VIGRE STRING SEMINAR - SPRING 2009 - WEEK 6 (FEB 17)

STOKES’ PARADOX

Consider the Stokes flow problem

Acurlv=0 inR*\C
divv=0 inR*\C
v=0 ondC

v—u asr — oo

where C = {(x1,22,23) : 22 + 23 < (2} is the infinite cylinder of radius ¢ with
the x3 axis running through its center, and where u = (u,0,0) is a given constant
velocity field. Stokes’ paradox is that there is no solution to this problem.

To prove this, we appeal to the stream function for this flow. Since divv = 0,
v = curl w for some vector field w. That is,

(v1,v2,0) = (02, w3 — OgaWa, Ogy w1 — Op, W3, Op, W — Oy W1 ).

By symmetry, v and w clearly should not depend on z3. Letting t(x1,z2) =
ws(x1,x2), we have

(Ul’ UZ) = (8I27/}7 78111/})'

1 is the stream function. Its level curves are called stream lines, as they are the
integral curves of the ODE x'(t) = v(x(t)).

The Stokes flow problem above can be posed in terms of the stream function. Since
curlv = curlcurlw = grad(divw) — Aw = 0 — Aw = (0,0, At), the problem
becomes

A%) = (r>1¥)
0
%ﬂ}*o (r=1)
0

’aw—usinﬁ —0 asr—oo

or

10

‘7’80 —wucosf| -0 asr— oo
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Now, suppose 1 is a solution to (1). ¢ admits a Fourier decomposition

U(r,0) = dn(r)e™?,
nez

N 1 /7 ,
1/Jn(7“) = % - w(ne)e—zn@ dé.

If there is any justice world, we should be able to carry the operator A? under the
sum:

A*Y(r,0) = Z A? (@n(r)eme).
=

In polar coordinates, A? = (83 + %87, + iag)z. After some work, we find

r2
~ 2 1+ 2n? 1+ 2n? n' —4n?\ ~ :
2 inf\ _ 4 “93 2 ind
83 (Tatren) = |(0p+ 204 L0 0 4 I ) )
= [‘cn{p\n (’I“)] en?
(I used Maple to make sure I made no mistakes.) Therefore,

0=A%(r,0) = > [Lothn(r)]e™.

neZ

But the Fourier coefficients of the zero function are all zero, and so for every integer
n?

Loatn(r) =0, 7>
The general solution of this linear fourth order ODE is
Ap,r "+ Binrzfn + Cyepr™ + Dinr”+2 for n > 2,
zzin(r) =< Apr 4+ Bor+ Coyrlogr + Dyqrd forn =1,
Ao + Bylogr + Cor?logr + Dor? for n = 0.
(T used Maple to find these, but you can easily check that they are correct). Because
of the conditions on ¥ as r — oo, every C), and D,, must be zero, leaving
Appyr ™™ 4+ By,r?™ forn > 2,
lzin(T) =< Ayr 4+ Bugr forn=1,
Ag + Bglogr for n = 0.
The boundary conditions give

Z Jn(g)ineme =0,

ne
> L™ = 0.
nez
As a result,
A"+ B2 =0 forn>2,
Ap 07 4+ Byl =0 forn=1,
0=0 forn=0,
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and
AL T 4 (2= )BT =0 forn > 2,
—A 107?24+ Byy =0 forn=1,
Byt =0 forn=0.

These equations are satisfied only when A,, = B,, = 0 for all n, except for Ay, which
can be any constant. This means 1) = A is a constant function. But a constant
function cannot possibly satisfy the asymptotic conditions as r — oo! And that is
the paradox.



