Non Conforming Methods for Transport with Nonlinear Reaction

Béatrice Rivière and Mary F. Wheeler

Abstract. The transport equation is solved by a discontinuous Galerkin method, that is locally conservative and that allows for non-conforming meshes. The convective fluxes are upwinded. hp error estimates are derived in L^∞(L^2) and L^2(H^1) for the continuous in time scheme. A class of fully discrete schemes is presented and analyzed.

1. Introduction

There is a need for efficient and accurate algorithms for simulating the transport of species through a porous medium on general geometries. Applications include study of radioactive nuclear decay, which is essential in the performance assessment of nuclear storage facilities, remediation of industrial pollutants contaminating the ground, and oil recovery processes.

Currently, there exists several well known schemes such as higher order Godunov [I, E, K], MUSCL [Y, J], Essentially Non-Oscillatory (ENO) [P, S], control volume [F, N, Q], and characteristic [M, O, X, L, B]. These schemes possess one or more deficiencies. These schemes are either not extendible to unstructured and/or non-conforming grids, are at best second order convergent in regions with smooth solutions, involve dual grids which are very complicated in three dimensional simulations, or are not locally conservative.

In this paper, we formulate and analyze a family of methods known discontinuous Galerkin (DG) methods for solving the transport problem with nonlinear reactions. These methods have the following appealing features: 1) they are element-wise conservative; 2) they support local approximations of high order; 3) they are robust and local oscillations can be eliminated by the introduction of slope limiters; 4) they are implementable on unstructured and even non matching meshes; and, 5) with the appropriate meshing, they are capable of delivering exponential rates of convergence.

There are a variety of methods using discontinuous discrete spaces such as the Bassi and Rebay method [D] and the Local Discontinuous Galerkin (LDG) [H, A] method, the Oden, Babus̆ka and Baumann method [R], the interior penalty Galerkin methods [Z] [ Wheeler and Douglas], and the NIPG methods [V, W]. In Arnold, Brezzi, Cockburn and Marini [C] a general framework of these methods is

1991 Mathematics Subject Classification. Primary 65M15; Secondary 65M60. Key words and phrases. discontinuous Galerkin methods, hp estimates, upwind. 1

presented. Application of these methods to a wide variety of problems can be found in [AA]. In this paper we restrict our attention to the Oden, Babus̆ka, Baumann formulation. With minor modifications, the theorems proved in this paper apply to NIPG and to the interior penalty Galerkin method.

The paper is organized as follows. In the following section, we describe the mathematical model and define notation. The DG scheme is introduced in section 3. Section 4 contains the analysis of the semidiscrete solution. In section 5, the error estimates for a class of fully discrete schemes are derived. The last section contains some concluding remarks.

2. Model Problem and Scheme

The domain Ω is polygonal and bounded in IR^d, d = 2, 3. Let u be a velocity field that satisfies ∇ · u = 0 and that varies in space. We decompose the boundary of the domain into an inflow part Γ_{in} and an outflow part Γ_{out}, ∂Ω = Γ_{in} ∪ Γ_{out}, where Γ_{in} = {x ∈ ∂Ω : u · n < 0}, and Γ_{out} = {x ∈ ∂Ω : u · n ≥ 0}. The transport of a contaminant through a porous medium is modelized by the following partial differential equations. ϕc_t + ∇ · (uc − D(u)∇c) = f(c), in Ω × (0, T ], (2.1) (uc − D(u)∇c) · n = u c_{in} · n, on Γ_{in} × (0, T ],

(2.2) −D(u)∇c · n = 0, on Γ_{out} × (0, T ],

(2.3) c(0, ·) = c_0, in Ω.

(2.4)

Here, c is the concentration of the contaminant, f(c) a general nonlinear reaction source function, D(u) a diffusion-dispersion tensor. We assume that f is Lipschitz in c and that D(u) is symmetric, positive definite in Ω uniformly with respect to x. The porosity ϕ is the fraction of the volume of the medium occupied by pores, and it is assumed to be bounded below and above by positive constants. The concentrations c_{in} and c_0 are respectively the concentration at the inflow boundary and the concentration at the initial time.

We now establish some notation for the spatial discretization. Let E_h = {E}_E be a non degenerate subdivision of Ω, made of triangles in 2D and tetrahedra in 3D. We allow for a non conforming partition of the domain. Let h be the maximum diameter of the elements. Let Γ be the skeleton of the mesh of Ω, that is the union of the open sets that coincide with interior edges (or faces) of elements. We also associate with each set γ_k in Γ, a unit normal vector n_k. For γ_k in ∂Ω, the vector n_k is outward to ∂Ω. We define for s ≥ 0 and m ≥ 1, W^{s,m}(E_h) = {v ∈ L^m(Ω) : v|_E ∈ W^{s,m}(E) ∀E ∈ E_h}, and we denote it by H^s(E_h) when m = 2. The usual Sobolev norm of H^s on E ⊂ IR^d is denoted by ‖ · ‖_{s,E} . The L^2 inner product is denoted by (·, ·)_E . If E = Ω, then we simply write (·, ·). The norm associated with H^s(E_h) is the “broken” norm ||| · |||^2_s = ∑ E∈E_h ‖ · ‖ 2 s,E. For a, b real and Y Sobolev space, we define the space L^k(a, b; Y ) = {w : ‖w‖^k_Lk_{(a,b;Y )} = ∫_b a ‖w(t, ·)‖^k_Y < ∞}.

