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Abstract.  We presert a constructiv e approach for positioning nodes suitable for
polynomial interpolation on the triangle and tetrahedron. We show that despite the
explicit construction, the nodes are well suited for interpolation and competitiv e
with existing approachesup to 10'th order polynomial interpolation.
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1. Intro duction

The question of how to distribute interpolation nodes in a triangle
which are suitable for high order polynomial interpolation is still a
somewhat open question. There have been seweral attempts to pro-
duce nodal setsutilizing direct and indirect methods to minimize their
Lebesgueconstart. We will summarizeexisting nodel setshereand then
discussa simple approad which yields nodes possessingsurprisingly
good Lebesgueconstarts for up to tenth order polynomial interpolation

An early approad introduced by Bos [3], involved choosing node
locations which maximize the determinant of the classical Vander-
monde matrix de ned using a bivariate monomial basis up to 7'th
order. The resulting nodes are referred to as Fekete nodes [7]. This
approach was extended up to 13'th order by Chen & Babuska [5],
and further extended to 19'th order by Taylor, Wingate & Vincent
[18]. The latter group used a steepest descen algorithm and explicit
formulae for computing the gradient of the determinant of a general-
ized Vandermondematrix. Recerly, both Heinrichs [10] and Roth [15]
independenly applied more sophisticated optimization techniqguesand
revisited the algorithms usedto nd node sets, starting with Fekete
distributions and generating con gurations with improved Lebesgue
constarts.

An alternativ e, physically motivated, approach was taken by Hes-
thaven [11]. This approach was basedon the obsenation by Stieltjes
[17, 16] that the location of the roots of certain Jacobi polynomials
coincide with the equilibrium con guration of chargesconstrained to
lie on the biunit interval. This obsenation immediately implies that the

p;<‘ c 2005 Kluwer Academic Publishers. Printed in the Netherlands.

nodesmain.tex; 28/09/2005; 14:49; p.1



2 T. Warburton

Gauss-Lobatto-Legendrequadrature points coincide with equilibrium
positions of thesecharges.Hesthaven extendedthis analogyto compute
node distributions for the triangle by seekingequilibrium positions of
chargesdistributed in the triangle with line chargesseton the boundary
of the triangle.

Thus far we have discussednode distributions resulting from opti-
mizing the interpolation quality of nodesby varying their location. In
constrast, Blyth & Pozrikidis [2] intro duced node distributions which
have explicit formulae for their distributions. This is of great practical
interest, and reveals basic structural properties of the distributions
which are responsiblefor the interpolation quality demonstratedby the
optimization basednode setsdiscussedabove. A similar philosophy and
approach was usedby Bittencourt [1].

In this paper we introduce a simple construction technique which
allows us to create node distributions for arbitrary order interpola-
tion. The resulting distributions are comparable to all of the above
distributions up to 10'th order. We will describe the formula which
has one tunable parameter and completely describes some possible
nodal distributions at any given order. The basic philosophy we adopt
is to replace the task of creating a nodal distribution with a closely
related task of building a coordinate warping transformation for the
triangle. This is a familiar problem which occurs in using curvilinear
nite elemens [9]. The new cortributions of this work include the
application of the warp & blend transform to create nodal elemeris,
and the construction of coordinate transforms which do not actually
changethe overall geometry of the triangle.

We settled on a one parameter family of nodes, for simplicity and
becauseour experiments revealedsurprisingly good interpolation prop-
erties when the parameter is tuned in a straight forward manner. We
also describe the generalizationto tetrahedron and nally preser ex-
perimental results demonstrating the e ectiv enessof the node distri-
butions.

2. Form ulation

For convenience,we considera referenceequilateral triangle which has
edgesof length two and is certered at the origin. In Figure 1 we show
the location of the vertex nodes and also a de nition of the so called
barycertric coordinates. These are a triad of coordinates for a point
(x;y) related to the area of the triangles created by partitioning the
triangle into three sub triangles ead containing two edgevertices and
the point itself.
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Figure 1. Triangle vertex coordinates for an equilateral triangle. Also, barycentric
coordinates for a point (x; y) in the triangle.

