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Abstract

On the approximation of the Dirichlet to Neumann
map for high contrast two phase composites

by

Yingpei Wang

Many problems in the natural world have high contrast properties, like transport in
composites, fluid in porous media and so on. These problems have huge numerical
difficulties because of the singularities of their solutions. It may be really expensive
to solve these problems directly by traditional numerical methods. It is necessary
and important to understand these problems more in mathematical aspect first, and
then using the mathematical results to simplify the original problems or develop more
efficient numerical methods.

In this thesis we are going to approximate the Dirichlet to Neumann map for the
high contrast two phase composites. The mathematical formulation of our problem is
to approximate the energy for an elliptic equation with arbitrary boundary conditions.
The boundary conditions may have highly oscillations, which makes our problems very
interesting and difficult.

We developed a method to divide the domain into two different subdomains, one
is close to and the other one is far from the boundary, and we can approximate the

energy in these two subdomains separately. In the subdomain far from the boundary,
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the energy is not influenced that much by the boundary conditions. Methods for
approximation of the energy in this subdomain are studied before. In the subdomain
near the boundary, the energy depends on the boundary conditions a lot. We used
a new method to approximate the energy there such that it works for any kind of
boundary conditions. By this way, we can have the approximation for the total energy
of high contrast problems with any boundary conditions.

In other words, we can have a matrix up to any dimension to approximate the
continuous Dirichlet to Neumann map of the high contrast composites. Then we will
use this matrix as a preconditioner in domain decomposition methods, such that our

numerical methods are very efficient to solve the problems in high contrast composites.
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Chapter 1

Introduction and background

This thesis focuses on the elliptic problems with high contrast and rapidly varying
coefficients. The solutions of these problems may vary very fast or have singularities
inside the domain. These problems are much more difficult to solve than general
problems with smooth coefficients, in both theoretical and numerical aspects. We will
discuss some interesting properties of and develop some efficient numerical methods

for this kinds of problems.

1.1 Problems in high contrast media

We are considering the following isotropic elliptic problem in the domain D € IR?
V- [o(x)Vu(x)] =0, in D (1.1)
with Dirichlet boundary condition

u(x) = ¥(x), on 0D, (1.2)



or with Neumann boundary condition

on
/ Ids =0,
oD

where o(x) is the conductivity, u(x) is the potential, n is the unit out normal to the

(1.3)

boundary.

The coefficient o(x) has high contrast values, which means the solutions of the
problem (1.1) may vary fast in some places. In order to present our ideas in this thesis,
we will only focus on the two phase composites media, which has high conductive
inclusions embedded into some smooth background matrix. We suppose that o only
takes two different values, 1 in the background matrix and oo in the inclusions.

In general, we need to solve the problem (1.1) with boundary condition (1.2)
or (1.3). Because of the high contrast of coefficients, it is very difficult to directly
solve this problem numerically. We are more interested in the approximation of the

Dirichlet to Neumann (DtN) map first. The DtN map is defined as following

A: HY*(0D) - H Y*D)

ou
A@D—O‘a—n

where u is the solution of (1.1) with boundary condition (1.2).
Then we will use the approximation of DtN map as a preconditioner for the
numerical methods, such that we can solve this kind of problems numerically in some

more efficient way.



1.2 Overview of previous work

In the work by Borcea [6], Borcea and Papanicolaou [8], Borcea, Berryman and Pa-
panicolaou [7], they first gave a rigorous proof for the approximation of the Dirichlet
to Neumann (DtN) and Neumann to Dirichlet (NtD) maps for a high contrast media.
The idea is to find special trial functions for the variational problems and their dual
problems of the elliptic equations. In this way, they can have upper and lower bounds
for the energies for any smooth boundary condition. Considering the connections be-
tween the energies and the DtN or NtD maps, they can have approximations for these
maps.

In their work, they develop a way to construct these trial functions for the Kozlov’s
model [21] in continuum high contrast media. In some way, they build connections
between the high contrast media with a related discrete resistor network, and use
the properties of this network to approximate the properties of the high contrast
media. For example they use the discrete DtN or NtD maps of the resistor network
to approximate the DtN and NtD maps of the continuous problems in high contrast
media. However, these constructions highly depends on the geometrical features of
the media, which may not be generalized very easily.

In their approximation, they divide the boundary of the domain into pieces and
use a constant in each piece to approximate the potentials on this piece. It works well
for boundary condition without highly oscillation, because the boundary condition
now are like piecewise constants. The error generated by the approximation of the
boundary condition will not influence the whole results. However, when the oscillation
of the boundary condition getting higher, the error from the piecewise constants
approximation of boundary condition will show up. We will take care of it in this

thesis.



There are some other models for high contrast media, which will have more geo-
metrical properties. We can also use the similar idea as the work of Borcea et. al.,
which is using discrete resistor networks to simulate the high contrast media. Since
we have more assumptions on geometrical properties of the media, it becomes easier
to generalize the approximation methods. In the following works, they are mostly
interested in the transport properties of high contrast media. However we will be
very easy to know the transport properties if we know the DtN or NtD maps, which
means it will be more difficult to approximate the DtN or NtD maps.

Keller [20] first gave an approximation of the effective conductivity in medium
containing a dense array of perfectly conducting spheres or cylinders. In this kind of
model, there are more geometrical features than Kozlov’s model [21] for continuum
high contrast media. Since the media is periodic in some way, it is very enough to
study a special local problem and use it to approximate the overall properties. More
precisely, it is enough to study the local properties of a square cross section with one
sphere or cylinder as Keller did in his paper [20].

This is actually the idea of homogenization theory, which connects the properties
of heterogeneous media in different scales. However, the homogenization theory works
well for studying properties for finite contrast media, it doesn’t work so well when
the contrast of the media goes to infinity.