We define for w ∈ H^s(E), s > 1/2, the average {w}, the jump [w] and the upwind w_∗ value. We assume below that n_k is outward to E^1_k . {w} = 1 2 (w|_E1_k ) + 1 2 (w|_E2_k ), [w] = (w|_E1_k ) − (w|_E2_k ), ∀γ_k = ∂E^1_k ∩ ∂E^2_k ,

{w} = (w|_E1_k ), [w] = (w|_E1_k ), ∀γ_k = ∂E^1_k ∩ ∂Ω,

w_∗ = { w|_E1_k if u · n_k ≥ 0, w|_E2_k if u · n_k < 0. , ∀γ^k = ∂E^{1k} ∩ ∂E^{2k} . Let r be an integer. The finite element subspace consists of discontinuous piecewise polynomials: D_r(E_h) = {v : v|_E ∈ P_r(E) ∀E ∈ E_h}, where P_r(E) is a discrete space containing the set of polynomials of total degree less than or equal to r on E. We can construct a special interpolant in D_r(E_h) that satisfies the optimal approximation properties:

Lemma 2.1. Let h be small enough. Let c ∈ H^s(E_h), for s ≥ 2 and let r ≥ 2. If, in addition D(u) ∈ (W^{1,∞}(E_h))^{d×d}, there exists an interpolant of c, c̃ ∈ D_r(E_h) such that for each E in E_h and each edge (or face) e ∈ ∂E that is divided into disjoint open sets γ^1, . . . , γ^{se} , the following properties hold:

(2.5) ∫ γ^j D(u)∇(c̃|_E − c) · n_E = 0, j = 1, . . . , s_e,

where n_E is the outward unit normal to ∂E and s_e is a finite number. Furthermore, c̃ is optimally close to c: (2.6) |||∇^i(c̃ − c)|||_0 ≤ K h^{μ−i} r^{s− 3}2^{−δ} |||c|||_s, i = 0, 1, 2, where δ = 0 if i = 0, 1, δ =^1_2 if i = 2, μ = min(r + 1, s) and K is independent of h and r.

Remark 2.2. The proof of this lemma is given in [T] and it is a generalization to non conforming meshes of the approximation result proved in [W].

We also recall an inverse estimate for a polynomial χ defined on E ∈ E_h. Let h_E be the diameter of E. There is a constant K independent of h and r such that, for e ∈ ∂E, ‖∇χ · n_k‖_{0,e} ≤ Krh^{− 12}_E ‖∇χ‖_{0,E}. (2.7)

A proof of this inverse estimate is recalled in [W].

3. Scheme We introduce the bilinear form b_{NS} : H^s(E_h) × H^s(E_h) → IR, s > 3/2, and the linear form L : L^2(Ω) → IR: b_{NS} (u; w, v) = ∑ E∈E_h ∫ E D(u)∇w · ∇v − ∑ E∈E_h ∫ E uw · ∇v − ∑ γ_k ∈Γ ∫ γ_k {D(u)∇w · n_k}[v] + ∑ γ_k ∈Γ ∫ γ_k {D(u)∇v · n_k}[w] + ∑ γ_k ∈Γ ∫ γ_k u · n_kw_∗[v] + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kwv. (3.1) L(c; v) = ∫ Ω f(c)v − ∑ γ_k ∈Γ_{in} ∫ γ_k u · n_kc_{in}v. (3.2)

We can now give the weak formulation of the transport problem.

Lemma 3.1. If c is the solution of (2.1)-(2.4), then c satisfies (3.3) (ϕc_t, v) + b_{NS} (u; c, v) = L(c; v), ∀v ∈ H^s(E_h), s > 3/2. Proof. Let s > 3/2 and let v be a test function in H^s(E_h). We multiply (2.1) by v|_E , and integrate by parts on one element E ∈ E_h. (ϕc_t, v)_E − ∫ E (uc − D(u)∇c) · ∇v + ∫ ∂E (uc − D(u)∇c) · n_E v = ∫ E f(c)v. Summing over all E and noting that both the concentration and its normal flux are continuous, we obtain: (ϕc_t, v) − ∑ E∈E_h ∫ E (uc − D(u)∇c) · ∇v − ∑ γ_k ∈Γ∪Γ_{out} ∫ γ_k {D(u)∇c · n_k}[v] + ∑ γ_k ∈Γ ∫ γ_k u · n_kc[v] + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kcv + ∑ γ_k ∈Γ ∫ γ_k {D(u)∇v · n_k}[c] + ∑ γ_k ∈Γ_{in} ∫ γ_k (uc − D(u)∇c) · n_kv = (f(c), v). Using the boundary condition and noting that c_∗ = c, we clearly have (3.3). □ The discontinuous Galerkin approximation C_{DG} in L^2(0, T ; D_r(E_h)) satisfies the formulation: (ϕ ∂C_{DG} ∂t , v) + b_{NS} (u; C_{DG}, v) = L(C_{DG}, v), t > 0, ∀v ∈ D_r(E_h), (3.4) (C_{DG}(0), v) = (c_0, v), ∀v ∈ D_r(E_h).