We can expressany point (x;y) in the equilateral triangle asalinear
combination of the barycertric coordinates:

(y)= Pvi+e e hyO (1)

with the restriction that *+ 2+ 3=1,

In order to perform polynomial interpolation, we require a nite
polynomial spaceand for this study chosethe spaceof polynomials of
total degreeat most p on the triangle T denoted by:

D E
PP(T)= x'y'jo i+j p :

The dimension of this spaceis Ny, = (p+ 1)(p+ 2)=2. A corveniert,
orthogonal and stably computable basisfor this spacewas proposedby
Proriol [14]. The basisfunctions are:

|
1. 2. 3 w 2 3, 2 1 52+1:0 5 1
. 2. _ po; i+1;
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(i+j)(+j+1)
2

GivenNjp interpolation points onthe triangle  %; 2; 3j1 n N,

we can construct a generalizedVandermondematrix:

nj =1+ +§ 0 djsi+jop (3)

Vim = m %; ﬁ; ﬁ 4)

which provides a compact way to represen the p'th order, polynomial,
Lagrange,interpolating functions fl, j1 n  N,g assaiated with the
Np interpolation points. Assuming the generalizedVandermonde ma-
trix is invertible we can usethe following result:

T]_Np
1. 2. 3 _— 1 1. 2. 3
In y y - V m H 1] (5)
mn
m=1

This de nition is not required to generatethe warp & blend nodal

setsweareintroducing. However, it is usefulin computing their Lebesgue
constart as described in the next section.

2.1. Lebesgue Const ant
We rst introduce the Lebesguefunction:

nXNp
;208 = L %3 (6)

which is unitary at the interpolation nodes. It is usefulfor de ning the
Lebesgueconstart, ,, on atriangle T:

o= max 1. 2.3

( 1; 2; 3)2T

The Lebesgegueconstart is consideredas an interpolation quality
indicator for a set of nodes becauseof its appearancein the following
error estimate.

ku lpuk;y (1+ p)uanJ(T)ku by

This result provides an upper bound on the worst possible pointwise
error for the polynomial interpolant relative to the best possiblepoint-
wise polynomial approximation available at the sameorder. It is thus
a reasonablegoal to construct a set of nodeswhoselLebesgueconstart
is as small as possible.
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When reporting Lebesgueconstarts later in this paper, we will ac-
tually report approximate values. We applied the following directed
random sampling approadc to attempt to nd the global maximizer of
the Lebesguefunction:

1. Make a list of current sample points of N = 10;000 randomly
chosenpoints in the triangle

2. For i=1 to 20

a) Evaluate the Lebesguefunction at the list of current sample
points.

b) Find the 10% of sample points with largest Lebesguefunction
value.

c) For eat of the top 10% sample create 10 new random sample
locations within a box of side (1=2)' 2 certered at the sample.

d) Replacethe list of current sample points with a combination
of the top 100 samplespoints and the newly created sample
points which happen to be located inside the triangle.

3. Evaluate the Lebesguefunction at the list of current samplepoints.

4. Report the largest value asthe approximate Lebesgueconstar.

This sequencerequires approximately 200,000 evaluations of the
Lebesguefunction, which is a considerablenumber but fortunately we
do not needto evaluate this number frequertly evenin the optimization
processto be described later. Furthermore, a modest workstation com-
pletes the computation in short order. In experiments this algorithm
reported reliable estimates of the Lebesgueconstart. A more e cien t
algorithm has beenreported recertly by Roth [15].

The piecewisesmoothness and limited number of maxima of the
Lebesguefunction cortribute to the successf the algorithm. In Figure
2 we shaw isocontours of the Lebesguefunction for sets of nodes at
dierent orders. As we expect the nodes are located at minima of
the Lebesguefunction. We also note that there are visible creases
in the function, which lie on curved lines joining the original equi-
spacednodes. Finally, in generalthere appearsto be a limited number
of maxima and they are assaiated with curvilinear triangles joining
nearby nodes.
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Figure 2. Isocontour plots of the Lebesguefunctions for three di eren t setsof nodes
( optimal warp & blend nodes computed in Section 3.1).

2.2. Nod al Distribution Constr uction

Given any set of N, node coordinates x'j1 i N, , we obsene
that it is always possibleto construct a 2-vector function f de ned on
the triangle which hasthe property that:

f x® =x'forall 1 i N, 7)
where x& j1 i Np is the setof equi-spacednodes. Furthermore,
there is a unique 2-vector function in PP(T) PP(T) which satisies

Equation 7.

