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Inverse Problems for end damped strings

Steven Cox and Mark Embree

TDepartment of Computational and Applied Mathematics, Rice University, P.O. Box
1892, Houston, TX 77251, USA.

int 1. Introduction

The displacement u of a string of unit length and density p?, free at the left end, and
in the presence of viscous damping at the right end, satisfies

p2(:v)utt(a:, t) — Uy (2, t)
Uz (0,1) = ug(1,8) 4+ ug(1,¢)

(1.1)pae

0, 0<z<1,0<t,
0, 0<t,

upon being set in motion by the initial disturbance
u(z,0) = up(z), wue(z,0)=uvy(z),

assumed an element of the energy space X = H'(0,1) x L?(0,1) with inner product
1
([u,v], [w, 2]) = / u'W + uw + vz d.
0

We assume throughout that p is measurable and that
O<a<p(zr)<f<oo ae in (0,1). (1.2)pwbnd

Let us observe, however, that the quantity

1
f(t) :u(l,t)+/ p*uy dx
0

remains constant along the trajectories. This is due to the lack of coercivity of the energy
FE in the space X. Given any initial data [ug,u1] we may decompose it as [ug,ui] =
[to, u1] + [f(0),0] where @y = ug — f(0). Then the solution [u, us] of (1.1) can be written
[u, us] = [@, us] + [f(0),0] where [@, us] is the solution of (1.1) with initial data [tg, uq] for
which the corresponding quantity f vanishes, i.e., f(¢) =0 for all ¢ > 0.

With this decomposition in mind, the large time behavior of all solutions in X is
completely determined by the corresponding behavior of solutions that take their initial
data from

V ={u,v] € X :u(l) + fol p*vdz = 0}.

1
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Note that V is invariant under the flow given by (1.1) and is a closed subspace of X in
which the norm induced by the energy,

1
I, ]l = / W + P2l de

is equivalent to the one induced by X.

As in our study of the internally damped string, [2], we strive to identify w(p) with
the spectral abscissa of the matrix differential operator obtained on expressing (1.1) as the
first order system Uy = AU. Here U = [u,u], and A : D(A) — V, is given by

A ( 0 I) D(A) = {[u,v] € (H*(0,1) x H'(0,1))NV :
"\ ez O W/ (0) = /(1) + v(1) = 0}.
We shall see, assuming no more than (1.2), that A possesses a compact dissipative inverse
on V. As aresult 0(A), the spectrum of A, is composed of at most a countable number of
eigenvalues, each an element of the left half plane.

If U = [y,2] € D(A) is an eigenvector of A with eigenvalue A then z = Ay and
y" = \p?z, or

Y = N2p%y, ¢ (0)=1y'(1) + \y(1) = 0. (1.3)ode

When p is constant it follows that y(x) = cosh(Apx) where A is determined by the right
end condition, i.e., by Apsinh(Ap) 4+ A cosh(Ap) =0, or

Aptanh(Ap) = —A.

That A = 0 is not permitted follows from the fact that the associated eigenvector U =
[1,0] € V. Hence, the eigenvalues are

1 1
Ay = —=tanh™* =

P P
RV I K if p>1 . (L. 4)1con
= — - — . n
2p gp—l p n+% if p<1 ’
while the corresponding eigenvectors are
Un(l’) = COSh()\np.T)[l, )\TL] (1.5)60011

ex 2. The Existence of Eigenvalues

The eigenvalues of A are the poles of the resolvent A\ — (A — \)~!. To solve (4 —
M[v1,v2] = [f1, f2] in V is to set vy = Avy + f1 and solve

v — N2p*v1 = p*(Mf1 + fa)

v} (0) =0, vj(1)+ i (1) + f1(1) =0, (2.1)nnbp

2
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subject to
1 1
v1(1) = — / puy do —/ P2 f1dx. (2.2)veon
0 0

We note that 1 f1(1)(1—2?) satisfies the boundary conditions in (2.1) and so write v1(z) =
$£1(1)(1 — 2*) + w(z) where w must now solve

w” — Np?w = p?(Mfi + fo+ AN A1) - 2?) + f(1),

w'(0) = w'(1) + Adw(1) = 0. (2.3)red

We first show that this problem has a one parameter family of solutions when A = 0 and
that (2.2) selects a particular one. When A = 0 we find

w” = p?fo+ f1(1), w'(0) =w'(1) =0. (2.4)baby

The solvability condition, fol p? fodx+f1(1) = 0, that stems from the Fredholm Alternative
exactly coincides with one of the requirements for [fi, fo] € V. As a result,

w(z) =a+ /Ow(x —8)(p%(s) f2(s) + f1(1))ds, a€R.