This leads to the work of Berlyand and Kolpakov [4], Berlyand and Novikov [5],
Berlyand, Gorb and Novikov [3] and many related work. In their work, they made
the assumptions on the geometrical properties of the media that the distance between
neighbor inclusions and the size of the inclusions are in different scales. In this case,
they can localize the fluxes in some special places of the media. It is enough to
analyze one problem locally to approximate the properties of the whole problem. In

these work, they also use the variational principles and discrete resistor networks



approximation like the methods introduced by Borcea et. al. However, it is more
flexible and easy to implement because their geometrical assumptions. Novikov [22]
also use the similar method to study the properties of the high contrast media for

nonlinear problems.

1.3 Contribution and outline

It is very important to understand the Dirichlet to Neumann (DtN) or Neumann to
Dirichlet (NtD) map for high contrast problems. As we mentioned before, it will be
very easy to know the transport properties of the media after knowing the maps.
In inverse problems, Calderon [1] suggested to use DtN or NtD maps to recover the
coefficients o. In other words, we almost have the whole information of the media by
knowing the DtN or NtD maps.

The DtN or NtD maps are also useful in developing efficient numerical methods.
For example, in the nonoverlapping domain decomposition methods, they are used to
be preconditioners for the equations on the interface.

In this thesis, we focus on approximation of the DtN map for the high contrast
two phase composites. In other words, we are going to approximate the energy for
this problem with any boundary conditions, including boundary conditions without
or with oscillations. We will show that there will be three important parts in the
approximation for the energy. The first part comes from the network effect, which is
studied in previous work, for example Borcea et. al. [7]. The second part comes from
the tangential flux effect, this effect will always be there with or without inclusions.
However it is relatively small for boundary condition without that much oscillation,
and it is ignored in previous work. The third part is the resonance effect, which exists

also because of the inclusions and the oscillation of the boundary conditions. We will



see that it will be small when the boundary condition almost has no oscillation or
has only very high oscillation.

Here is the outline of this thesis. In chapter 2, we will give the mathematical
formulation for our problem and present the mainly results. We will discuss some
interesting properties of the discrete resistor network. In chapter 3, we will split the
problem into two parts, which are problems in the area close to and far from the
boundary. Also we will use the existing results for approximation of energy inside
the domain. In chapter 4, we will carefully analyze the problems in the area close
to the boundary such that our method will take care of any oscillation boundary
conditions. In chapter 5, we will summarize what we did in this thesis and make
proposal about how to apply our approximation for the DtN map to develop efficient

numerical methods.



Chapter 2

Mathematical formulation and

results

In this chapter, we will first give the mathematical formulation of the problem in infi-
nite high contrast composites. Then we will review some results on discrete network
approximation. Later we will discuss two basic problems and the resistor networks

related to our problems. At last, we will present our results in section 2.5.

2.1 Formulation of the problem

2.1.1 The infinite high contrast problem

Infinite high contrast composites are media embedded with perfect conducting inclu-

sions. For problems in infinite high contrast media, the equation (1.1) with boundary



condition (1.2) will have the following form

Au =0, in O
u = U, on 0D;,i €S

/ Ou _y, for alli € S
o

(2.1)

u =1, on 0D

where D is the disk with radius L = O(1) in IR? and v € H'/?(dD) is the Dirichlet
boundary condition. D; are identical disk inclusions inside the domain which stand
for the perfect conducting inclusions, and 2 = D\ UjesD; is the domain where the
material is not so well conducting. n is the outside normal to the boundary 0D;.

S is an index set for all the inclusions in the domain D, with |S| = N. The
inclusions are densely spaced but not touching each other, and they do not touch the
boundary 0D either. Let Sg be the index set for the inclusions which are very close to
the boundary, with |Sg| = Np. S = & \ Sp is the index set for inclusions inside the
domain, with |S;| = N;. Without loss of generality, we first number those inclusions,
which are close to the boundary 0D, counterclockwise. Thus the inclusions neighbor
0D are Dy, Dy, -+, Dy,. See figure 2.1 for example.

The solution of the problem (2.1) is the couple (u,U), where u is the potential
in Q. And U = (Uy,Us, -+ ,Uy) are the potentials on the inclusions, we don’t know
them before solving the problem (2.1). Sometimes we will say u is the solution of the
problem (2.1) without mention .

From the appendix A.1, we see that the problem (2.1) is the Euler-Lagrange

equation for the following minimization problem of the energy

1
&) =min3 [ V6P 2.2)



Figure 2.1: The domain with densely packed inclusions.

with the trial space
V={¢c H(Q): ¢|op = ¥ and ¢|yp, = constant ,Vi € S} (2.3)

E(1) is the energy in the domain € of the problem (2.1) with boundary condition ).

Also the minimizer of (2.2) satisfies the problem (2.1), which means

ew) =3 | vl (2.4

when (u,U) is the solution of the problem (2.1).
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2.1.2 The Dirichlet to Neumann map

Our main purpose of this thesis is to approximate the DtN map of the problem (2.1),
which is defined by

(2.5)

where u is the solution of the problem (2.1), and n is the outside normal to the
boundary 0D.
If ¢ € H%(aD) is the potential at the boundary, then Ay = 0% € H*%(ﬁD) is

the current flux at the boundary. We can define the following duality pairing

(¥, M) = . P(AY)ds. (2.6)

From the definition we can see that the DtN map A is self-adjoint and positive semidef-
inite, also see [24].

When (u,U) is the solution for (2.1), we have

ou u du
A = A)ds = — = o ' o
. h) = | wlawds /QD%n o an ;”’/m@n

:/|Vu]2+/uAu:/|Vu|2 (2.7)
0 Q 0

= 2E(¢)

where £(1) is the energy defined in (2.2).
In other words, if we can approximate the energy £(1) of the problem (2.1) with
any given boundary condition ¢, we can approximate the DtN map A for this problem.

For any constant boundary condition ¢, the solution for the problem (2.1) is the
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constant. It means the constant functions are in the null space of the DtN map A.

We can add the constraint

. Yds = 0, (2.8)

to the boundary condition v, which can deduce the null space of the DtN map A.