This simple obsenation framesthe question of constructing a set of
nodesin terms of constructing such a transform. Our rst experimernts
in constructing a isoparametric polynomial transform yielded nodes
which possesssurprisingly good Lebesgueconstarts. Subsequetly, we
relaxed the condition that the transform be of the sameorder as the
origin equi-spacednodal set, and we were then able to compute nodal
setswith improved Lebesgueconstarts.

To narrow the choice of how to construct the isoparametric trans-
form we required the following properties:

1. The image of the equi-spacednodeson an edgeshould be a Gauss-
Lobatto-Legendre distribution
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2. The transform should be bijective

3. The transform should be symmetric with respect to the symmetries
of the origin equilateral triangle

4. The transform should be explicit in the barycertric coordinates

We can view the task of creating such a transform as an exercise
in creating an isoparametric curvilinear nite elemer [9]. Howewer, in
this context we are unusually creating a curvilinear elemen by deform-
ing the referencetriangle without changingit's outline. For clarity we
considerthe deformation required of the lower edgeof the equilateral
triangle and will repeat a similar deformation for the other two edges.

Giventhe locationsof the p+1 point Gauss-Lobatto-Legendrequadar-
ture nodeson the biunit interval: x' j1 i p+ 1 , weconstructa
one dimensional deformation function w:[ 1;1]! [ 1;1]sudh that:
iSp+l jx\p+l e !
W0 = > O xe AP X x®

e;i e
i=1 i=1jei X X

wherex® = P21 2 Thjg jg nothing more than the Lagrangeinter-

polant function which interpolates the deformation to the GLL points
from the equi-spacedpoints.

In Figure 3 we plot x + w(x), i.e. the e ect of the warp function. It
is interesting to note that the the coordinate warping for p = 3;5;20
are all very similar.

We extend the edgewarp into the triangle by blending in the edge
normal direction. In preparation for satisfying the symmetry require-
mernts on the transform we expressthe deformation transform for the
blended lower edgein terms of the barycertric coordinates:

2 (10 (8)

bl 1; 2; - (9)

=
1
=

and multiplying thesetwo together we achieve a warp & blend trans-
form g! = b'w! which satis es our coordinate transform requiremerts
for edge one. The apparent singularities in the blending function at

1= 3=o0andalso ' = 2= 0 arein fact removed in the
product becauseboth of these locations coincide with roots of w?.
Thus we trivially obsene that this warp & blend function is a 2-vector
polynomial of degreeat most p.
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Figure 3. Warp functions x + w(x) usedfor p = 3;5; 20 designedto interpolate the
Gauss-Lobatto-Legendre node locations at equally spacednodesin [ 1;1].

The warping functions for the other two edgescan be expressedby

permuting 1 2
1" 3
w2 123 — 1 3 > rﬁ_! (10)
1 3
w3 123 - 2 1 53 (11)
and the assaiated blending functions are:
, ! L
Pt = 23.,_2 212+2 (12)
| |
2 1
PONEC = prrs gy 03
Finally we can expressthe coordinate shift as:
g & %3 =pwl+ Pw?+ bPws (14)
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In Section 3.1 we shaw results for this construction. However, given
the exibilit y of the construction of such a transform we relaxed the
constraint that the transform should be isoparametric. Examining the
node descriptions we obsened that the nodesdid not cluster particu-
larly strongly around the triangle edges.This is due to the blending
functions used which drop to zero at the edgesof the elemens. A
simple modi cation to the blending yields node sets with potentially
better Lebesgueconstarts:

2 2

1. 2. 3 _ 1+ 1

w2

btwl+ 1+ 2

2

w3

+ 1+ 3

In Figure 4 we show plots of the vector functions g*; g%; g2 sampled
at equi-spacedpoints in the triangle.

a)

Figure 4. (a-c): warp & blend functions for ead of the three edges,constructed with
warping which reproducesa 10 point Gauss-Lobatto-Legendre quadrature.(d): sum
of warp & blend functions for the three edges.

In Section 6 we have included three Matlab functions: gll.m, warp-
factor.m, nodes.mwhich compute the Gauss-Lobatto-Legendrenodes,
the warping factor with end roots de ated and the warp & blendnodes
for the triangle respectively.