We choose a to satisfy (2.2), i.e., w(l) = — fol p? f1 dzx, and so arrive at

T 1 1
vl(:v):/o (w—s)prgds—/O (1—s)p2f2ds—/0 P> f1ds.

Noting that vy = f; when A = 0, we summarize the above in

x 1 1
A7, :[ —§)p2fads — 1—8)p2fads — 2d,].
o, ol /O<x $)p° fa ds /O< $)p° fa ds /Opflsfl

From the boundedness of p and the compactness of the imbedding of H'(0,1) in to L?(0, 1)
follows the compactness of A~! on V. As a result, the spectrum of A is composed of at
most a countable number of eigenvalues, { A\ }x.

We now return to (2.3), assume A # 0, and characterize the A\j as the zeros of a shoot-
ing function. In particular, we introduce ¢(z, \) and 3 (x, \), solutions of the respective
initial and terminal value problems,

¢" = Np*p=0, ¢(0,A)=1, ¢(0,)) =0, (2.5)init
O = N2p%p =0, Y(1,N) =1/\ ' (1,)) = —1. (2.6)term

We note that ¢ likewise satisfies the integral equation

Bz, \) =1+ \? /Ow(x — 5)p%(s) (s, \) ds, (2.7)pint

3
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and denote the corresponding shooting function by
Q()\) = (z)/(l,A)/)\—f—Qb(l,)\) (2.8)sh00t

Clearly o(A) coincides with the set of zeros of ). In the introduction we found that if
= 1 then @ never vanishes and o(A) = (). We now show that to be the only pathological
case.

Theorem 2.1. If p satisfies (1.2) and p is not identically one then o(A) # ().

Proof: Dym and McKean [3, §6.3(6)] demonstrate that @ is of exponential type fol pdx,
i.e.,

1
/ pdr =limsup R~ max log|Q(Re™)].
0 Rloo 0€[0,2m)

It then follows from Hadamard’s Factorization Theorem that

A) = e ] = A/ An)e (2.9)hada

where {\, }, is the zero set of @ and a is a complex constant. If this zero set is empty
then the product defaults to one and Q()\) = e®*. As Q()\) is real for real \ it follows that

a is real and in fact a = fol pdx. We now deduce the restraints this places on ¢. We follow
Kac and Krein [7, §2] and develop ¢, as the solution of (2.7), in powers of A2,

Z On(z A% po(x) =1, ¢jri(x) = /Ow(a: — s)p2¢>j ds. (2.10)ps

It follows that A — ¢(1,\) and X — ¢'(1,\)/\ are power series in A\? and X respectively.
As Q()\) = e** = cosh(a)) + sinh(a)) we find the explicit representations
#(1,\) = cosh(a)) and ¢'(1,)\) = Asinh(a)). (2.11)asn
We recognize the former as the shooting function for the Neumann—Dirichlet problem
W' =vipn, n'(0)=n(1)=0,
and the latter as the shooting function for the Neumann—Neumann problem
" =x*%¢, (0= (1) =0.

In particular, from (2.11) it follows that

Un =

on — 1 d xn=—Mm-1), n=12...
2a(n ) and xp=—(n-1), n

4
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On recalling the well known fact, see, e.g., [3, §6.6], that two such spectra uniquely deter-
mine a bounded p we immediately conclude that p is identically a. Hence, it suffices to
restrict ourselves to constant p. From the introduction we now recall that Q(\) = e if
and only if p=1. g

If A\, € 0(A) we note that as a consequence of the uniqueness of ¢(1, \,,) that each
eigenvector of A corresponding to \,, must be a scalar multiple of U, (x) = ¢(x, \,)[1, Apn]-
In other words, the geometric multiplicity of each eigenvalue is one. As a result, the
algebraic multiplicity of an eigenvalue is its order as pole of (4 — \)~1. We now associate
this order with Q.