2.1.3 General high contrast problems

In this thesis, we will focus on the approximation of the DtN map for problems in
infinite high contrast composites, but our approximation method will also work for

problems in general high contrast composites

V- (0.Vu) =0, in D

(2.9)
Ue = 1P, on 0D
where ¥ € H 2 (0D) is the Dirichlet boundary condition as before and
1/e, in D;,Vi e S
O = (2.10)
1 in

where € > 0 is a small positive parameter which reflects the contrast of coefficients.

For this problem we can also define the energy with boundary condition 1) as

1

ge(d}) = 5\/DO-€|VUE|2

where u, is the solution of the problem (2.9).

Suppose the problems (2.1) and (2.9) have the same boundary condition ¢ on the
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boundary 0D, and let £(v), E() denote the energy of these two problem separately.
Bao,Li and Yin [2] gave the following approximation between the energy for general

high and infinite high contrast problems

Ec() = E(¢) + O(e). (2.11)

In order to approximate the energy for a high contrast problem, we can approximate
the energy for an infinite high contrast problem first.

Gorb found a first order corrector F and proved that

E() = E(Y) + eF () + ofe). (2.12)

Also, she can improve this result into any higher order.
Calo, Efendiev and Galvis[12] proved the asymptotic expansion for the solution

of high contrast problems to any order

Ue = Ug + €Uy + €Uy + -+ - . (2.13)

Actually, if we extend the solution (u,U) of (2.1) to the whole domain D by the
constant U; in each D;, then we will have a solution ug in the whole domain D. Bao,
Li and Yin [2] proved that as € goes to 0, the solution wu, for the problem (2.9) is
weakly converged to ug in H'(D).

We can do similar approximation of the DtN map in any simple connected domain
in IR? other then the disk, because any such domain can be mapped uniformly into
an disk.

The inclusions can also have more general shapes other then small disks. Specially,

they can be disks with different radii, which are in the same scale.
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The coefficients can have more general form like

o(z) = oo(x) (1 + (1) — 1)XDZ.(:L-)> , (2.14)
icS
where o¢(x) is a smooth function and xp, is the characteristic function. ¢;(i € S) are

small positive constants and they are not necessary to be the same.

2.2 The discrete resistor network approximation

Generally speaking, the discrete network approximation is a method to approximate
some properties of the high contrast [7, 8] or infinite contrast [4, 5, 22] media by
related properties of a discrete resistor network.

In this section, we will first review some definition and results about resistor
network. Then we will give some simple examples of approximation in high contrast
problems. At last we will show how to produce a resistor network from a high contrast

composite.

2.2.1 The discrete resistor network

In this section, most definition and results are due to Curtis et. al. [14, 16, 15]. They
summarized most results in the book [17].

Since we are discussing problems in two dimensions, we will only talk about planar
networks in this section. A graph with boundary G = (V, Vg, E) is a triple, where V'
denotes the set of all the nodes and Vg C V denotes the set of nodes on the boundary.
E C V x V denotes the set of edges. A planar graph is a graph G with boundary,
which can be embedded into a disk in the plane such that the boundary nodes can

be located at the boundary of the disk and other nodes can be located in the interior
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of the disk.

A resistor network is a pair (G, ), where v : E — IRT is function that associates
each edge e;; € E of the graph G a positive conductance v(e;;) = 0;;. Here o;; is the
effective conductance for each edge in E. When we are going to use a resistor network
to simulate the continuous high contrast media, we will show how to construct the
discrete network and give explicit formulas for these o;;.

The Kirchhoff matrix K of the resistor network (G,~) is defined by

;

0, eij ¢ E

Kij =\ —0yj, €ij € E (215)

\Zk;&igik’ J=1

The Kirchhoff matrix is symmetric and has all row sum zero. If it is necessary, we

can write the matrix into the following blockwise form

KII KIB
K =

KBI KBB

where I is the index set for interior nodes which belong to V'\ Vg, and B is the index
set for boundary nodes in V3.

Suppose there are N; interior nodes and N boundary nodes. Let U; € RN
be the potentials on all interior nodes, J = (J1,Ja," -+, Iny). € RYs and U =
(U, Uy, -+ Un,)T € IRN? be excitation currents and potentials on the boundary

nodes. Where 7 also satisfies the condition
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From the Kirchhoff law, we will have

K Kig| |Ur 0
= (2.16)

Kpr Kgp U J

The discrete DtN map AP : IRN2 — IRV® for the discrete resistor network is defined

by
J =AU, YUecR'e (2.17)

The DtN map AP is a Ng x Np symmetric, positive and semidefinite matrix. The
null space of AP is the constant vectors. We can compute the DtN map from the

Kirchhoff matrix
AP = Kpp — Kpi K K. (2.18)

Which means we will know the DtN map when we have the resistor network.

The energy of the discrete network with boundary potential U/ is defined by

I
EP(U) = 5 fin, ot — t;)? (2.19)
e,-jEE

with

VP ={T € RN""N5 . t; = constant (i € S;) and t; = U;(i € Sp)}

It is proved in [7] that the minimizer of (2.19) will satisfy the equation (2.16), and

we will have the following equality

1
EP(U) = 5L{TADM. (2.20)
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2.2.2 Extension of the discrete resistor network

In this section, we will discuss the relationship between the discrete DtN maps when
we extend a resistor network to another one by some special way. The results in
this section will be useful to simplify our final results for the approximation of the
continuous DtN map.

Suppose there is a resistor network (Gi,v;1), which has N; interior nodes with
index set §; and Np boundary nodes with index set Sp = {1,2,---, Ng}. When
e;j € Ei, suppose 7(e;;) = oy5. In this network, e;; ¢ E; when i,j € Sp. See
Figure 2.2(a).

Then we connect the neighbors of the boundary nodes to get a graph G5, and
extend the function v; to 7, such that it has definition on the new edges. Suppose
that y2(e;;) = 0;; when e;; € E5 \ Ej, and it has the same definition as 7, on edges
belong to F;. See Figure 2.2(b).

After that, we add Np more nodes into the graph G5, which become the new
boundary nodes with index set Spr = {1’,2',--- , N;}. We add the new edges between
the node i € Sg and i € Sp. We can also extend the function 7, to 3, such that it
has definition on the new edges. Suppose v3(e;) = 0y, (i € Sp), and it has the same

definition as -, on edges belong to Es. See Figure 2.2(c).

