Drag Lecture 2: The Incompressible Navier—Stokes Equation

We continue to work from LANDAU & LIFSCHITZ, Fluid Mechanics, 2nd ed.
In Lecture 1 we derived the Euler equations, which we will briefly summarize.

A reference volume Vj in three dimensions
with unit outward-pointing normal vector n

» Review of Lecture 1

Consider the point x and the velocity v(x,t), density p(x,t), and pressure
p(x,t) at that point, where

1 v1(x,t)
x=|®z9|, v(x,t) = | va(x,t)
x3 'U3(X7 t)

Last time, we derived:

0
mass balance = & & div(pv) =0

ot
ov grad p ,
force balance — 5 + (v-grad)v = — (Euler equation).
p

Euler’s equation leads to Navier—Stokes ‘via’ momentum flux, first recast.
(We assume summation over repeated indices.)
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where IT is a 3 x 3 matrix whose (i, k) entry Il;; is given by

Wik = pdik + pvivg,
where ;5 is the Kronecker delta,

5y = { Lifi=Fk

0 ifi#k
Equivalently, we can write II directly as
I = pI + pvv? .

What does this mean physically?

Consider a reference volume Vj with unit outward normal n (see earlier
figure). Consider the rate of change of momentum over Vj:

0 / Ol
= v dV = — dVv
ot Vo p Vo 83%

= — / IL;ny dS (Divergence Theorem)
A%

2A%)
= —/ (pn + pv(vin)); ds.
Vo
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» Derivation of the Navier—Stokes Equations

We are now ready to derive the Navier—Stokes equations. Notice that the
Euler Equation can be written as

Q( v;) = _aﬂik
8t pYi) = axk '

Now we have wish to introduce a new term into Il to account for stress.
(EULER neglected this term in his force balance; it was first accounted for
by STOKES.) In particular, we now have

iy = pdix + pvivg, — oy,
=! Ojk + POV,

where
— /
Oik = —POik + 0y

is the stress tensor and O'ZI-k is the wviscous stress tensor. We consider this
viscous stress tensor takes the form

v
ng - Aikaﬁaix(;v
50 Aikag, wWith 4, k,a,8 = 1,2,3 allows for 81 degrees of freedom in the
specification of ¢7,. We will impose some conventions to narrow this down
considerably. In particular, symmetry and isotropy (no distinction in ma-
terial properties in different directions) allows us to simplify this to two
degrees of freedom:

61)2- avk 2 avg

/
A g B i
ik n(&rk + or; 3 kaazg

vy
) + gélk@Tv/

where ( is the second wviscosity, which we will address momentarily. Hence
the new analog of the Euler Equation takes the form

P(% + (v- grad)v) = —gradp + nAv + (¢ + %77) grad div v,

where 7 is the called the dynamic viscosity, and A denotes the Laplacian,

v, 0% 0%y .
022 + 022 + 3:E§ = div grad v;.

Avi =
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Now incompressibility imposes

9p
— +div(pv) =0,
5 T diviov)
which implies
divv =0,
thus removing the term involving the second viscosity. Under this assump-

tion, we arrive at the incompressible Navier—Stokes equations:

ov
p<§ + (v- grad)v) = —grad p + nAv.

» Simple reductions

We can remove the grad p from the Navier—Stokes equations by taking a
curl:

(curl v) = curl(v x curl v) + vAcurl v,

ot
where the kinematic viscosity is defined as
_n
V= —.
p
We can get p back by taking the divergence of the Navier—Stokes equation:
(%Z- 8Uk
Ap=— .
P p@mk a.%'z

Consider div v = 0. In two dimensions, this implies

v v _
81‘1 81‘2 -
which suggests
A < 4
te 8%27 2 8.751
for some unknown function . So when
v = Gw/&cg
| —0Y/0xy |

Plug this into the (curled) Navier—Stokes equations to obtain
0 oY OAY Oy OAY
A — 2 v
9tV " By 0wy T 0w 0

—vAAY =0.
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In the next lecture, we will consider what happens when v is large, leading
to the Stokes equation AAY = 0.

[Steve Cox, 20 January 2009]
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