(3.5)

Remark 3.2. It should be noted that the approximation of the concentration satisfies on each element E the following mass balance ∫ E ϕ ∂C_{DG} ∂t − ∫ ∂E {D(u)∇C_{DG}} · n_E + ∫ ∂E u · n_E C^{DG}_∗ = ∫ E f(C^{DG}).

This property is an unique feature of the discontinuous Galerkin methods.

4. Continuous in Time Error estimates In this section, we derive a priori error estimates for the semidiscrete scheme.

These estimates are optimal in h and suboptimal in r for the energy norm, and they are suboptimal for the L^2 norm.

Theorem 4.1. Let c be solution of (2.1)-(2.4). If c ∈ L^2(0, T ; H^s(E_h)), c_0 ∈ H^s(E_h) and c_t ∈ L^2(0, T ; H^{s−1}(E_h)), then there exists a constant K independent of h and r such that

‖c − C_{DG}‖_L∞_{(0,T ;L}2_{(Ω))} + ‖D(u)^{1/2}∇(c − C_{DG})‖_L2_{(0,T ;L}2_{(Ω))} ≤ K h^{μ−1} r^{s− 5}2 ( ‖c‖_L2_{(0,T ;H}s_{(Eh))} + ‖c_t‖_L2_{(0,T ;H}s−1_{(Ω))} + ‖c_0‖_Hs_{(Eh)} ) ,

where r ≥ 2 and μ = min(r + 1, s).

Proof. Let c̃ be the interpolant of c defined in Lemma 2.1. Denote χ = C_{DG}−c̃ and ξ = c − c̃. Throughout the paper, we will denote K a generic constant with different values on different places, that is independent of h and r. The following error equation is satisfied for all v in D_r(E_h). (ϕχ_t, v) + b_{NS}(u; χ, v) = (ϕξ_t, v) + b_{NS} (u; ξ, v) + (f(C_{DG}) − f(c), v). Now, by choosing v = χ, we obtain 1 2 d dt ‖ϕ^{12} χ‖^2_0 + b_{NS} (u; χ, χ) = (ϕξ_t, χ) + b_{NS}(u; ξ, χ) + (f(C_{DG}) − f(c), χ).

We note that b_{NS} (u; χ, χ) = ∑ E∈E_h ∫ E D(u)∇χ∇χ − ∑ E∈E_h ∫ E uχ · ∇χ + ∑ γ_k ∈Γ ∫ γ_k u · n_kχ_∗[χ] + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kχ^2.

Now using a technique found in [G], we integrate by parts the advection term, and use the fact that u is divergent free. ∑ E∈E_h ∫ E uχ · ∇χ = 1 2 ∑ E∈E_h ∫ E u · ∇χ^2 = 1 2 ∑ E∈E_h ∫ ∂E u · n_E χ^2 = 1 2 ∑ γ_k ∈Γ ∫ γ_k u · n_k[χ^2] + 1 2 ∑ γ_k ∈∂Ω ∫ γ_k u · n_kχ^2.

Now, we combine the upwind terms: − ∑ E∈E_h ∫ E uχ · ∇χ + ∑ γ_k ∈Γ ∫ γ_k u · n_kχ_∗[χ] + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kχ^2 = ∑ γ_k ∈Γ ∫ γ_k u · n_k(χ_∗[χ] − 1 2 [χ^2]) − 1 2 ∑ γ_k ∈∂Ω ∫ γ_k u · n_kχ^2 + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kχ^2

= ∑ γ_k ∈Γ ∫ γ_k u · n_k(χ_∗[χ] − {χ}[χ]) − 1 2 ∑ γ_k ∈Γ_{in} ∫ γ_k u · n_kχ^2 + 1 2 ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kχ^2 = ∑ γ_k ∈Γ ∫ γ_k |u · n_k|[χ]^2 + 1 2 ∑ γ_k ∈Γ_{in} ∫ γ_k |u · n_k|χ^2 + 1 2 ∑ γ_k ∈Γ_{out} ∫ γ_k |u · n_k|χ^2.