(a) (b) (c)

Figure 2.2: (a) The first network Gy, (b) The second network G, (c) The third network Gs.

Now suppose that the Kirchhoff matrix related to these three resistor networks
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are K1, Ky, € RWrtNe)x(Ni4+Np) and K3 € RWi+2Ns)x(Ni+2N5) - Quppose the DtN
maps related to these three resistor networks are AP AP AD € RNe*N5,

Here are two useful propositions to simplify our result later in this thesis.

Proposition 2.2.1. For a given vector U € IR™?, we have

UTAPU =UTAPU + Y oyt — Uy)*.

€ij EEQ\El

Proof. Denote a new matrix H € IRV5*Ne as following

(

0, i#jandeij¢E2\E1

Hij = —0ij, 7 #] and €ij € EQ \ E1

\Z}ngaika J=1

Then we only need to prove

A =AY +H.

From the discussion in the last section, we can write K into the blockwise form as

KII KIB
Kl -

KBI KBB

From the formula (2.18), we have

AP = Kpp — Kpi K K
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From the struct of our resistor network, the matrix K, will have the following form

Then
AY = (Kpp+ H) — KpiK; ' Kip = AP + H.

O
Proposition 2.2.2. For a given vector ¥ € IRN?, we have
UIAPW = min SUTADU+ D ot — 0;)7 5 (2.21)
UERNB €SB

Proof. Denote the diagonal matrix G € RV2*VNe a5
G = diag{o1,09, -, 0.}

Notice that AP and G are both symmetric and AP only has one zero eigenvalue. It
is easy to prove that A + G is a symmetric positive definite matrix.

We can write the right hand side of (2.21) as

min {UT (A +G)U —2U" GV + V"GU},
UERNB

which has minimizer U* = (AP + G)"'G¥ and then

min {UT(A) + G)U —2U"GU + V'GU} =V (G - GAY +G)'G)¥

UcRNB
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Then we need to prove
A =G -GN +6)'G. (2.22)
Suppose now we write Ky into the blockwise form as

K Kip
Ky =
Kpr Kpp

From the formula (2.18), we have
A) = Kpp — KBIKI_IIK[B

From the struct of our resistor network, the matrix K3 will have the following form

Then

1
KII K]B _G
A?=G—% 44
Kpr Kpp+G 0
(2.23)

=G -G(Kpp+G— KpK;' K1) 'G

—G-GA + 3G

This proved (2.22). O



20

2.3 Some basic problems

2.3.1 The two disks problem

An interesting problem is to approximate the effective conductivity for periodic square
lattices of disks, which is first discussed by Keller [20]. Keller derived the asymptotic
formula of effective conductivity for a periodic spaced perfectly conducting disks
embedded in an insulating background.

The mainly idea is that the current flux will only be strong in the area between
closed space inclusions. When there are two perfectly conducting disks D;, D; embed-
ded in the insulting background, there will be a neck II;; between these two disks,see
Figure 2.3. The flux will be strong in the neck II;;. It is strong in the horizontal

direction and it is almost linear.

<Y

X

Figure 2.3: The neck II;; between D;, D;

Suppose the centers of these two disks are located at O; = (0,¢) and O; = (0, —c),

see Figure 2.3. The radius of the two disks are R;, R;, and the distance between

them is d;;. We denote the up and bottom boundaries of the neck as 81‘[3;, which are
parallel to the line O;0;. The neck widths Sif are the distances from 01’[;5. to the line

0,0 respectively.
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Suppose the potentials are U;,U; on these two disks, separately. Then the partial

differential equation yields this problem is

Au = O, in Hij
u = Z/{Z on 8DZ N 8H”
(2.24)
u=1U, on 0D; N O1L;
ou "
o 0, on Il

When u is the solution of the above equation, the energy in this neck is

_ 1 2
gHij - 2/1'[ ’vu|

ij

From the appendix A.1, we see that

with

Vnij = {¢ € Hl(H”) : ¢|8D,~r16H¢j = uz and ¢’6Djmanij = uj}

Any trial function in Viy,; will give us a upper bound for &y,

For the lower bound, we need to use the Legendre transformation, see A.3,

. . 1 .
8Hij:.max uz/ J'n+uj/ J'n__/ \JP )
JEWHij aDmBHij 8D]-r18H1-]- 2 1I;;

with

Wi, ={je L2(I;) : V-j=0and j-n|yg= = 0}.
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Here V - j = 0 is defined in the weak sense for j € L*(IL;;).
Following the discussion in [4, 5], we will construct special trial functions like

U — U,

B () ) (2.25)

oo Y g L
¢ = 5(1/{1 +uj) + h'ij<x) (uz Z/{]) and j = <Oa

where h;(x) = 6+ (R; — /R — %) + (R; — 4 [ R? — 2?) is the distance between the
left and right boundaries of the neck at height x.

For these two trial functions in (2.25), the upper and lower bounds given by the
two variational formulas are very close. They only have O(1) gap, which is relatively

small comparing to the energy

R
&n,; = O0(y/57) > 0Q1)
)

which we will see in (2.29).
Then the energy in the neck II;; is approximated by the upper or lower bound,

which will end up with the following integration

1[5 d 1 % d
e, =3 [ M-t o) = se-up2 [ o)
2 J s hij(x) 2 -5 hij () (2.26)

1
= QU?J(UZ - Uj)z + 0(1)

where

S+
0 v 1
0. = dx
-

is the effective conductance of the neck II;;.

If we suppose that inclusions are densely spaced d,; < min{R;, R;}, we will have



23

0

an asymptotical approximation for ¢;;, which is

Uz(')j = O'ij + O(l)

where

s 2R1R]

T Vo R Ry

When the two disks have equal radii R, the effective conductance has approximation

Uij

O4j =T —- (227)

This approximation does not depend that much on the width S* of the necks, which
means we have some freedom to choose the width of the necks. In general we can
choose Sf; ~ R/2, such that we can give the above approximation easily. For more
details, see [4, 5].

