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The Bregman Distance The

A Review of the Bregman Methods

Bregman Distance

e J(-) — a convex function.
e Two points u and u; pk € 9J(u¥)

@ Bregman distances:

D(u, u¥) := J(u) — (J(u*) + (p*, u — u¥))
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@ Properties:
e nonnegative; D(u, u) = 0; symmetrie; triangleinequality
o D(u,v) > D(w,v) if we [v,u]
o depends on the choice of p* € J(uk) @RICE
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Bregman lterative Regularization

Originally: Osher-Burger-Goldfarb-Xu-Y. 05
@ Application: image processing, other inverse problems

@ lteration:
utt — min D(u, )+  f(u)
u N~

data fitting
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Bregman lterative Regularization

Originally: Osher-Burger-Goldfarb-Xu-Y. 05
@ Application: image processing, other inverse problems

@ lteration:
utt — min D(u, )+  f(u)
u N~

data fitting

@ The prox-point algorithm: (Rockafellar 76, Kiwiel 97, etc.)

uk*t — min f(u) + D(u, u¥)
u
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Bregman lterative Regularization

Originally: Osher-Burger-Goldfarb-Xu-Y. 05
@ Application: image processing, other inverse problems
@ lteration:
utt — min D(u, )+  f(u)
u ~~

data fitting

@ The prox-point algorithm: (Rockafellar 76, Kiwiel 97, etc.)

uk*t — min f(u) + D(u, u¥)
u

o Differences:

@ Goal: Bregman to recover a signal; Prox — to minimize f(u)
@ J: Bregman — nonsmooth, convex; Prox — smooth, strongly convex;
© Itr: Bregman — stop prior convergence; Prox — stop near convergence
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Bregman lterative Regularization, Cont'd

Example: image deblurring and/or denoising
o J(u)=puTV(u)
o f(u) = Au— b3
o Stop when ||Au* — b||5 ~ est.||Au* — b||,
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Bregman lterative Regularization, Cont'd

Example: image deblurring and/or denoising
o J(u)=puTV(u)
o f(u) = Au— b3
o Stop when ||Au* — b||5 ~ est.||Au* — b||,

[(UWM-CMRI Lab)
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Bregman lterative Regularization, Cont'd

Example: image deblurring and/or denoising
o J(u)=puTV(u)
o f(u) = Au— b3
o Stop when ||Au* — b||5 ~ est.||Au* — b||,

o “«(UWM-CMRI Lab)
@ Generalized to inverse scale space by Burger,Gilboa, Osher, Xu, etc.

@ People use the words “Bregmanize” and “Bregmanized”
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The Original Bregman I\/Iethod

Later in Y.-Osher-Goldfarb-Burger 07:
@ Solve min{J(u) : Au= b}

e Applications: compressed sensing J(u) = ||u|l1, TV(u), || ||+, others
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The Original Bregman I\/Iethod

Later in Y.-Osher-Goldfarb-Burger 07:
@ Solve min{J(u) : Au= b}

e Applications: compressed sensing J(u) = ||u|l1, TV(u), || ||+, others
o If Alis linear
Bregman: u**! — min, J(u) — (p*, u) + 3|/ Au— b|)3
pk - p _ T( k+1 )
Aug. Lag.: u*™ «— min, J(u) — (A\¥, Au) + %||Au — b3
)\k+1 - /\k _ (Auk+1 _ b)
% RICE
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The Original Bregman Method

Later in Y.-Osher-Goldfarb-Burger 07:
@ Solve min{J(u) : Au= b}

e Applications: compressed sensing J(u) = ||u|l1, TV(u), || ||+, others
o If Alis linear
Bregman: u**! — min, J(u) — (p*, u) + 3|/ Au— b|)3
pk+1 - pk _ AT( k+1 )
Aug. Lag.: u*™ «— min, J(u) — (A\¥, Au) + %||Au — b3

)\k+1 - /\k _ (Auk+1 _ b)

@ Properties:

o Uk — u*

o If Au= b consistent, Au™ = b

For polyhedral J,
e exact computation: finite convergence
e inexact computation: error cancellation — “drunk man gets home”
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Linearized Bregman