2.3. Tetrahedr on

The construction of the coordinate transform can be generalizedfor
the equilateral tetrahedron. For ead face of the tetrahedron we use
the transform constructed for the triangle. Thesetransforms are then
blendedinto the interior of the tetrahedron. The vector warp functions
for eadh of the four facesare:
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Wl = g 2; 3; 4 t1;1+ g2 2; 3; 4 t1;2 (15)
W2 = g l; 3; 4 t2;1+ g2 1; 3; 4 t2;2 (16)
W3 = g1 1; 4; 2 t3;1+ g2 1; 4; 2 t3;2 (17)
W4 = g 1; 3; 2 t4;1+ 9> 1; 3; 2 t4;2 (18)

wherethe subscripts on the warp & blendg functions refer to the com-
ponerts of these functions and tf:1;t"2 are two vectors for orthogonal
axesin the plane of face f given for the origin certered equilateral
tetrahedron by:

t5l = (1;0,0) t2 = (0,1;0)
t21 = (1;0;0) t22 = o,g, S
£31 = ;.q 3.0 t32= 1.1. Y B (19)
2y & q_128¢59
1- 1. 3. 2- 1. 1. 8
thi= 3 30 t%= 5§
The four, scalar, face, blending functions are given by :
, | g | , !
2 2 2
b = 22+ 1 234+ 1 44 1 (20)
| | |
21 23 24
b = 21ty 2 234+ 2 243 2 (21)
| | |
21 22 24
b = 21+ 3 22+ 3 241 3 (22)
| | |
21 22 23
4
b* = 214+ 4 224 4 234+ 4 (23)

The combined warp & blend deformation is then:

g b % %4 =pwl+ Pwl+ Pwd+ bw? (24)

As with the triangle, we can increasethe clustering of nodes near
the boundary facesby modifying the blending functions:

2 2
1. 2. 3. 4 _ 1+ 1 b1W1+ 1+ 2 b2W2+

2

1+ 3T pPwi+ 1+ 4% gy
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for some parameter . To retain a one parameter set of nodes we
arbitrarily choose =

3. Results

3.1. Triangle Nodes

For the following experiment, we constructed the warp & blend nodes
in two ways. First we built the nodeswith the blending parameter
set to zero. Next, we usedthe Matlab function fminbnd which is an
optmization algorithm based on golden section searty and parabolic
interpolation [8],[4] to choosean which at leastlocally minimizes the
Lebesgueconstart computed with the algorithm described in Section
2.1, but with 2;500initial samplesand 10 iterations. After an optimal

was found we recomputed the Lebesgueconstart with 10; 000 initial
samplesand 20 iterations. The valuesof reported by fminbnd for a
range of polynomial orders are reported in Table VI |I.

Table|l. Lebesgueconstants for Pozrikidis nodescompared with warp & blend nodes

l(\:llgcgg s%%léléd Po?rll)litlrc]i% [2] warp &= bc;end Wargp(tgfmki)lzteer(]jd
3 2.27 211 211 211
4 3.47 2.66 2.66 2.66
5 5.45 3.14 3.12 3.12
6 8.75 3.87 3.82 3.70
7 14.35 4.66 4.55 4.27
8 24.01 5.93 5.69 4.96
9 40.92 7.39 7.02 5.74
10 70.89 9.83 9.16 6.67
1 124.53 12.92 11.83 7.90
12 22141 17.78 16.06 9.36
13 397.70 24.53 21.71 11.47
14 720.70 34.62 30.33 13.97
15 1315.9 49.46 42.48 17.65

In Table | we compare the Lebesgueconstarts for these two sets
of nodeswith the nodes of Blyth & Pozrikidis [2] which are similarly
given by explicit formulae. We seethat the unoptimized nodes have
comparable Lebesgueconstarts to the Blyth & Pozrikidis. The op-
timized nodesshaw signi cant improvemert. Furthermore, in Table |1
we report condition numbersfor the generalizedvandermondematrices
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(seeEquation 4) computed both with the Blyth & Pozrikidis nodesand
with the warp & blendnodes. The condition number of the generalized
Vandermondematrix is important becauseof the pivotal role that the
inverse of this matrix plays in constructing a Lagrange interpolating
basisfor the nodesas shown in Equation 4. The condition numbers for
both node typesare comparableand indicate that we should expect to
be able to compute the Lagrangeinterpolating functions with up to 13
digits of accuracy

Table I1. Condition numbers for generalized Van-
dermonde matrices formed using the orthonormal-
ized Proriol basis [14]

Nede oo tkri]digL[Z] e pfiLmti)IzeeTjd
3 5.9028 5.9028
. 6.7763 6.7769
5 7.7280 7.8450
6 9.8423 9.5913
; 11.4944 11.1597
5 14.2101 13.8858
o 18.0994 16.8957
0 23.6271 21.6675
u 31.4576 27.4011
12 43.3978 36.1156
" 61.0569 47.1973
1 88.7706 63.6592
5 130.2558 85.6018

The warp & blend nodesare also comparablein interpolation qual-
ity to other classesof symmetric nodes which have Gauss-Lobatto-
Legendre edge node distributions. In Table 11l we showv comparisons
with Roth's improved version of the Chen-Babuslka nodes as well as
his improved Fekete nodes [15]. In addition we include results from
Heinrichs Lebesgueconstart optimized nodes [10], and Hesthaven's
electrostatics nodes[11].