In our problem, when one of the disk is near the boundary, say D; with radius
R;, suppose the distance between the disk and the boundary 0D is §; now. Then the

approximation effective conductance of this boundary neck will be

2LR;

TR (2.28)

O, =T

Here L is the radius of the disk domain D. In Chapter 4, we will show how to get
this approximation in details.

In the work of Berlyand et. al. [4, 5], the boundary is straight there and they
simulate the boundary as a quasi disk with radius co. Their formula for the effective

conductance of the neck is an extreme situation when L = oo in the equation (2.28),
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which is

2R;
6

g; =T

When we are trying to use a resistor network to simulate a high contrast media,
we will see that o;; and o; will be the conductivity we assigned to a related edge
in the resistor network. They are actually the approximation of the local effective
conductance in a neck shape area in high contrast media.

So we have the following approximation for energy in a single neck

En,, = 03 (Us — Us)* + O(1) = 03 (Us — Uy)*[1 + 0(\/%)] (2.29)

which has the framework like the formula in (2.19). This formula actually separates
the geometry property and physical property of the problem. Then we can associate
an resistor with effective conductance o;; for this neck. This is the mainly idea for the
approximation of energy in our thesis, but it is much more complicated when there
are more inclusions and oscillation boundary conditions.

In the formula (2.29), we prefer to absorb the error by the leading order term like
we showed in the third term. This is convenient for summation when we have more

necks later.

2.3.2 The problem with oscillation boundary condition

The second problem is an elliptic equation in homogenous media with oscillation
boundary condition. We will see how does the boundary condition influence the

energy of the problem.
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Let’s consider the following Laplace’s equation

Au=10

in the disk
D={(r0):r<L,0<6<2r}

with the boundary condition

u(L,0) = cos kb,

where k reflects the oscillation of the boundary condition.
We consider this problem in the polar coordinate system. The solution of this

problem is

u(r,0) = (r/L)* cos kO

and the flux in radius and tangential directions are

% = E r/L)*1 cos k6,
0 L

r
% = —k(r/L)*sin k6.

Near the boundary, the tangential flux has almost the same important influence as
the radius flux. From the discussion for the first problem in this section, we see that
the neck approximation only consider the flux in one direction, but ignore the flux in
the other direction. Which means we cannot just use a neck to simulate the parts of
the domain near boundary when the boundary condition has highly oscillations.

However, the flux decays like (7/L)*~! when it goes away from the boundary. The
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energy in the whole domain is

1 , km
— - =, 2.
£ Q/Dyvu] 5 (2.30)

The energy in the boundary layer {(r,60) € D : (1 =)L <r < L} is

1 L 27
&= —/ rdr/ do|Vul* = (1 — (1—6)%*) kn

1-5 (2.31)

= (1—(1—-08E~ (2k0)E.
Which means the flux is mainly located in the boundary layer

1
{(r,@)eD:(l—%)LgrgL}

The oscillation of the boundary will not influence too much far from the boundary.
It suggests us to use discrete networks to simulate the parts far from the boundary,
but not in the area near the boundary.

We can also define the Dirichlet to Neumann map for this problem like before, we

denote it as A;. We will have
(coskf, Ay cos k@) = k. (2.32)
The discussion with boundary condition u(L,#) = sin k6 will be similar, we will have

(sinkf, Ay sin k) = k. (2.33)
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It is also very easy to get

(sinkf, Ay cosmb) =0, for all k,m
(cos kB, Ay cosmb) = 0, for all &k #m (2.34)

(sinkf, Ay sinmb) =0, for all k #m

These are result for homogeneous media, which has no inclusions at all. We will see
later that, it always has these parts in related approximation for the DtN map A of
high contrast composites problems. However, the results for A will have some more
parts which are related to the inclusions, and we call it network effect. As discussed in
the first problem of this section, the network effect will be in the order O(\/%) > 1
with an O(1) error. When km = O(1), there will no problem to ignore the effect

because of the boundary oscillation.

2.4 Geometric setup and partition of the domain

In this thesis, we will divide the domain = D \ U;esD; into several subdomains,
such that we can use the discrete network approximation for the parts far from the
boundary and we can do analysis near the boundary such that it will take care of the

oscillation of the boundary condition.

2.4.1 Geometric setup of the problem

First of all, we need to have some assumptions on geometric properties of the domain
in our problems. Remember that the radius of the disk D is L = O(1). We suppose
that the radii of all the inclusions are R < L. The radii of these inclusions are not

necessary to be the same, however it must be in the same scale O(R).
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Later in this section, we will define neighbor inclusions. We say an inclusion
near the boundary 9D is a neighbor of the boundary and we call it a boundary
inclusion. The distance of two neighbor inclusions are the closest distance between
their boundary. What is more, we assume that the distance between any two neighbor
inclusions D;, D; is §;; > 0, and the distance between the boundary inclusions D; and
the boundary 9D is d; > 0. We assume that they are bounded up by some parameter
0, which satisfies § < R.

In the summary, we have three different scales in our problem

< R< L. (2.35)

In generally, we can set the radius of the domain L to be 1. We use L instead of 1
here because we want to make sure that everything in our results is right in the scale

sense.

2.4.2 The partition of the domain

In order to give an exact definition of partition of the domain. We need to draw
another circle D, with radius p = L — R/2. From the assumptions of the scales in

(2.35), we see that 0D, will intersect with any 0D, (i € Sp) twice.

Remark 2.4.1. [t is not necessary for p to be exactly 1 — R/2, it can be 1 — R/C
for any reasonable constant C' > 1. We only need to ensure that the circle 0D, will

intersect with 0D; twice for any i € Sg.

Now we are going to divide the domain N D, into small pieces. The method of
the dividing domains mainly comes from [4, 5, 22|. General speaking, we will divide

an Ep into two parts. They are necks Il which will capture the mainly fluxes inside
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the domain, triangles A where the fluxes are weak and can be neglected.