Therefore, 1 2 d dt ‖ϕ^{12} χ‖^2_0 + ∑ E∈E_h ∫ E D(u)∇χ · ∇χ + ∑ γ_k ∈Γ ∫ γ_k |u · n_k|[χ]^2 + 1 2 ∑ γ_k ∈∂Ω ∫ γ_k |u · n_k|χ^2 = (ϕξ_t, χ) + b_{NS} (u; ξ, χ) + (f(C_{DG}) − f(c), χ). (4.1)

The first term in the right-hand side of (4.1) is bounded by Cauchy-Schwarz’s inequality and the approximation result (2.6)

(ϕξ_t, χ) ≤ ‖ϕ^{12} ξ_t‖_0‖ϕ^{12} χ‖_0 ≤ 1 2 ‖ϕ^{12} χ‖^2_0 + 1 2 ‖ξ_t‖^2_0 ≤ 1 2 ‖ϕ^{12} χ‖^2_0 + K h^{2μ−2} r^{2s−3} ‖c_t‖^2_{s−1}. The second term in the right-hand side of (4.1) can be rewriten as b_{NS} (u; ξ, χ) = ∑ E∈E_h ∫ E D(u)∇ξ∇χ − ∑ E∈E_h ∫ E uξ · ∇χ − ∑ γ_k ∈Γ ∫ γ_k {D(u)∇ξ · n_k}[χ] + ∑ γ_k ∈Γ ∫ γ_k {D(u)∇χ · n_k}[ξ] + ∑ γ_k ∈Γ ∫ γ_k u · n_kξ_∗[χ] + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kξχ. (4.2)

We now proceed to bound each term in the right-hand side of (4.2). The first term can be bounded using Cauchy-Schwarz’s inequality and approximation result (2.6) ∑ E∈E_h ∫ E D(u)∇ξ∇χ ≤ |||D(u)^{12} ∇ξ|||_0|||D(u)^{12} ∇χ|||_0

≤ 1 8 |||D(u)^{12} ∇χ|||^2_0 + K h^{2μ−2} r^{2s−3} ‖c‖^2_s.

The second term can be bounded using Cauchy-Schwarz’s inequality and using the fact that D(u) is symmetric positive definite. ∑ E∈E_h ∫ E uξ · ∇χ ≤ K ∑ E∈E_h ‖ξ‖_{0,E}‖∇χ‖_{0,E} ≤ K ∑ E∈E_h ‖ξ‖_{0,E}‖D(u)^{1/2}∇χ‖_{0,E}

≤ 1 8 ‖D(u)^{1/2}∇χ‖^2_0 + K h^{2μ−2} r^{2s−3} ‖c‖^2_s. Using the property (2.5) of the interpolant, we can rewrite the third term as ∑ γ_k ∈Γ ∫ γ_k {D(u)∇ξ · n_k}[χ] = ∑ γ_k ∈Γ ∫ γ_k {D(u)∇ξ · n_k}([χ] − a_k), where a_k is a constant chosen as follows: we assume that γ_k = ∂E^1_k ∩ ∂E^2_k where E^1_k and E^2_k are elements of E_h; then we take a_k = a_1 − a_2 where a_i =^1_{|Eik |} ∫ E^i_k χ. Then, based on a technique found in [W], we have

(4.3) ‖[χ] − a_k‖_{0,γk} ≤ Kh^{12} (‖∇χ‖_{0,E}1_k + ‖∇χ‖_{0,E}2_k ). Therefore, combining (4.3) with the approximation result (2.6) yields ∑ γ_k ∈Γ ∫ γ_k {D(u)∇ξ · n_k}[χ] ≤ ∑ γ_k ∈Γ ‖{D(u)∇ξ · n_k}‖_{0,γk} ‖[χ] − a_k‖_{0,γk}

≤ K h^{μ−1} r^{s− 3}2 |||D(u)^{12} ∇χ|||_0‖c‖_s ≤ 1 8 |||D(u)^{12} ∇χ|||^2_0 + K h^{2μ−2} r^{2s−3} ‖c‖^2_s. The fourth term can be bounded by the inverse estimate (2.7), a trace theorem and the approximation result (2.6) ∑ γ_k ∈Γ ∫ γ_k {D(u)∇χ · n_k}[ξ] ≤ K ∑ γ_k ∈Γ ‖{D(u)^{12} ∇χ · n_k}‖_{0,γk} ‖[ξ]‖_{0,γk}

≤ ∑ γ_k ∈Γ rh^{− 12} ‖D(u)^{12} ∇χ‖_{0,E}12_k h^{μ− 12} r^{s− 3}2 ‖c‖_s

≤ 1 8 |||D(u)^{12} ∇χ|||^2_0 + K h^{2μ−2} r^{2s−5} ‖c‖^2_s. Finally, we bound the last terms in the right-hand side of (4.2) ∑ γ_k ∈Γ ∫ γ_k u · n_kξ_∗[χ] ≤ ∑ γ_k ∈Γ ‖|u · n_k|^{12} [χ]‖_{0,γk} ‖|u · n_k|^{12} ξ_∗‖_{0,γk}

≤ 1 4 ∑ γ_k ∈Γ ‖|u · n_k|^{12} [χ]‖^2_{0,γk} + K h^{2μ−1} r^{2s−3} ‖c‖^2_s. Similarly ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kξχ ≤ 1 4 ∑ γ_k ∈Γ_{out} ‖|u · n_k|^{12} χ‖^2_{0,γk} + K h^{2μ−1} r^{2s−3} ‖c‖^2_s.