Idea: Linearize the fitting term at u*
Work: Y.-Osher-Goldfarb-Darbon 07, Osher-Mao-Dong-Y. 08, Cai-Osher-Shen
08, Y. 09
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Linearized Bregman

Idea: Linearize the fitting term at u*
Work: Y.-Osher-Goldfarb-Darbon 07, Osher-Mao-Dong-Y. 08, Cai-Osher-Shen
08, Y. 09

o Example: data fitting = 3|/ Au — b||3

. 1
u**  min D(u, u¥) 4+ (AT (Au* — b), u) + %5 [|lu— ukHE

u

Wotao Yin A Review and Recent Results of the Bregman Methods



A Review of the Bregman Methods

Linearized Bregman

Idea: Linearize the fitting term at u*
Work: Y.-Osher-Goldfarb-Darbon 07, Osher-Mao-Dong-Y. 08, Cai-Osher-Shen
08, Y. 09

o Example: data fitting = 3|/ Au — b||3

. 1
u**  min D(u, u¥) 4+ (AT (Au* — b), u) + %5 [|lu— ukHE

u
e For D(u, u*) induced by J(u) = p|ul|;, iterations become

u 1t —  § shrink(v¥, u)
Vi vk AT (b - AdRTY).
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Linearized Bregman

Idea: Linearize the fitting term at u*
Work: Y.-Osher-Goldfarb-Darbon 07, Osher-Mao-Dong-Y. 08, Cai-Osher-Shen
08, Y. 09

o Example: data fitting = 3|/ Au — b||3

. 1
u**  min D(u, u¥) 4+ (AT (Au* — b), u) + %5 [|lu— ukHE

u
e For D(u, u*) induced by J(u) = p|ul|;, iterations become

u 1t —  § shrink(v¥, u)
Vi vk AT (b - AdRTY).

@ More examples: non-negative least—squares, matrix completion
(ISMP'09)
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Linearized Bregman, Cont'd

Properties:
o =Uzawa: grad-descend the dual of min{yu|ul|y + 55/ul|?® : Au= b}
o Faster technics (e.g., NCG, L-BFGS) can be applied

o Exact penalty: 35: if § > §, then solves min{||ul|; : Au= b}
See Y. 09 for details.

@ # nonzeros of u often grows monotonically in k
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Split Bregman and Alternating Direction Met

Split Bregman (Goldstein—Osher 08): variable splitting + aug. Lagrangian
e Splitting: min, f(Lu) + g(v) = min,  {f(v) +g(u) : v = Lu}
Great payoff for many imaging problems
o Aug. Lag.: A\ — multiplier

Q minu, F(v) + 5llv — Lu— A3 + g(u)
@ update \

@ Slower than the alternating direction method
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Alternating direction method: (Douglas—Rachford 60s, Glowinski-Marocco,
Gabay—Mercier, 70s)

@ fix u, minimize w.r.t. v
Q fix v, minimize w.r.t. u
© update A

Example (Wang—Yang-Y.—Zhang 07,08) Compressed MRI, image deblr
. 1 9 ) 1 )
min 1 TV(u) + 5| Au — b3 & min{pulwlls + 5 | Au — b|3 : w = Du}

where A is partial Fourier or convolution.

ADM extends to color images, duals, rank-minimization
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Error Cancellation

Assumptions:
o J(u) convex, polyhedral function
e data fitting = %||Au — b||3
@ Apply augmented Lagrangian
Solve subproblems inexactly, get inexact o', 7, . ..

Question: accuracy of u?

Results:
o Each 7 moderately accurate = ¥ in optimal face, k > K
Upon staying in optimal face:
e Errors of ¥ do not accumulate

e Using certain solvers, i

Drunk man gets home.