In Figure 5 we show optimized warp & blend node distributions for
the triangle for a range of interpolation orders . Up to 10'th order
the distributions are very similar to the Fekete, electrostatic, Lebesgue
optimized and other node sets currently known. It is also clear that
despitethe simplicity of the node formula it capturesthe basicbehavior
of all these other more complicated approadies.
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Table I11. Comparison of Lebesgueconstants for a range of current symmetric nodal distribu-
tions on the triangle (results courtesy of Roth [15]) with Gauss-Lobatto-Legendre distributions
on edges

Node warp & blend Chen- Fekete Heinrichs Hesthaven
class optimized Babuska[15] [15] [10] [11]
3 2.11 2.111 2.113 - 2.113
4 2.66 2.692 2.729 - 2.588
5 3.12 3.301 3.611 - 3.196
6 3.70 3.791 4171 3.87 4.075
7 4.27 4.391 4.928 - 4.780
8 4.96 5.089 5.905 - 5.855
9 5.74 5.918 6.803 5.89 6.886
10 6.67 7.085 7.852 - 8.466
11 7.90 7.266 7.907 - 10.144
12 9.36 8.669 8.472 7.59 12.637
13 11.47 9.291 9.279 - -
14 13.97 8.988 9.959 - -
15 17.65 10.306 10.021 9.25 -

Given the competitive Lebesgueconstarts of the new node distri-
butions it is also apparert that although seemingly ad hoc, this new
approad is no lessarbitrary than all but one of the many existing
methods which involve computing node locations by optimizing proxies
for the Lebesgueconstart. Speci cally, the optimization approac used
by Roth [15 is designedto optimize node locations by minimizing
an e cien tly and reliably computed approximation for the Lebesgue
constart.

In Tablelll wereported Lebesgueconstarts for existing setsof nodes
which have Gauss-Lobatto-Legendredistributions and are symmetric.
Roth [15] and Heinrichs [10], both created nodal sets with improved
Lebesgueconstans by dropping these conditions. We achieved minor
improvemerts in the Lebesgueconstart for the warp & blend nodesby
changing the edgewarp (i.e. changing the required nodal distributions
on the edge)to an extended Chebychev distribution.

The warp & blend node sets are straight forward to compute at
any order. Howewver, showvn in Table | the Lebesgueconstart grows
relatively quickly above p = 10. As hasbeenreported for Fekete nodes,
and Roth's Lebesgueconstart optimized nodes there is a signi cant
changein the typesof distribution results after optimization. The struc-
ture of their optimized interior node distributions becomesvisibly less
regular as the polynomial order is increased.This immediately raises
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(p=4) (p=6)
(p=8) (p=10)
(p=12) (p=14)

Figure 5. Node distributions for p = 4;6;8; 10;12; 14. The black lines represert the

e ect of the warp & blend transform on the lines of constant *; 2; or * which

connect the undeformed equi-distributed nodes.

the possibility that our explict formulae may benet from additional
terms and perhaps more parametersto capture the extra dynamic in
the coordinate transform.
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3.2. Tetrahedr on Nodes

The number of di erent node distribution typesavailable for the tetra-
hedron is markedly smaller than for the triangle. In Table IV we show
Lebesgueconstarts for equally spacednodes, our unoptimized and op-
timized warp & blend nodes, Hesthaven & Teng's electrostatic nodes,
and the nodes of Chen & Babuska. We are again surprised that the
warp & blend nodesare so competitiv e with available node sets.

Table IV. Comparison of Lebesgue constants for a range of current nodal
distributions on the tetrahedron.