If A & o(A) then (2.3) has a unique solution that is consistent with (2.2). In particular,

w(z) = GN{P* (M1 + f2 + 32 L)L - 22)) + f1(1)},

where G()) is the Green’s operator

GOn(x) = / g(z,€, N)(€) de, where

w(iﬁg)fgg)\) lf OS&SQ? S 1 (2.12)green

9(37757)‘):{¢5)\¢x>\ .
LEIAEN if 0 <z <E<1

Hence the algebraic multiplicity of A, € o(A) is its order as a zero of Q.
Some preliminary information is obtained upon taking the L?(0,1) inner product of
(2.5) at A = \,, with ¢, (z) = ¢(x, A\,). One finds

1 1
Ai/ p2\¢n|2dm+xn|¢n<1>\2+/ L2 de = 0,
0 0

and therefore

16a WP £/ 16a (DI — 4 ) 21002 da [, 162 de
B 2 [y 02|6uf? da |

It follows that A, < 0, in fact ®A,, < 0, for equality would force ¢, (1) = ¢ (1) = 0 and
hence ¢,, = 0. Dym and McKean [3, §6.3] also show that

/°° log, |Q(—iz)|
oo 1+ 22

An

dx < 00,

from which it follows, see, e.g., Levin [14, §V.4, Theorem 11], that there exist C; and Cy
for which
IR, < C1 + Co|SA,|.

bt
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Majda [16], in the context of (***), has bettered this with

[RAR| < 1+ Ca|SA, ¥4
We shall soon see in fact that |RA,| < C; when p is Lipschitz.

com 3. The Completeness of the Root Vectors

We follow Krein and Nudelman [11] in their application of the following result of
Livsic. We assume throughout that p is not identically one.

Theorem 3.1. ([10, §2.5]) If H is Hilbert and T : H — H is linear and compact and
Tw = (T + T*) is nonpositive and of finite trace then

> [Run| < —tr (Tw), (3.1)1v

Un GO’(T)

where the v,, are repeated according to their algebraic multiplicity. Equality holds in (3.1)
if and only if the root vectors of T' are complete in H.

We note that (T*)r = Ty and that if 7" is real then o(7T*) = ¢(7T') including algebraic
multiplicities. Hence, if T" is real and equality holds in (3.1) then the root vectors of T
are complete in H as well.

We show that (A~!)g is nonpositive and of rank one. In particular,

1 T 1
ATh = 1—s)p° fads — —$5)p°fad ’fd
A fr, £l [/( )P fa ds /O<x S fads+ [ fudst

0

1 1 1
2/ ,02d<9/ p*fads, —f1 —2/ P2f2d8],
0 0 0

1 1
Ail ) - 2 d |: 2d , — :|
(A7)l f1, f2] /0 p° fadx /0 p*dx, —1

is indeed rank—one while

and so

(Al f1, fl, [f1, fal) = —

1
/ p* f2ds
0

and

From Theorem 3.1 we may now draw
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We now produce conditions under which equality holds in Corollary 3.2. In the con-
stant case we offer the following elementary argument.

Theorem 3.3. If p is a positive constant distinct from one then the \,, € o(A), see (1.4),
are each of algebraic multiplicity one and their associated eigenvectors are complete in V.

Proof: We assume p > 1. The other case being similar. We sum the |R \,|/|\,|? without

repetition,
Z A2 —;+2VPZ V2 1 n2p2’ v =5 log ﬁ . (3.2)15um
n n=1
As v2 4+ n?7? is the nth eigenvalue of Lu = —u” + v?u, u € H(0,1), it follows from the

standard trace formula that

Zy2+n2ﬁ2 :/0 9(x, z) dx
n=1
where (V) sinh (1~ (@ 1 9))
smhv(zxVy)smhv(l —(x Ay
9(z,y) = :
vsinh v
is the Green’s function for L. Hence,
i 1 _ vcoshv —sinhv  p 1
— v2 +n2r2 202 sinh v 2w w2

inserting this sum in (3.2) we find that equality holds in Corollary 3.2. g

The fact that a (bi)normalized copy of {U, }, for constant p is in fact a Riesz basis
for V' now follows easily. As in [2] our principal tool is the following result of Bari.

Theorem 3.4. [4, Theorem 2.1, Chapter VI] {f,}, is a Riesz basis for the Hilbert space
H if and only if { f, },, is complete in H and there corresponds to it a complete biorthogonal
sequence {gn }n, and for any f € H both {{fn, f)}n and {{(gn, f)}n» are square summable.

