM 4.2. Let (u,p) € X x M be the solution of the coupled problem (2.1)-
(2.10). Assume that ulg, € H**T1(Q;) fori =1,2. Assume that plo, € H*(Q;) and
that plo, € H'2*1(Qy). Assume that hypothesis A holds. Let (U, P) be the discrete
solution of (2.88)-(2.39) Then, the following estimate holds:

”u - U”X < Chllcl(|u|k1+1791 + |p|k1,91) + Ch1262+1|u|k2+1792
l 1/2,1/2
+CME + B0 bl 0

Proof. Let u be the interpolant of w defined in Lemma 4.1 and let p be the
interpolant of p, satisfying (2.17)-(2.20). From (2.40), (2.41) and (2.38), (2.39), the
error equation is

a(U — @,v) + b(v, P —p) = a(u — @,v) + b(v,p—p)
— Z /pg(vl — ’Uz) * M2, Yo € Vh, (48)

e€l12 V€
b(U —u,q) =b(u —t,q), Vg€ M. (4.9)
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Note that (4.1) implies that b(U — @, q) = 0, Ygq € M}, which implies that
V- (U—-a)=0inQy,

since V - X2 = M}. Define x =U — @ and £ = P — p. Choose v = x and ¢ = &.
Then,

a(x, x) + b(x,€) = a(u —u, x) + b(x,p — P) Z/pz - Xa) * M2,

ecl'12
b(x,€) = 0.
Equivalently,
A x) = alu~@x) +b0ep D)~ 3 [m0G - x) ma (@10
eclp 7 €

The first term on the right can be estimated as follows:

ar(u — ux—2uZ/D D(x)

Eeé&}
o Y /{Du @)} - [ + 2ue /{D V. - [u — i
e€l'}L Ul e€F1UF1
|/u ] - [x+—2/’u @) - T12X " T12
eFluF e€l'12
=T 4+ T

Using Cauchy-Schwarz inequality, and the approximation result (4.3), we have

Ty <2p Y IV(u—@)lo,eVXlo,r < —|||Vx|||o o, + CIV(u— )
Eecé&l

—

2%
< 2IVxIB o, + Chi™ [uli, 11,0,-

co

Let Ly(u) denote the standard Lagrange interpolant of degree k; defined in Q; and
let us insert it in the second integral term. Note that Ly (u) satisfies the optimal error
estimates

|Lp(w) — ulm,g < Chy Muls,e V2<s<k+1, m=0,1,2. (4.11)

For e a segment of F}L UT', we have

/ (D(u—@)}n. -] = / {(D(u — Ly(w)}n. - [x] + / (D(Ln(u) — @)}n. - [x].
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Expanding the first integral, we obtain from the trace inequality (2.35) and from the
fact that the Lagrange interpolant satisfies (4.11)

3 / (D(u— Ly(w)}n. - [x]

eel"l ury
1/2 |e|1/2
< > e |1/2 llIx]llo,e Ve I{D(uw — Ly (u)) }neello.e
e€F1 ury Oe
1 . .
<3 X TR+ ¥ Eocte - @l e+ hdu - @l g
e€Tlur, e€lluT, e
1 Oe &
<3 > mll[X]llg,e +Chi* [uff, 410, -
eET}Lul"l

Similarly, using the trace inequality (2.36), triangle inequality and (4.3)

- 1
> [ -y ¥ T
eEFiUFl € eerlurl
+C Z |u Lh |1E12
e€l'} Ul
1
<5 X allIB + Ol
e€l} Ul
Therefore,
1
nL<; Y ||||[x]||06+0h2’“|u|kl+ml
e€F1UF1

The third term vanishes because of the continuity of u and property (4.2) of @:
Ty = 0. (4.12)

Using Cauchy-Schwarz inequality, the jump term is bounded by virtue of (2.24) and
(2.34):

1 -
T, < 2 x5, +C II[u — a3,
8 | |
e€l'} Ul eEFluFl
1 2k
S g Z | |||[ ]”g,e + Cth ! |u|%:+1,91‘
eEFiUFl