Node warp & blend Hesthaven Chen & Equi-
class optimized & Teng[12] Babuska [6] spaced
4 4.07 4.0774 4.1120 4.88
5 5.32 5.3470 5.6158 8.09
6 7.01 7.3391 7.3632 13.66
7 9.21 9.7588 9.3659 23.38
8 12.54 13.626 12.311 40.55
9 17.02 18.901 15.659 71.15
10 24.36 27.190 - 126.20
11 36.35 - - 225.99
12 54.18 - - 409.15
13 84.62 - - 742.69
14 135.75 - - 1360.49
15 217.70 - - 2506.95

In Figure 6 we show  optimized warp & blend node sets for the
tetrahedron for p = 6;8; 10; 12.

4. Interp olation Tests

We have thus far usedthe Lebesgueconstant of nodal setsas an inter-
polation quality indicator. To further comparesomeof the nodal setsal-
ready discussedwe adopt two interpolation tests proposedby Heinrichs
[10Q]. In that paper the nodal setswere usedto interpolate the following
two functions on the biunit triangle T=f 1 x;y;x+y 0g:

(x+1)(y+1) &Y 1
(x+ 1) (y+ 1)(cosh(x+vy) 1)

Testl: u(x;y)
Testll: u(x;y)
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(p=6) (p=8)

(p=10) (p=12)

Figure 6. optimized warp & blendtetrahedral node distribution for p= 6;8;10; 12.

Table V. Maximum interpolation errors for Test | computed with directed
random seard excluding (*) results which are from [10].

p PozBr||)l/<t|2§é 2] warp & blend Heinrichs [10] Hesthaven [11]

6 5.7760e-005 5.3819e-005  5.6005e-005 5.9476e-005
9 3.8020e-008 2.7592e-008  2.5150e-008 3.3607e-008

12 1.0403e-011  5.1230e-012  1.7273e-012 {
15  1.8596e-015  1.1380e-015 6.25e-015(*) {
18  1.7087e-015  1.1519e-015 1.28e-014(*) {

where we used a variation of the algorithm described in Section 2.1
to compute an approximation of the maximum pointwise error of the
p= 6;9;12 15, 18 polynomial interpolant for thesetwo functions.

In Table V we comparethe maximum pointwise errors for the warp
& blend nodescomparedwith the nodal setsof Blyth & Pozrikidis [2],
Heinrichs[10] & Hesthaven[11] appliedto Testl. We seethat in general
the ratio betweenerrorsis related to their relative Lebesgueconstarts.
The non-symmetric p = 12 nodes of Heinrichs are noticeable better
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Table VI. Maxim um interpolation errors for Test1l computed with directed
random searc excluding (*) results which are from [10].

p Poglr)illﬁir&ig[Z] warp & blend Heinrichs [10] Hesthaven [11]

6 6.9077e-004 6.4327e-004  6.5509e-004 7.2943e-004
9 1.0526e-006 7.6282e-007  6.8984e-007 9.6364e-007
12 2.2461e-010 1.1033e-010  4.4139e-011 {
15 4.9061e-014 1.8077e-014  3.09e-014(*) {
18 1.6029e-014 5.4401e-015 7.71e-014(*)

than the other p = 12 node sets, which we attribute to their smaller
Lebesgueconstart. We included results for p = 15; 18 to complete the
comparisonwith Heinrichs results, however it is clear from the results
and inspecting the solution error that the error is dominated by nite

precision e ects.

In Table VI we show similar comparisonsfor Test|l and note brie y
that results are consistert with Test I. As before the warp & blend
nodesdegradein performancefor p = 12 but this is consistent with the
Lebesgueconstart quality measurefor these nodes being larger than
Heinrich's nodes[10].

5. Summary

In summary we have preseried a simple and clearly motivated way to
spatially distribute interpolation nodesin a triangle and tetrahedron.
We showed results which demonstrate that the Lebesgueconstart for
these node sets are comparable with all existing node sets up to at
least 10'th order interpolation. We showed test interpolation results
which give further con dence on the quality of the warp & blendnodes
for interpolation. The simplicity of the construction suggestswe have
captured the essencef the existing nodal distribtions in a simple way.

6. App endix

6.1. Gauss-Lobatto-Legendre  Nodes

To compute the location of the Gauss-Lobatto-Legendrenodeson the
biunit interval we follow Numerical Recipes [13]. Included here is a
Matlab script which usesNewton-Raphsoniteration to nd the roots
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of 1 x2 PJ9(x). Original Matlab implemertation provided by Greg
von Winckel.