We shall also make use of the equivalent statement that {f,}, is a Riesz basis for H
iff {f,}n is complete and there exist two constants ¢y and ¢; such

2

N N
o Z lan|? < <c Z |an|? (3.3)b2
n=1 n=1

for each N and each {a,}, € C".

N
> antn
n=1

H
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The sequence biorthogonal to {U,}, is built from the eigenvectors of the adjoint of
A

Y

A*__( 0 1) D(A*) = {[u,v] € (H*(0,1) x H'(0,1))NV :
— L 0 u'(0) = /(1) — (1) = 0}.

p
We note that o(A*) = o(A) and that if W}, is an eigenvector of A* corresponding to Ak
then, for constant p, Wy (x) = cosh(Agpz)[—1, \] and (U;, Wi) = A2 p?5,. As a result

~ 1
Uk(w) = ~— cosh(Agpz)[1, Ae],
Akp
~ 1 o . (3.4)rnc0n
Wi(x) = = cosh(Agpx)[—1, A]
Akp

satisfy (Uj, Wi) = jk, i.e., they constitute a biorthogonal set in V. That (W}, is
complete in V' follows from the remark following Theorem 3.1. It remains to select [f1, f2] €
V and check {(U,, [f1, f2])} € £?(C). We suppose p > 1, the other case being similar, and
recall the definition of v in (3.2). That

1
(Un, [f1, f2]) = /0 sinh()\mogrz)fl1 + pcosh(\,px) fo dz
1
:/ (sinh(u)f/1 + pcosh(v) fy) cos(nrz) do+
0

1
z/ (cosh(y)?ll + psinh(v) f,) sin(nrz) do
0

is square summable now follows directly from [f1, fo] € V. The verification that {(W,, [f1, f2])}n €}
¢2(C) is just as simple. From Theorem 3.4. we may now deduce

Theorem 3.5. If p is a positive constant distinct from one then the eigenvectors {ﬁn}n,
see (3.4), constitute a Riesz basis for V. If we append to this sequence the vector [1,0],
corresponding to the zero eigenvalue of A in X, we obtain a Riesz basis for X.

We now return to the variable coefficient case and address the extent to which the
root vectors of A are complete in V. In particular, we return to [11] and equate the power
series representation of ) stemming from (2.10) with a refinement of (2.9). First, it follows
directly from (2.8) and (2.10) that

1
QN =1+ A/O p*dx + O(\?). (3.5)rep1

Next, from the summability of R, |/|A\n|? comes the fact that one may remove the expo-
nential factors in (2.9), i.e.,

Q) =" ] (1 - A—An) (1 — %) 11 (1 — A—An) . (3.6)rep2

SAn >0 S, =0
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See [3, §6.2] for an independent proof. From the easily verified fact that if p(z) = 1 for
x € (£,1] then o(A) coincides with the spectrum associated with (1.1) for = € (0, ) subject
to uz(0,1) = uy (€, t) + ue(¢,t) = 0 Krein and Nudelman next deduce that a is in fact the
largest number b for which p is identically one on the interval (1 — b,1). Identifying the
coefficients of A in (3.5) and (3.6) we find

1
/Pde:a— Z %)T;.
0

An
An€a(A)

As a result, analogous to [11, Theorem 2], we have

Theorem 3.6. If p satisfies (1.2) then the root vectors of A are complete in V' if and only
if p is not identically one on any interval of the form (¢, 1).

The proof that these root vectors indeed make up a basis for V' will require a consider-
ably more detailed study of the \,,. In the next three sections we respectively analyze the
real eigenvalues, establish a crude lower bound on R),,, and develop asymptotic estimates
for A\,,.

nigh 4. High Frequencies

We now develop asymptotic formulas for \,, and U, as |\,| — oo. Our development
can be seen both as an elaboration of [6], where few details are provided and more function
theory is invoked, and as a special case of [22], where, in her desire to permit p to either
vanish or become infinite at the damped end, Shubov requires a twenty page immersion
in special functions. At the heart of both approaches, as with our previous work [2], is a
fake potential that has the advantage that its introduction into (2.6) permits one to find
an explicit solution. One then argues that the fake potential has a negligible effect on the
high frequencies. The fake potential in this case

q(z) = p*/*(x) (P_1/2(x>)” - Z (p’(a:))2 50 (4.1)q

lies in L?(0,1) so long as, in addition to (1.2), p € H2(0,1). Its addition to (2.6) brings us
to