In order to divide the domain, we first need to construct a discrete network from
the high construct domain. The graph G = (V, Vi, E) for the discrete network comes
from the Delaunay triangulation of the domain D. The vertices V' are centers of
the disk inclusions, Vg are centers of inclusions near the boundary or nodes on the
boundary 0D. The edges F are edges of the Delaunay graph. The dual of Delaunay
triangulation is the Voronoi tessellation, which can be used to define neighbors of the
disks. When two disks share an edge of the Voronoi tessellation, they are neighbors in
the network and there is an edge which connects them in Delaunay graph. A simple

example is showed in Figure 2.4.

(a) (b)

Figure 2.4: Voronoi tessellation and Delaunay graph.

After we have the graph for discrete network, we can divide the domain D into
different parts which are necessary for our discussion later. First we will describe how
to construct triangles in 2N Ep , the left parts in this domain will be necks. There
are two different kinds of triangles in our problem. The first kind of triangles are
located inside the domain €2 N bp. Suppose a vertex O of the Voronoi tessellation
is surrounded by three neighbor disks D;, D;, D, with centers O;, O;, Oy, separately.

When we connect O with O;, O, Oy, there will be one intersection on each circle. We
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use these three intersections as the vertice of the triangle we are going to construct.
We denote this triangle as A;jj, see Figure 2.5(a). Notice that each edge of the
triangle A;;; will parallel to O,;0;, O;0, O,O; respectively.

The second kind of triangles are located near the circle 9D,. Suppose the disks
D;, D; are neighbors and dD;,0D; have intersections with the circle 0D,. We can
draw a straight line paralleled to the line O;0;, and it is as closed to 9D, as possible.
In this way we have a small domain between the line and D, we still call it a triangle

and denote it as A;;, see Figure 2.5(b).

(b)
Figure 2.5: (a) The triangle A;;; between the disks D;, D;, Di. (b) A;; between the dotted circle
0D, and the top solid straight line.

We denote the union of the two kinds of triangles as
A= UAijk’ and AB = U A’ij) (236)
,JESE

The second kind of triangles are useful in the approximation for energy near the
boundary. When the are Np inclusions near the boundary 9D, there are N such

triangles in our problem.
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The other parts in €2 N EP are necks. Each neck is located between neighbor
disks and lies on an edge of the Delaunay graph. We denote the neck between disks
D;, D; as 1I;;. We also divide the necks into two categories, although the methods
for approximation energy in these necks are the same. One kind are necks which are
neighbors of triangles in Apg, there are Ng such necks, we denote the union of them

as

Mp:= | J M, (2.37)

1,JESB

and we denote the union of other necks as

m:=J 1y (2.38)
i¢Sp O j¢Sp

We define the outside boundary layer as
By =Q\D,, (2.39)

which is the domain between 0D, and 0D in €.

We define the boundary layer in our problem as
B = ByUTllzUAp. (2.40)

See Figure 2.6(a) and Figure 2.6(b).

In this way we can divide €2 into three different parts in our problem,

Q=BUIIUA.
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Figure 2.6: (a) The boundary neck in IIg (b) The boundary triangle in Apg

See Figure 2.7(a).

Figure 2.7: (a) The partition of the domain Q. (b) Nodes on the boundary.

The effect of the boundary conditions oscillations will mainly locate in the bound-
ary layer B. We will see the boundary layer B as a whole part in the discussion in
Chapter 3.

In Chapter 4, we are going to discuss the details of the energy in B and we need
to have partition of B. We already have the partition of B showed in (2.40), we also

need some partition of the domain By. Remember that we draw another circle D,
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with radius p = 1 — R/2 to give exact definition before. We can also use this circle to
help us divide By into some subdomains which is useful in the analysis in Chapter 4.

Suppose the Ng inclusions Dy, Dy, - -+, Dy, are very close to the boundary 9D.

B

The center of D; is located at O; = (14, 6;), and the distance from D; to 9D is d;, see
Figure 2.7(b). Then
where L = O(1) is the radius of the disk D. We also have the following assumption

0 <K RK L, foralli=1,2,---,Np (2.42)

This ensures that the circle with radius p will intersect with each 0D;(Vi € Sg) twice.
For a special inclusion D;, by connecting the origin O = (0,0) of the domain D
and the two intersections,there will be two rays from the origin, which are 6 = 0; + «;

under the polar coordinate system, see Figure 2.8(a). Here the angle a; satisfies

r? + p* —2ripcosa; = R (2.43)

which is uniquely determined by the position of the inclusion D;.
For each D;, denote the domain between these two rays and 0D;, 0D as B;, see

Figure 2.8(b). Which is

Bi:{(r>0):L—d(e)<7"<L,(9i—06i<9<9i+04i} (244)
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Figure 2.8: (a) The angles of the partition. (b) The partition of By.

where

d() = L —r;cos( — 0;) — /R2 — (r;sin(f — 6;))? (2.45)

with §; < d(0) < R/2.

For neighbors D; and D; which are both close to the boundary 0D, suppose
9; < 0;. Denote the area between B;, B; and 0D,,0D as B;;, see Figure 2.8(b).
Which is

Bij={(r,0): L—d(®) <r <L +a; <0 <0 —ay} (2.46)

where d(f) = R/2 is a constant here.

The layer By has the following partition

By = (NUi Bi> U (L]J Bz-j> (2.47)



35

2.4.3 The resistor networks related to our problem

In this section, we will associate two resistor networks to our problem. The first one

is useful in the discussion, and the second one is useful for simplifying the results.
The first resistor network is (Go,7y). Here the nodes of Gy are the inclusions

and the edges in GGy are necks in II introduced in Section 2.4. Notice that now the

boundary nodes are centers of the boundary inclusions. For each e;;, we have

70(67;3') = 0O0ij,

where o;; is the approximation for the effective conductivity of the neck II;; € II
introduced in Section 2.3. Suppose the discrete DtN map related to this resistor
network is AY € IRNe*Ne,

The second network (G,~) is an extension of the first network, which has Np
more new boundary nodes and 2N more edges. The new nodes are located on the
boundary 0D of the domain and new edges will represent the necks II;; € IIp and

B; € By with

;

Yolei;), Iy C1I

7(61']') = Oijs Hij C Ilg (248)

O, Bz C Bo.