We now consider the third term in the right-hand side of (4.1). This term is bounded by Cauchy-Schwarz’s inequality and by the Lipschitz property of f. ∫ Ω (f(C_{DG}) − f(c))χ ≤ L‖C_{DG} − c‖_{0,Ω}‖χ‖_{0,E} ≤ K‖χ‖^2_{0,Ω} + K‖ξ‖^2_{0,Ω} ≤ K‖ϕ^{12} χ‖^2_{0,Ω} + K h^{2μ} r^{2s−3} ‖c‖^2_s. We then rewrite (4.1) by combining all the bounds derived above, and we integrate between 0 and t the resulting equation.

‖ϕ^{12} χ‖^2_0(t) − ‖ϕ^{12} χ‖^2_0(0) + 1 2 ∫_t 0 |||D(u)^{12} ∇χ|||^2_0 + 3 4 ∫_t 0 ∑ γ_k ∈Γ ∫ γ_k |u · n_k|[χ]^2

+ 1 4 ∫_t 0 ∑ γ_k ∈∂Ω ∫ γ_k |u · n_k|χ^2 ≤ K h^{2μ−2} r^{2s−5} ∫_t 0 ‖c‖^2_s + K ∫_t 0 ‖ϕ^{12} χ‖^2_0

+ K h^{2μ−2} r^{2s−3} ∫_t 0 ‖c_t‖^2_{s−1}. Noting that ‖ϕ^{1/2}χ‖^2_0(0) ≤ Kh^{2μ}/r^{2s−3}|||c_0|||^2_s , using Gronwall’s lemma and taking supremum over all t, we conclude that

‖ϕ^{12} χ‖_L∞_{(0,T ;L}2_{(Ω))} + ‖D(u)^{1/2}∇χ‖_L2_{(0,T ;L}2_{(Ω))} ≤ K h^{μ−1} r^{s− 5}2

(‖c‖_L2_{(0,T ;H}s_{(Eh))} + |||c_0|||_s + ‖c_t‖_L2_{(0,T ;H}s−1_{(Eh))}).

The theorem is finally obtained by using triangle inequality and approximation results. □

5. Fully discrete analysis In this section, we define and analyse a family of fully discrete formulations of the continuous problem, that is parametrized by θ: the case θ = 0 corresponds to Crank-Nicolson discretization and the case θ = 1, Backward-Euler in time discretization. We first introduce some standard notation. Let Δt > 0 denote the time step and let t^n = nΔt for n = 0, . . . , N. Let v^n = v(t^n) and let v^{n,θ} =^1_2 (1 + θ)v^{n+1} +^1_2 (1 − θ)v^n. The discrete approximations of the concentration satisfy: 1 Δt (ϕ(C^{n+1}_{DG} − C^n_{DG}), v) + b_{NS} (u; C^{n,θ}_{DG}, v) = L(C^{n,θ}_{DG}; v), ∀v ∈ D_r(E_h),

(5.1)

(C^0_{DG}, v) = (c_0, v), ∀v ∈ D_r(E_h).

(5.2) We recall the following lemma that is a straigthforward application of Taylor expansion.

Lemma 5.1.

(5.3) 1 Δt (c^{n+1} − c^n) = c_t(t^{n,θ}) + Δtρ_{n,θ},

where

(5.4) ‖ρ_{n,θ}‖_0 ≤ { K_1‖c_{tt}‖_L∞_{(t}n_{,t}n+1_{;H}1_) if θ > 0 K_2Δt‖c_{ttt}‖_L∞_{(t}n_{,t}n+1_{;H}1_) if θ = 0

Proof. The proof is given in [U]. □ We now state the convergence results for the θ formulations. Theorem 5.2. Assume that c is the solution of (2.1)-(2.4), that c belongs to L^∞(0, T ; H^s(E_h)), c_t to L^∞(0, T ; H^{s−1}(E_h)) and that c_{tt} ∈ L^∞(0, T ; H^1) for θ ∈ (0, 1]. If θ = 0, assume that c_{ttt} ∈ L^∞(0, T ; H^1). Then, if θ > 0, we have ‖c − C_{DG}‖_l∞_{(L}2_{(Ω))} + KΔt^{1/2}( ∑ n ‖D(u)^{1/2}∇(c − C_{DG})^{n,θ}‖^2_l2_{(L}2_{(Eh))})^{1/2} ≤ K h^{μ−1} r^{s−5/2} (‖c‖_L∞_{(0,T ;H}s_{(Eh))} + ‖c_t‖_L∞_{(0,T ;H}s−1_{(Eh))}) + KΔt(‖c_t‖_L∞_{(0,T ;L}2_{(Ω))} + ‖c_{tt}‖_L∞_{(0,T ;H}1_{(Ω))}).