2 —qz=Np%2, 2(1)=X"1 Z(1) =1, (4.2) fake

the solution to which is

_ prcosh(A fxl pds) + sinh(\ fxl pds) (logp)'(1)sinh(\ fxl pds)

AV pip(w) 202/ p1p(x)

= wy(z,\) + O]\ 7?).

z(x, \)




- UCL, 2UUJ 1pap — dlalt

Recall that in (***) we defined p; = p(1). As 2/(0,\) will serve as our fake shooting
function, we require

2 (x,\) = —7‘\'/0,(@ {pl sinh(\ fxl pds) + cosh(A f: pds)} —

1

g {proosh() [ pds) +sinh(A [ pds) } +

2Xp3/2(x)\/p,
p(z)(log p)'(1) 1 p'(z)(logp)'(1) . 1
OV cosh(X [ pds) + PP (2)p, sinh(X [ pds)

= wy(z, ) + O(]A|7Y).

We see on inspection that z(z,-) and 2'(z,-) are asymptotically close to wi(x,-) and
wa(z, ). We now show in fact that ¢(x,-) and ¢'(z, ) are asymptotically close to wi(z, -)
and wa(x, ), where ¥ (x, \) is the actual solution to (2.6). By Theorem ?7.1 it suffices to
work in the band —x < R\ < 0.

Theorem 4.1. Assume that p € H?(0,1), p1 # 1, and p satisfies (1.2). Then there exist
constants Cy and C'7 such that

[, A) — wi (1, \)| < Col A2 (4.3)pest
‘w,(x,)\) —’UJQ(x,)\)‘ S Cl|)\|_1, (4.4)ppest
uniformly for 0 < x < 1 and
kR <RA<O A > max{1, Izl (4.5)1abnd

Proof: We note that 1 satisfies
Vg = NP = —qp, (L) =1/ Y1) = ~1,
and therefore the integral equation
D@, \) = 2(z, \) — / UK (et N g6t dt (4.6 )inte
with K(x,t, A) = z(z, \)Z(t, A) — z(t, A) Z(x, A) where

Z(x, A\) = sinh (A fxl pds),

—1
vV p1p(z)
satisfies the same differential equation as z but with terminal data Z(1, A) = 0, 2’(1,\) = A.
We solve the integral equation (4.6) in series form

1/}(33, >‘) = Z Sn(xa )‘)7 (4.7)ser
n=0

10
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where Sy = z and

/Ka:t)\ (£)Sn_1 (£, 2) dt

1>t1> >tn+1 x n
- (_1) / tla H 1,+17t7,7)\ ( )]dtldtn

1=1

In order to establish the convergence of (4.7) we proceed to derive uniform estimates for
the S,,. To begin, we recall m = fol pdx and observe that

(B+De™ o]l _ (B4 2)e™
a\ 22202 = o)

|2(z, A)] <

when A obeys (4.5). Likewise, as

el‘&m

2(z, \)] <

«

it follows that
2(8 + 2)e>™

K(z,t,\)| <
| (377 ) )‘— 042‘)\‘

and hence

(B42)e™ (2(8+2)e* ™\ " |lql}
_ (842 (2072(5 + 2)llgllae®™)"

al\|? n!

From the Weierstrass comparison test it now follows that (4.7) converges uniformly for
0 <z <1 and X satisfying (4.5). Moreover,

(@, A) = wi(z, N)| < |2, A) = (2, A)| + [2(2, ) — wi(z, A)]

ZS (z,\)

Km

nm
e oo

S 2a|A2

IN

e -2 2Kkm
< NP 92)e20 2 (B+2)lqll2¢ )
SNE <2Hp oo + (B4 2)e

= Cp|\ 2

now establishes (4.3).
Regarding the estimate for ¢’ we differentiate (4.6) and find

W (2, \) — / Ko (x, 8, \g(t)w(t, \) dt, (4.8) ppre



 UCL, 2UUJ 1pap — dlalb
and so it remains to simply bound ¢ and K,. With respect to the former

Co+ (1+ ﬁ)oﬁle”m
Al ’

(@, )] < [z, A) —wi (2, )] + |wi(z, A)] <

while the latter requires both

|)\|€K,m

12 (2, \)| < e (1 +1g @) (1+8) and |#(z,2)| < 214 5).