\

where o0;; is the approximation for the effective conductivity of the neck II;; € Ilp.
o; tis he approximation for the effective conductivity of the neck B; € By, and we
will show how to get this approximation in the analysis of Chapter 4. Suppose the
discrete DtN map related to this resistor network is AP € IRVNs*N5,

In this section, the extension of networks from (Go, ) to (G,7) is the same as
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the extension of the networks from (G, 7)) to (Gs,3) in Section 2.2.2. We have the

following equality from the discussion in Section 2.2.2,

\IJTAD\I/ = min Z/{TAODZ/{ + Z O'ij(ui — Z/{j)Q + Z O'Z(Z/{Z — \111)2 (249)

UcRNB :
€ HijCHB i€Sp

for any given vector U € IRV2. This proposition is useful to simplify our results in

Chapter 4.

2.5 The mainly results

We are going to approximate the DtN map A for the high contrast problem (2.1) in
IR?. Tt only depends on the domain and the conductivities, but not on the boundary

condition. However, in order to approximate it, we need to approximate the energy

&) = 500, M) =3 | v

for any given boundary condition v in (2.1).

The discrete network approximation works for boundary condition without that
much oscillation. It uses piecewise constants to approximate the boundary condition,
see [7]. And it also uses some resistor network to simulate the high contrast media,
which can approximate the energy generated by the flux along some necks, see the
first example in Section 2.3.

From the second example in Section 2.3, the oscillation of the boundary condition
will generate some flux which is not along but vertical to the necks. And it will also
have some contribution on the approximation of energy, which is not considered in

[7] and related papers. However, the oscillation will not have so much influence far
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from the boundary, which means we can still use the discrete network approximation
in the domain far from the boundary.

In our problem, the approximation will have two parts. One part is the discrete
network approximation in the domain far from the boundary. The other part is the
approximation in the boundary layer, which is the domain near the boundary. At the

end, we will combine these two approximation in our results.

2.5.1 Review of existing results

For boundary condition without that much oscillations, Borcea et. al. [7] gave rig-
orous proof for the asymptotic resistor network approximation for a general high
contrast problem. They use Kozlov’s model [21] in continuum high contrast media.
They suppose that the conductivity of the high contrast media have the following

form
o(x) = gpe S™/e, (2.50)

where € > 0 is a small positive parameter which reflects the contrast of the problem.
They can assign a discrete resistor network to a high contrast media according to the
geometric properties of the function S(x), which is actually the function o(x). And
use the DtN map for the discrete resistor network to approximate the DtN map of

the high contrast media. They have the following important results in [7]

Lemma 2.5.1. Consider the asymptotic limit ¢ — 0. For any potential ¥(x) €

H2(09), it has

(¢, AY) =< U, APT > [1 4 o(1)]. (2.51)
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The components of ¥ are given by

where s; denotes the point on OS) that is associated with the boundary node j € Sp.

They are intersection of ridges of maximal conductivity with the boundary.

For the approximation (2.51), the choice of the potentials ¥; = v(s;) does not
take care of the oscillation of the boundary condition. The formular (2.51) may not

be exact when the boundary condition has highly oscillations.

2.5.2 Our approximation with general boundary condition

We are going to approximate the DtN map for the high contrast two phase com-
posites, which is background matrix with low conductivity densely embedded with
high conductivity inclusions. It is a different model from the Kozlov’s model for high
contrast media in [21]. However, our methods of analysis can be easily modified to
problems with Kozlov’s model.

When the boundary condition has different oscillation rate, the solution for the
problem (2.1) will have very different performance. This motivates us to use different
methods to approximate the energy for different kinds of boundary conditions. When
the domain is a disk, the boundary condition ¢ (0) is defined on [0, 27).

We always suppose that the media is grounded and consider the boundary condi-
tion with finite Fourier modes
K
P(0) = Z (af, cos kO + aj, sin k@) . (2.53)

k=1

It is important to discuss the problem with boundary condition which only has
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a single Fourier mode. In this thesis, we are going to state the idea of our method
by approximating (cos k6, A cos k@) for arbitrary positive integer £ . Then we are
going to generalize the results to problem with general boundary condition in (2.53)
without proof details because the idea will be very similar.

Before we present the main results, we will give some definitions without expla-

nation here.

Ue = (cos kby, cos kb, - - -, coskOy,,)

(2.54)
U7 = (sin kb, sin kby, - - - ,sin kfy,,)
with 6; showed in Figure 2.8.
Sy = diag{Sk1, Sk2, - - - , Sknp } is the decay matrix with
2R V2R0;
Ski = —ky|——m—| =~ —k . 2.55
: exp[ | e | (2.59
Ri = (Re1, Rya, - - - ,RkNB)T is the resonance vector with

) oo

} (2.56)

zﬁ{1—exp[ 2k:‘/_5]}

with o; defined in (2.28).
Notice that, in the approximation of above formulas we only keep the leading

order. Here is our main result for a general boundary condition.

Theorem 2.5.2. For a general boundary condition showed in (2.53), we have

W, Ay = (¥, Mp) + T () "APW () + 2R (1)) [L + o(1))]. (2.57)
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Where V(1)) is the boundary potential vector

W) = D Se(ap ¥y + ap¥3)

I

and R() is the resonance term

K
R($) = D Rinm - {(a5as, + a3a3,)Sje—m Vi, + (4305, — a5a3,) Sk Wi}

k,m=1
where k A m := min{k, m}.

Here is the explanation for our results. The first term is the energy in the reference
medium with constant conductance one. The second term is the energy related to a
resistor network. The resistor network only depends on the physical properties of the
medium but not on the boundary condition. However, the excited potential vector
depends on the boundary condition, and it has a exponential damping factor before
Fourier modes with different frequencies. The third term is the anomalous energy
due to oscillations of the boundary conditions. It only has contribution to leading

order in a special regime, and we call it the resonance.