In the case where θ = 0, we obtain

‖c − C_{DG}‖_l∞_{(L}2_{(Ω))} + KΔt^{1/2}‖D(u)^{1/2}∇(c − C_{DG})^{n,θ}‖_l2_{(L}2_{(Eh))} ≤ K h^{μ−1} r^{s−5/2} (‖c‖_L∞_{(0,T ;H}s_{(Eh))} + ‖c_t‖_L∞_{(0,T ;H}s−1_{(Eh))}) + KΔt^2‖c_{ttt}‖_L∞_{(0,T ;H}1_{(Ω))}.

Here, μ = min(r + 1, s) and r ≥ 2.

Proof. From (3.3) and (5.3), we can write that the solution to (2.1)-(2.4) satisfies for each n and for all v ∈ D_r(E_h): 1 Δt (ϕ(c^{n+1} − c^n), v) + b_{NS}(u; c^{n,θ}, v) = ([f(c)]^{n,θ}, v) + Δt(ϕρ_{n,θ}, v). (5.5) As in the continuous case, let denote χ^n = C^n_{DG} − c̃^n and let ξ^n = c^n − c̃^n, where c̃ is the interpolant of c defined in Lemma 2.1. The following error equation is then obtained from (5.1) and (5.5).

(5.6) 1 Δt (ϕ(χ^{n+1} − χ^n), v) + b_{NS} (u; χ^{n,θ}, v) = (f(C^{n,θ}_{DG}) − [f(c)]^{n,θ}, v) + 1 Δt (ϕ(ξ^{n+1} − ξ^n), v) + b_{NS} (u; ξ^{n,θ}, v) + Δt(ϕρ_{n,θ}, v). Choose v = χ^{n,θ} and note that (ϕ(χ^{n+1} − χ^n), χ^{n,θ}) ≥ K(‖χ^{n+1}‖^2_0 − ‖χ^n‖^2_0): K Δt (‖χ^{n+1}‖^2_0 − ‖χ^n‖^2_0) + b_{NS} (u; χ^{n,θ}, χ^{n,θ}) ≤ (f(C^{n,θ}_{DG}) − [f(c)]^{n,θ}, χ^{n,θ}) + 1 Δt (ϕ(ξ^{n+1} − ξ^n), χ^{n,θ}) + b_{NS}(u; ξ^{n,θ}, χ^{n,θ}) + Δt(ϕρ_{n,θ}, χ^{n,θ}) ≤ T_1 + · · · + T_4.

We bound T_1 by Cauchy-Schwarz inequality, the Lipschitz property of f and (2.6). |T_1| = |((f(C^{n,θ}_{DG}) − f(c^{n,θ}), χ^{n,θ}) + (f(c^{n,θ}) − [f(c)]^{n,θ}, χ^{n,θ})| ≤ K‖C^{n,θ}_{DG} − c^{n,θ}‖_0‖χ^{n,θ}‖_0 + ‖f(c^{n,θ}) − [f(c)]^{n,θ}‖_0‖χ^{n,θ}‖_0 ≤ K‖χ^{n,θ}‖^2_0 + K‖ξ^{n,θ}‖^2_0 + K(1 − θ^2)^2‖c^{n+1} − c^n‖^2_0 ≤ K‖χ^{n,θ}‖^2_0 + K h^{2μ} r^{2s−3} (‖c^n‖^2_s + ‖c^{n+1}‖^2_s) + K(1 − θ^2)^2Δt^2 sup_{tn≤t≤tn+1} ‖c_t‖^2_0.

T_2 can be bounded by Cauchy-Schwarz’s inequality, by a Taylor expansion, and by the approximation result (2.6). |T_2| ≤ K 1 Δt ‖ξ^{n+1} − ξ^n‖_0‖χ^{n,θ}‖_0 ≤ K(‖χ^n‖^2_0 + ‖χ^{n+1}‖^2_0) + h^{2μ−2} r^{2s−3} sup t^n≤t≤t^{n+1} ‖c_t‖^2_{s−1}. We rewrite T_3 as follows: b_{NS} (u; ξ^{n,θ}, χ^{n,θ}) = ∑ E∈E_h ∫ E D(u)∇ξ^{n,θ} · ∇χ^{n,θ} − ∑ E∈E_h ∫ E uξ^{n,θ} · ∇χ^{n,θ} − ∑ γ_k ∈Γ ∫ γ_k {D(u)∇ξ^{n,θ} · n_k}[χ^{n,θ}] + ∑ γ_k ∈Γ ∫ γ_k {D(u)∇χ^{n,θ} · n_k}[ξ^{n,θ}]

+ ∑ γ_k ∈Γ ∫ γ_k u · n_kξ^{n,θ}_∗ [χ^{n,θ}] + ∑ γ_k ∈Γ_{out} ∫ γ_k u · n_kξ^{n,θ}χ^{n,θ}. (5.7)

Following the techniques used in the proof of the continuous in time error estimate, we can bound each term of the right-hand side of (5.7). The final bound is written below. |T_3| ≤ 1 2 |||D^{1/2}(u)∇χ^{n,θ}|||^2_0 + K h^{2μ−2} r^{2s−5} (‖c^{n+1}‖^2_s + ‖c^n‖^2_s) + 1 4 ∑ γ_k ∈Γ ‖|u · n_k|^{12} [χ^{n,θ}]‖^2_{0,γk} + 1 4 ∑ γ_k ∈Γ_{out} ‖|u · n_k|^{12} χ^{n,θ}‖^2_{0,γk} . We now easily bound T_4.