The last term is bounded as follows, from the trace inequality (2.34)

T5<—

e€F12

Yel Yo lx- Tl +C Y (0w — allf 5 + helu —alf )

e€l 2 e€l'y
14 k
<sa > lIx: Ta2lls. + CH* ulf, 410,

e€cl'12
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Let us now estimate az(u — @, x), using the result (4.3)
- _ . 1, .
az(u — @, x) = K fu—@)-x < CIK XN gy + B3, 4 0,
2

Let us now estimate b; (x, p—p). By property (2.17) and (2.19) and the trace estimate
(2.34)

bl(x,p—ﬁ)=—Z/E(p—ﬁ)V-x+ S (-5 e

Ecé&y e€l} Ul €
= > [-pn
eEFLUFl €
< 1 & 2 Ch2k1 2
=3 Z |€| [X] + 1 |p|k1,91
e€l'} Ul €

Now estimate b2 (x, p—p) using Cauchy-Schwarz’s inequality and approximation result
(2.20)

. B 1 .
balx,p=5) == | =DV -x < gIVxl0, + CH*Ipl, 10,
2
It remains to bound the last term in (4.10). Since x belongs to V', we have
S [ pba—x2) ma= D [ (- 551 — x2) - Pz,
e€l12 ” € e€lz " ©

where p§ € Ay, is the L? projection of py with respect to the L? inner product on the
edge e. Therefore, by definition of the projection and since A, = X ,21 - 12, we have

) /(Pz — P5)X2 M2 = 0.
e€lp 7 €
We also note that for any edge e and any constant vector c., we have
> [t me= ¥ [ 300 - ) e
e€lyp V€ e€l2 ¥ €

< 3 1Ips — Blloselixs — eclloe
e€l12

Assume that each edge e of T'j5 is shared by the element E? € £ and parts of the
elements E} ; € &, i = 1,n,. Then, from the approximation properties and the trace
inequality (2.34), we obtain

Ne

~ la+1/2 —1/2 1/2
/ (P2 =8)X1 712 < Chy 2 Ips iy 1,2 D (hy 2 lIxy —ello,gr, + 11" 1V X llo,2 )
e

i=1
thus
Ne
~ l 1/2 1/2
> [ me <€ Y B palsne 3o b I35,
e€l'ia € e€l1o =1

1 2a+1
< SIVXIG0, + Chs™  hulpalis a0,
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Combining all bounds above yield
1 3 o
a0 < 7 IVxlBa +5 Y

IR+ 56 3 I el
CEF}lurl

|€| ecl'12
1 _
+Z”K 1/2X||3,92 + Ch3F* |y 41,0, + C(R32T2 + hglzﬂhl)|P|z22+1,92

+Chy™ ulf 10, + Chi™ Ipl3, 0. -

Equivalently,
2k +2 2s+2 2s+1

a(x,x) < Ch; o+ |“|22+1,92 +C(h; 24 hy =+ h1)|p|l22+1,§22
k
+Ch} Y(lwlf, 1,0, T 1P1E00)
Now, since V - x = 0 in 2, the coercivity Lemma 2.3 implies

lu = Ullx <[lu—alx + U - alx

< lu—allx +

1 1/2
—_alx,
VCo %)

which concludes the proof, using (4.3) O
THEOREM 4.3. Under the assumptions and notation of Theorem 4.2, we have

”p - P”O,Q < Chllcl(|u|k1+1791 + |p|k1,91) + Chl262+1|’u’|k2+1,92
+C(REH + hy ™2 )bl 41,0,

where C' is a constant independent of hy, ho.
Proof. The error equation (4.8) can be written as

Vv € Vi, a(U—u,v)+bv,P—p)="0bv,p—p)— Z /pz('ul —v3) -n2. (4.13)
e€l2 ¥ ¢
From the discrete inf-sup condition (3.1),

P—5
sup b(’uha p)