— u* geometrically to machine precision.
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Error Cancellation Example

Test problem:
@ u*: 500 entries, 25 nonzeros sparse

@ b = Au*: 250 linear projections of u*, with a Gaussian random A

min{||u|l1 : Au = b}
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Error Cancellation Example

Test problem:
@ u*: 500 entries, 25 nonzeros sparse

@ b = Au*: 250 linear projections of u*, with a Gaussian random A

min{||u|l1 : Au = b}

e Get u* from FPC-BB (1 = 0.01, tolerance = le-6, for all k)

ltr k 1 2 3 4 5
‘I | 6562 23e7 62e-14 7.9e-16 5.6e-16.

||u*—1u
[lu]

| Why [|2° — ]| = O(10~°) but ||7° — u*[| = O(10-)?|
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Error Cancellation
Error Cancellation Example

Test problem:
@ u*: 500 entries, 25 nonzeros sparse

@ b = Au*: 250 linear projections of u*, with a Gaussian random A

min{||u|l1 : Au = b}

e Get u* from FPC-BB (1 = 0.01, tolerance = le-6, for all k)

ltr k 1 2 3 4 5
‘I | 6562 23e7 62e-14 7.9e-16 5.6e-16.

||u*—1u
[lu]

| Why [|2° — ]| = O(10~°) but ||7° — u*[| = O(10-)?|

@ Also 1le-16 reachable: FPC, FPC-BB, GPSR, GPSR-BB, SpaRSA
% RICE
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Error Cancellation, cont'd

@ Rewrite iterations as: 1
"t~ min J(u) + §||Au — b |2 (exactly)
u

bk+1 - b+ (bk _ Auk+1)
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Error Cancellation
Error Cancellation, cont'd

@ Rewrite iterations as: 1
"t~ min J(u) + §||Au — b |2 (exactly)
u

bk+1 - b+ (bk _ Auk+1)

@ Suppose we make an error wk+1
DL = gkl ke
pktl  —  pktl _ Akt
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Error Cancellation, cont'd

@ Rewrite iterations as: 1
"t~ min J(u) + §||Au — b |2 (exactly)
u

bk+1 - b+ (bk _ Auk+1)

@ Suppose we make an error wk+1
DL = gkl ke
pktl  —  pktl _ Akt

o Next iteration uses b¥*!

1 _
0" 2 — min J(u) + §||Au — b3 (exactly).
u
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Error Cancellation
Error Cancellation, cont'd

@ Rewrite iterations as: 1
"t~ min J(u) + §||Au — b |2 (exactly)
u

bk+1 - b+ (bk _ Auk+1)

@ Suppose we make an error wk+1
DL = gkl ke
pktl  —  pktl _ Akt

o Next iteration uses b¥*!

1 _
0" 2 — min J(u) + §||Au — b3 (exactly).
u
However, we do not want K2 but

ukt? — muin J(u) + %HAU — b3 (exactly). @RICE

Wotao Yin A Review and Recent Results of the Bregman Methods
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Error Cancellation, cont'd

Suppose

@ we make an error wk*2 at iteration k + 2 to **?2

e J(v—w)=J(v) — L(w) for v near the minimizer and w ~ w**!
with L(w) independent of v

then
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Error Cancellation
Error Cancellation, cont'd

Suppose

@ we make an error w2 at iteration k + 2 to k2

e J(v—w) = J(v) — L(w) for v near the minimizer and w ~ w

k+1

with L(w) independent of v

then

Uk+2

% RICE
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Error Cancellation, con

When does u¥ — u* geometrically to machine precision?
e J is polyhedral, convex; data fitting is quadratic
@ Subproblem solver has consistent start points and tolerance

@ Nonlinear operations to u in subproblem solver are not affected by
small error
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Error Cancellation
Error Cancellation, cont'd

When does u¥ — u* geometrically to machine precision?
e J is polyhedral, convex; data fitting is quadratic
@ Subproblem solver has consistent start points and tolerance

@ Nonlinear operations to u in subproblem solver are not affected by
small error

Example: forward-backward iteration for

1
min J(u) + =||Au — b||3
u 2

Q ul™2 — ) — AT (AU — b)
Q@ v — min, aJ(u) + iju— u/2)3

% RICE
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© Summary

Wotao Yin A Review and Recent Results of the Bregman Methods



Summary

@ Bregman methods applied to Au = b are not new but have good
performance in new applications

@ Bregman iterative regularization is new and works

@ For polyhedral J, first-order solvers cancel errors iteratively

More details and solvers at Rice Li-Related Optimization Project
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