|T_4| ≤ KΔt‖ρ_{n,θ}‖_0‖χ^{n,θ}‖_0 ≤ K(‖χ^{n+1}‖^2_0 + ‖χ^n‖^2_0) + KΔt^2‖ρ_{n,θ}‖^2_0. Combining all the bounds above, multiplying by Δt and summing over n = 0, . . . , ñ, with ñ ≤ N, yields:

‖χ^{ñ+1}‖^2_0 − ‖χ^0‖^2_0 + KΔt ñ∑ n=0 |||D(u)^{1/2}∇χ^{n,θ}|||^2_0 ≤ KΔt ñ∑ n=0 ‖χ^n‖^2_0

+ KΔt^3 N∑ n=0 ‖ρ_{n,θ}‖^2_0 + KΔt h^{2μ−2} r^{2s−5} N∑ n=0 ‖c^n‖^2_s + K h^{2μ−2} r^{2s−3} sup 0≤t≤T ‖c_t‖^2_{s−1} + KΔt^2(1 − θ^2)^2 sup_{0≤t≤T} ‖c_t‖^2_0.

If Δt is sufficiently small, we obtain by Gronwall’s lemma:

‖χ^{ñ+1}‖^2_0 + KΔt ñ∑ n=0 |||D(u)^{1/2}∇χ^{n,θ}|||^2_0 ≤ ‖χ^0‖^2_0 + KΔt^3 N∑ n=0 ‖ρ_{n,θ}‖^2_0 +K h^{2μ−2} r^{2s−5} ‖c‖^2_L∞_{(0,T ;H}s_{(Eh))} +K h^{2μ−2} r^{2s−3} sup 0≤t≤T ‖c_t‖^2_{s−1} +KΔt^2(1−θ^2)^2 sup_{0≤t≤T} ‖c_t‖^2_0.

But,

‖χ^0‖_0 ≤ ‖C_{DG}(0) − c_0‖_0 + ‖c_0 − c̃(0)‖ ≤ K h^μ r^{s−3/2} ‖c_0‖_s.

Therefore, if θ > 0, we can conclude:

‖χ‖^2_l∞_{(L}2_{(Ω))} + KΔt N∑ n=0 |||D(u)^{1/2}∇χ^{n,θ}|||^2_0 ≤ K h^{2μ−2} r^{2s−5} (‖c‖^2_L∞_{(0,T ;H}s_{(Eh ))} + ‖c_t‖^2_L∞_{(0,T ;H}s−1_{(Eh ))})

+ KΔt^2(‖c_t‖^2_L∞_{(0,T ;L}2_{(Ω))} + ‖c_{tt}‖^2_L∞_{(0,T ;H}1_{(Ω))}).

In the case where θ = 1, then the scheme is of second order in time:

‖χ‖^2_l∞_{(L}2_{(Ω))} + KΔt N∑ n=0 |||D(u)^{1/2}∇χ^{n,θ}|||^2_0 ≤ K h^{2μ−2} r^{2s−5} (‖c‖^2_L∞_{(0,T ;H}s_{(Eh))} + ‖c_t‖^2_L∞_{(0,T ;H}s−1_{(Eh))}) + KΔt^4‖c_{ttt}‖^2_L∞_{(0,T ;H}1_{(Ω))}.

The final estimates are then obtained by the triangle inequality and the approximation properties. □

6. Conclusion

In this work, we have introduced and analyzed schemes for solving the transport problem, on nonconforming meshes. The analysis presented here holds for an approximation of degree at least two. In the case of piecewise constants and pure convection, the scheme reduces to the finite volume method and is known to converge. Numerical experiments show the convergence of the scheme for linears as wells. Optimal convergence rates for linears can be obtained if one adds penalty terms to the bilinear form.

References

[A] V. Aizinger, C.N. Dawson, B. Cockburn and P. Castillo, The local discontinuous Galerkin method for contaminant transport, Advances in Water Resources 24 (2000), 73–87.

[B] T. Arbogast and M.F. Wheeler, A characteristics-mixed finite element method for advectiondominated transport problems, SIAM J. Numer. Anal. 32 (1995), 404–424.

[C] D. Arnold, F. Brezzi, C. Cockburn and D. Marini, Discontinuous Galerkin methods for elliptic problems, First International Symposium on Discontinuous Galerkin Methods (B. Cockburn, G.E. Karniadakis and C.-W. Shu, eds.), Lecture Notes in Computational Science and Engineering, Springer-Verlag, 11 (2000), 89–101.

[D] F. Bassi and S. Rebay, A high-order accurate discontinuous finite element method for the numerical solution of the compressible Navier-Stokes equations, J. Comput. Phys. 131 (1997), 267–279.