e
Assembling these bounds we find

(K (2, 8, )] < [2 (2, MIJE(E M)+ |28 M1 (2, M)

2km 2km

< ea (1+§+\/§) (1+8)+ ea2 2+8)01+0)
2rkm

<2

Now (4.8) yields (4.4),
[ (2, A) = wa (@, )| < [ (2, A) = /(2 M) + [2'(2, ) — wa(w, A

1 ehfm p/ ~
S/‘WM%LAW¢@AW40MFF7£%%—O+5V
0 (8%
4(1 _}_ﬁ)SeBRm
PRy

=0 N\ n

((Co+a™H)lall2 + [16'lloc)

On close inspection of the estimate for S,, it follows that dg need only be a finite
measure, i.e, it suffices to require that p’ simply have finite total variation.
We now show that the zeros of ¢/(0, \) are close to the zeros of w2 (0, A), these being

1

n=——1
2 om 0og

14+ p1
p1—1

o (n if p1>1

This is done by choosing 7, in
Fn={ e C:|A=p,|=rn}
in such a way that the I';, do not intersect and
[97(0,A) — w2 (0, )] < Jwa(0,N)], A €T,

12
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By the previous Theorem it suffices to show that

lwa (0, \)] > AeT,.

W

We proceed under the assumption that p; > 1, the other case following similarly. If A € '),
then \ = p,, + rpe'® where 6 € [0,27) and

)\w2 0 )\ =-—A V /00/,01{,01 Slnh Mn + rnew)) + COSh(m(Mn + rnew»}
= X/ po/p1(p? — 1) sinh(mpy,) sinh(mr,e Z“9)
= (=1)"/po/p1(p} — 1) sinh(mypso) (prn + rne™) sinh(mir,e”)

Hence, if ' = \/po/p1(1 — p?) sinh(mpg) then

IAJw2(0,N)| > C'(|n|m/m — r,)|sinh(mr,e w)‘
> C'(|In|m/m — ryp)(mr, — %m2r2)

> C'rp(|n|m — mr, (14 |n|m)).

20,

W and finds that

One makes the obvious guess r,, =

[Mw2(0, M) > C'r(In|m — mry (1 + 5|n|7))

. 401m 1 1
=G (2 ~ C'lx (5 * W))

4C
> C7, when |n| > N; = [ Cllm-‘ ,
7T

where [2] denotes the least integer greater than x. Furthermore, this choice of N renders
rn < 1/(2m). As the distance between centers of the I'y, is 7w /m it follows that the contours
are nonintersecting. To capture the remaining eigenvalues we consider

T
Zn:{)\ C:h—po| = & l},
cC:r ol = Tntd)
and denote by N, the smallest integer n > 0 for which Z,, encircles the disk of radius
C1/C’ centered at the origin. For each n we note that if A € Z,, then |w2(0, \)| > C’ while
when n > Ny we find |[A| > C1/C" as well. As a result,
|A|Jw2(0,A)] > Cy, A€ Z,, n> Na.

With N = max{Ny, N2}, from the Theorem of Rouché follows

13
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Theorem 4.2. If p € H*(0,1), p1 # 1, and p satisfies (1.2) then A(p) has exactly 2N + 1
eigenvalues, including multiplicity, in Zy and one simple eigenvalue in T',, for |n| > N.
This exhausts the spectrum of A.

From the estimate A\, = u, + O(|n|™!) one easily improves those of Theorem 4.1 at
A=A\,

Corollary 4.3. Ifp € H?(0,1), p1 # 1, and p satisfies (1.2) then, uniformly for 0 < x < 1,

(T, An) = w1 (T, i) + O(‘n‘72)
W(ﬂfa An) = w2($7 Mn) + O(‘n‘_l)

root 5. The Root Vectors Comprise a Riesz Basis

We denote the algebraic multiplicity of A,, by v, and to \,, associate the Jordan Chain

1
of root vectors, {U, ; };:0 )

Unyo(x) = ¢(I, )‘n)[la )‘n]a
AUn,j :)\nUnJ +Un7j71, <Un7j,Un70> :0, j = 1,...,Vn—]_.

Clearly, Uy, o is an eigenvector and the chain is a basis for the root subspace
Ly, ={U:(A—-\,)"U = 0}.