1
<1 (4.14)
Bou.cv, lvnllx

1P = Bllo.o
Using (4.13), for any vy € Vi,
b(vn, P =) = —a(U — u,v) + b(wn,p—5) — D [ p2(vn1 — vns) - mra.
e€l'1 7€
For the first term on the right,

a(U—u,'vh)ZZMZ/ED(U_U):D('”h)"' Z %/[U—u]-[’vh]

Ecé&}l e€l'} UI'y

-2 Z /{D(U —u)n} - [vp] + 2ue Z /{D('Uh)ne} T

ecTiur; ” ¢ ecriur, ”*®

+% Z /(U—u).‘rlgvh-ru—l— 92K'_I(U—'u,).vh

e€lp ¥ €

= Qi+ + Qs
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We now bound each @; term. From Cauchy-Schwarz’s inequality, the terms Q1, @2, Q5
and Qg are easily bounded

Q1+ Q2+ Qs+ Qs < Cllopllx||U — ul|x.

We now bound 3.

e Oe
@<c ¥ v - wle 7 ol
CEF}LUr‘l ¢
Qs < Clloallx( Y IV ~ B, +mlIV( — @)[3,))
eEF}LUFl

Qs < Clloallx (IU —allk + Chi* [ulf, 41,0,)""2

Now, @4 is bounded similarly, from trace inequality (2.36)

Qi<C Y [{D@r)nc}HloelllU = ullloe
eEF}IUFl
O¢

Qi< C Y hTVunllo,pr= ()22 — wlllo,e

eEFLUFl |e|
Qs < Cllwnl|x[|U —ullx

Let us now estimate b(vy,p — p). From the property (2.17), it is reduced to

bonp-5)= Y. [{p=Hosl .

CEF}I ur'y €

< (& allo. ()21 - 5l

e€l'lUr, el e

< lloallx Ch* ples 2,

Finally, following the same approach as in the proof of Theorem 4.2, we bound the
interface integral

> /pZ('Uhl —Up2) Mz = Y /(Pz = D5)Vp1 - M2

e€l2 7€ e€l2 v €

< Clloallxhs™ i/ palia 1,0,
Combining all the bounds with (4.14) yields

l2+1/2h}/2

I1P = Bllo,e < CUIU = ullx + A (Julky 1.0 + [Ples.01) + I 1Plli241.9,)-

Using Theorem 4.2 concludes the proof. O

REMARK 4.1. The results proven in this section, are valid and unchanged in
three-dimensional domains, assuming there exist interpolants IT}, and TT; defined in
(2.21) and (2.29). The existence of IT, for k = 1 in three dimensions is given in [13].
The existence of IT; in any dimension is a well-known fact [10].
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5. Implementation Issues and Conclusions. In this paper, the convergence
of a numerical scheme for solving the coupled Darcy-Stokes problem is proved. In
order to parallelize the implementation of the scheme, a Lagrange multiplier A € Ay,
approximating ps on I'12 can be introduced. We recall the definition of Ay = X ,21 N9
given in Section 2. Defining the bilinear form on the interface,

Aln,v) = Z n(vy —v2) M1, Yn€ Ap, Vo e Xy,
e€l12 V€

the scheme can be rewritten as: find (U, P,A) € X, x My, x Ap, such that U; = U|g,
and P; = P|q, satisfy

a1 (Ur,v1) + bi(v1, 1) + A\ vy) = A fi1-v1, Vv € X}L, (5.1)
b(Ui,q1) =0, Vg € My, (5.2)

az(Uz,v2) + ba(v2, Py) — A(\,v2) =0, Vv, € Xi, (5.3)

b2 (U2, ¢2) = A foq2, Vo € My, (5.4)

A(n,U) =207 Vn € Ay,. (5.5)

It can easily be shown that the two discrete formulations are equivalent. Formulation
(5.1)—(5.5) is suitable for a parallel implementation. In particular, using an approach
from [23], a non-overlapping domain decomposition algorithm can be formulated that
reduces the coupled system to a symmetric and positive definite interface problem for
A. In addition to its parallel efficiency, this approach allows for existing codes solving
the Stokes or the Darcy equations to be utilized.
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