[E] J.B. Bell, C.N. Dawson and G.R. Shubin, An unsplit higher-order Godunov scheme for scalar conservation laws in two dimensions, J. Comput. Phys. 74 (1988), 1–24.

[F] Z. Cai, On the finite volume method, Numer. Math. 58 (1991), 713–735. [G] B. Cockburn and C.N. Dawson, Some extensions of the local discontinuous Galerkin method for convection-diffusion equations in multidimensions, The Proceedings of the Conference on the Mathematics of Finite Elements and Applications: MAFELAP X, J. Whiteman, ed., Elsevier (2000), 264–285.

[H] B. Cockburn and C-W. Shu, The local discontinuous Galerkin method for convection-diffusion systems, SIAM J. Numer. Anal. 35 (1998), 2440–2463.

[I] P. Colella, A multidimensional second-order Godunov scheme for conservation laws, LBL- 17023, Lawrence Berkeley Laboratory (1984).

[J] P. Colella, A direct Eulerian MUSCL scheme for gas dynamics, SIAM J. Sci. Statist. Comput.

6 (1985), 104–117.

[K] C.N. Dawson, Godunov-mixed methods for advection-diffusion equations in multidimensions, SIAM J. Numer. Anal. 30 (1993), 1315–1332.

[L] C.N. Dawson, T.F. Russell and M.F. Wheeler, Some improved error estimates for the modified method of characteristics, SIAM J. Numer. Anal. 26 (1989), 1487–1512.

[M] J. Douglas and T.F. Russell, Numerical methods for convection-dominated diffusion problems based on combining the method of characteristics with finite element or finite difference procedures, SIAM J. Numer. Anal. 19 (1982), 871–885.

[N] R.E. Ewing, R.D. Lazarov and Y. Lin, Finite volume element approximations for nonlocal reactive flows in porous media, Numer. Meth. PDE’s, 16 3 (2000), 285–311.

[O] R.E. Ewing, T.F. Russell and M.F. Wheeler, Convergence analysis of an approximation of miscible displacement in porous media by mixed finite elements and a modified method of characteristics, Comp. Meth. Appl. Mech. Eng. 47 (1984), 73–92.

[P] A. Harten, B. Engquist, S. Osher and S.R. Chakravarthy, Uniformly high order accurate essentially non-oscillatory schemes III, J. Comput. Phys. 71 (1987), 231–303.

[Q] R.H. Li and Z.Y. Chen, The Generalized Difference Method for Differential Equations, Jilin University Publishing House, (1994).

[R] J. T. Oden, I. Babus̆ka, and C.E. Baumann, A discontinuous hp finite element method for diffusion problems, Journal of Computational Physics 146 (1998), 491–519.

[S] S. Osher and C.-W. Shu, High-order essentially nonoscillatory schemes for Hamilton-Jacobi equations, SIAM J. Numer. Anal. 28 4 (1991), 907–922.

[T] B. Rivière and M.F. Wheeler, Coupling locally conservative methods for single phase flow, Texas Institute for Computational and Applied Mathematics, TR 01-21 (2001).

[U] B. Rivière and M.F. Wheeler, A discontinuous Galerkin Method applied to nonlinear parabolic equations, First International Symposium on Discontinuous Galerkin Methods (B. Cockburn, G.E. Karniadakis and C.-W. Shu, eds.), Lecture Notes in Computational Science and Engineering, Springer-Verlag, 11 (2000), pp. 231–244.

[V] B. Rivière, M.F. Wheeler and V. Girault, Improved energy estimates for interior penalty, constrained and discontinuous Galerkin methods for elliptic problems. Part I., Computational Geosciences 3 (1999), 337–360.

[W] B. Rivière, M.F. Wheeler and V. Girault, A priori error estimates for finite element methods based on discontinuous approximation spaces for elliptic problems, SIAM J. Numer. Anal. 39 3 (2001), 902–931.

[X] T.F. Russell, Time stepping along characteristics with incomplete iteration for a Galerkin approximation of miscible displacement in porous media, SIAM J. Numer. Anal. 22 5 (1985), 970–1013.

[Y] B. van Leer, Towards the ultimate conservative difference scheme. v. a second-order sequel to Godunov’s method, J. Comput. Phys. 32 (1979), 101–136.

[Z] M.F. Wheeler, An elliptic collocation-finite element method with interior penalties, SIAM J.

Numer. Anal. 15 1 (1978), 152–161.

[AA] First International Symposium on Discontinuous Galerkin Methods (B. Cockburn, G.E. Karniadakis and C.-W. Shu, eds.), Lecture Notes in Computational Science and Engineering, Springer-Verlag, 11 (2000).

Texas Institute for Computational and Applied Mathematics (TICAM), The University of Texas at Austin, Austin TX 78712

E-mail address: riviere@ticam.utexas.edu

TICAM, Department of Aerospace Engineering & Engineering Mechanics, Department of Petroleum and Geosystems Engineering, and Department of Mathematics, The University of Texas at Austin, Austin TX 78712

E-mail address: mfw@ticam.utexas.edu