We construct a biorthogonal sequence to {Un,j}n,j from the eigenvectors of the adjoint,
A*. We recall that 0(A) = o0(A*), including multiplicities, and to A, we associate the

Jordan Chain of root vectors, {W,, ; ;’;gl, where

Wn,O(x) = ¢($7Xn)[1, _Xn]7
A*Wn’J :XanJ +Wn,j—17 <Wn,j7Vn,Vn—1> 207 j = ]‘7"‘71/?1 _1'

Observe that W, o is an eigenvector for A* and that the subsequent W, ; are uniquely
determined so long as (W, 0, V., —1) # 0. In addition, the chain {W, ; ]’7;61 is a basis
for the root subspace

Lr={W: (A" = X\,)""W =0}.

Lemma 5.1. If p € H?(0,1), p1 # 1, and p satisfies (1.2) then there exists a ¢ > 0 such
that
‘<Un7p7 Wj7k>‘ = ‘<Un7p7 Wnyynflfp>|6n7j51/n717p7k Z Cénvjél/n*l*l%k'

Proof: The biorthogonality is an algebraic result that follows essentially by construction.
For details see [2, Lemma 6.2]. The fact that ¢ > 0, i.e., that the two sequences may be

14
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binormalized, is a consequence of the asymptotic formulas of Corollary 4.3. In particular,
we recall from Theorem 4.2 that p,, =1 for n > |N| and proceed for such n to establish

<Un707 Wn70> = <¢(3§, )‘n)[lv )‘n]a ¢(3§, Xn)[la _XnD

1
- / (W' (@, An))? = A9 (w, An) d
0

1
— / W3 i) — 129203, ) d + O[] )

2

1
= / P ({pl sinh fwl pds) + cosh(puy, fwl pds)}
0o P1

_ {pl cosh (i, fwl pds) + sinh(uy, fwl pds)}Q) dz 4+ O(|n|™)
= (1= )+ Olnl )

As p; # 1 it follows that |(U,.0, Wh0)| > %(1 — p?) for n of sufficient magnitude. g

We may therefore binormalize,
ﬁnvo(x) = <Un70, Wn70>_1/2Un’0(3§') = Unvo(.li) + O(l/‘nDa and
Wao(2) = (Un0: Wa0) ™ Wao(2) = Wao(z) +O(1/|n])
for [n| > N. Having demonstrated completeness, in order to invoke Bari’s Theorem it

suffices to check that {(U,.0,[f,g])}n € £?(C) for each [f, g] € V. Drawing once again on
Corollary 4.3 we find

1
(Un.o, £, 9] G (@, M) T+ 02Xt (@, Ap)g da + O(|n| 1)

0

1
=/ wa (@, 1) [+ p2pnwr (2, )G d + O(|n| ™)

0

1
\/ﬁ

= —smhun pds)(pg — p1f
N J. )

o
[

1 _ _
+ cosh(pin [} pds)(prpg — 1)) dz +O(|n| ™).
Its square summability is evidently determined by that of terms of the form

Jy pds
fol pds

1
/Oh(a:)sin(nﬂﬁ(a:))da:, where ¢(z) =

15
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for h € L?(0,1). On performing the change of variables ¢ = £(z) we find

1 1 o
/0 h(z)sin(nmé(z)) dx = /0 zggiigg; sin(nmt) dt,
without doubt an element of £2(C). Hence,

Theorem 5.2. If p € H*(0,1), p1 # 1, and p satisfies (1.2) then the root vectors of A(p)
comprise a Riesz basis for V- and w(p) = u(p).

od 6. Finer Asymptotics

We set .
vnzépryam Ax) = plz) —m

and refine our asymptotic result via the simple identity

An(p) = An(m) =/O Cnam + 1) di

_ /1 (A'(m +tp)Un(m + tp), Wn(m + tp))
0 <Un(m + tﬁ)a Wn(m + tﬁ))

dt

It remains to assemble the integrand. From

A= (20 )

T +ip)? da”

we glean
- 0 0
A'(m +tp) = ( 2 & 0)
(m—+tp)3 dx?

Next, recalling §5

Un(m+tp) = (z, \n)[1, A\n] and W, (m +tp) = (x, \y)[1, —\y]

Hence

-2
mwl(% An)] = 10,

—2pA;, (m +tp)
m—+tp

A'(m+tp)U,(m+tp) = [0, (@, An(m+tp)) |,

and
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