% (gll.m)
% input: polynomial order
%output:  p+1 point Gauss-Lobatto-Legendre nodes.

function  x=gli(p)

% polynomial order + 1
N=p+1,

% Use the Chebyshev-Gauss-Lobatto nodes as the first guess
x=cos(pi*(0:p)/p)’;

% The Legendre VandermondeMatrix
V=zeros(N,N);

xold=2;

% Newton-Raphson iteration
while max(abs(x-xold))>eps
xold=x;

V(:,1)=1;
V(;,2)=x;
for k=2:p
V(,k+1)=(  (2*k-1)*x.*V(;,k)-(k-1)*V(:,k-1) )K;
end

x=xold-( x.*V(;,N)-V(;,p) )./ N*V(,N) );
end

6.2. Edge Warp Factor Function

We include a Matlab function here which computesg as described in
Section 2.2:

nodesmain.tex; 28/09/2005; 14:49; p.18
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% (warpfactor.m)
% input: polynomial order

warp = zeros(size(xout));
xeq = linspace(1,-1,p+1)";

for i=1:p+1
d = (xnodes(i)-xeq(i));
for j=2:p
it (i~=j)
d = d.*(xout-xeq(j))/(xeq(i)-xeq()));
end
end

% deflate end roots

if (i~=1)

d = -d/(xeq(i)-xeq(1));
end
it (i~=(p+1))

d = di(xeq(i)-xeq(p+1));
end

warp = warp+d;
end

% output: warp function at xout, with -1,+1

%input:  vector of node locations to interpolate
% input: location of nodes to interpolate

warp function at

function warp = warpfactor(p, xnodes, xout)

roots deflated

6.3. warp & blendNode Constr uction

We include here a Matlab function which computesthe warp & blend
nodeson an equilateral triangle. It dependson gll.m and warpfactor.m

included above.

nodesmain.tex;

28/09/2005;

14:49; p.19
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% (nodes.m)

% input: p=polynomial order of interpolant

% input: alpha=tunable warping parameter

% output:  X,Y vectors of node coordinates in equilateral triangle
function [X,Y] = nodes(p, alpha)

%total number of nodes
N = (p+1)*(p+2)/2;

% 1) compute Gauss-Lobatto-Legendre node distribution
gaussX = gll(p)

%2) create equidistributed nodes on equilateral  triangle

L1 = zeros(N,1); L2 = zeros(N,1); L3 = zeros(N,1);
sk = 1;
for n=1:p+1

for m=1:p+2-n
L1(sk) = (n-1)/p;
L3(sk) = (m-1)/p;
sk = sk+1;
end
end
L2 = 1-L1-L3;
X =-L2 + L3;
Y = (-L2-L3+2*L1)/sqrt(3);

% 3) compute blending function at each node for each edge

blendl = 4*L2.*L3;
blend2 = 4*L1.*L3;
blend3 = 4*L1.*L2;

%4) amount of warp for each node, for each edge
warpfactorl warpfactor(p, gaussX, L3-L2);
warpfactor2 = warpfactor(p, gaussX, L1-L3);
warpfactor3 = warpfactor(p, gaussX, L2-L1);

%5) combine blend & warp

warpl = blendl.*warpfactorl.*(1 + (alpha*L1).72);
warp2 = blend2.*warpfactor2.*(1 + (alpha*L2).”2);
warp3 = blend3.*warpfactor3.*(1 + (alpha*L3).”2);

% 6) accumulate deformations associated with each edge
X = X + 1*warpl + cos(2*pi/3)*warp2 + cos(4*pi/3)*warp3;
Y =Y + O*warpl + sin(2*pi/3)*warp2 + sin(4*pi/3)*warp3;

nodesmain.tex; 28/09/2005; 14:49; p.20
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6.4. Optimized Choice of the Blending Parameter

We include here a table indicating values, to four decimal places, for
the parameter which the Matlab function fminbnd found as possible
minimizers for the Lebesgueconstant computed asdescribedin Section
2.1.

Table VII. Locally optimal choices of
the blending parameter

Element Triangle Tetrahedron

3 1.4152 0.0000
4 0.1001 0.1002
5 0.2751 1.1332
6 0.9808 1.5608
7 1.0999 1.3413
8 1.2832 1.2577
9 1.3648 1.1603
10 1.4773 1.0153
11 1.4959 0.6080
12 1.5743 0.4523
13 1.5770 0.8856
14 1.6223 0.8717
15 1.6258 0.9655
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