Chapter 3

Separation of the problem

In this chapter, we will first show that the perforated energy &,(1) is a good approxi-
mation of the energy £(¢) for an infinite high contrast problem. Then we will divide
the perforated energy &,(1) into two parts. One part is the energy inside the domain,
which is studied before and we will present the results directly. The other part is the

energy in the boundary layer, we will discuss it in details in the next chapter.

3.1 Variational principles and perforated domain

3.1.1 The primal and dual problems

From the appendix A.1, we see that to solve the problem (2.1) is equivalent to solve

the following minimization problem

() = 2 min / VP, (3.1)

2 eV

41
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with the trial function space
V={¢pc H(Q): ¢lop = ¥, ¢|ap, = constant ,Vi € S}. (3.2)

In general, we are trying to approximate the energy £(¢) for any given boundary
condition ¥. From the formulation (3.1), any function in the trial space V will give
E(y) an upper bound.

From the appendix appendix A.3, we can do a Legendre transformation to get the

dual of the problem (3.1),

e = [ win- g [, 33

with the trial space

W:{jeLQ(Q):V-jzo,/ jon=0ViecS) (3.4)
oD;

The flux j in W need not to be continuous, and the derivative of j is in weak sense.
Any trial function in W will give £(¢) a lower bound.
In order to find trial functions to satisfy the first condition in W, we are not going

to construct a divergence free function directly, but we let
j=V'H,

for some function H € H'(Q). Then it will be divergence free automatically.

However, it is difficult to construct a trial function in W which satisfies the con-
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servation condition

/ jn=0 for alli € S.
oD;

We will see later that when the boundary condition has highly oscillation, the way
to construct the trial functions near the boundary is different from the way in the
inside necks. It is even more difficult to construct j there to satisfy the conservation
condition.

We need some other methods to approximate the energy £(v) for the problem
(2.1). The perforated medium approach introduced by Berlyand, Gorb and Novikov

in [3, 22] will work very well here.

3.1.2 The perforated domain

In our problem, we set the perforated domain as
Q,=BUIl=Q\A,

which does not include those triangles and it is a subdomain of €2, see Figure 3.1.
The idea is that the fluxes in the triangles A is small and the energy in A is also
small in the original problem (3.1). We will see that Ep(1) defined below in (3.5) is
a good approximation for the energy £(¢) in (3.1).
We can define the perforated energy in the domain €2, as

£,(4) = ~ min / VP, (3.5)

2 ¢V,
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Figure 3.1: The perforated domain

where the trial space is smilar like (3.2)

V, ={¢ € H(,) : ¢loap = 1, ¢|ap, = constant ,Vi € S}, (3.6)

This is a similar but a different minimization problem from (3.1). It is minimization
problem defined in a smaller domain (2.

In order to do analysis to the new problem (3.5), let us see the related differential
equations first. From the appendix A.1, we see that minimizing &£,(¢)) over V, leads

to the following Euler-Lagrange equations:

Au =0, in €2,

u=t;, on 0D;,Vi € §
ou
— =0, foralli e S 3.7
ap, On (87)
% =0, on 0A

u =1, on 0D
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From the appendix A.2, the above equation has an unique solution. We would like
to write the solution of this problem as (u,U,T), where U € IR™" is the vector for
potentials on the boundary inclusions and 7 € IR™ is the vector for potentials on

the inside inclusions.

3.2 The lower and upper bounds for £(1))

In this section, we will first show that the energy &£,(¢) defined in (3.5) is a lower
bound for the energy £(1)) defined in (3.1). Then we will show that &,(%) is also a

tight lower bound, hence it is a good approximation for the energy £(1)).

3.2.1 The lower bound

Because €1p is a subdomain of €2, we will have the following result

Lemma 3.2.1 (The lower bound).

£w) = ymip [ 1V0F < g | 1V0f = £(0). 35)

PeV,

Proof. Suppose u is the solution of the minimization problem (3.1). Because (2, is a

subset of 2, u|q, is a trial function in V},. Then

_ = 2 2 1 2
v) = 5 mip / VP < / v < ; / Vul? = £(). (3.9)

This means &,(¢) is a lower bound for £(¢) for any given boundary condition ¢. [
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3.2.2 The upper bound

Next we will find an upper bound for £(¢) in (3.1). In Chapter 4, we will prove that

there is a trial function ¢, € V), such that

3 . 1960 = &0+ 00/ ) (3.10)

Also from Chapter 4, we will see that the energy £,(¢) will be singular when the

boundary condition 1) is not a constant

) =00 B > 1,

where R is the radius of the inclusions and ¢ is the distance between neighbor inclu-
sions which satisfies the assumption (2.35).

We are going to extend ¢, from €2, to 2, such that the extended function

Op, in €2,

¢A in A

belongs to the trial space V' in (3.2) and it will give us an upper bound for £(1)).
We need the following Kirszbraun’s theorem (see [19, 23]) to extend the trial

function from the perforated domain €2, to the whole domain (2.

Lemma 3.2.2 (Kirszbraun’s theorem). If A;B C IR™ and f : A — IR™ is Lips-

chitzian, then f has a Lipschitzian extension F': AUB — IR™ with Lip(F) = Lip(f).

From the Lemma A.4.1, in order to make sure that the extend function ¢ belongs
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to H*(2), we need to ensure that

[700p — Y0Palloa = 0. (3.11)

However, our trial function ¢, will be continuous in each subdomain (II;; or B) of €2,,.
The Lemma 3.2.2 says that the extended function ¢ will be Lipschitzian continuous.
It will be continuous across JA, so it satisfies the continuity condition in (3.11). A
Lipschitzian function is differentiable almost everywhere, which means ¢ will belong
to H'(A). So the extended function ¢ will belong to H*(£2) automatically by applying
the Lemma 3.2.2.

Another property of the extended function ¢ from the Lemma 3.2.2 is that it will

keep the Lipschitzian constant. In other words,

[Voal < Csup [Vay|.

TE€Qy

But this bound is not so useful for us because |V¢,| will blow up in some place in
2,. However, we can use the value of |V¢,| near the boundary dA to bound |Veal,

actually
Véal < C sup [V, (3.12)
x—0A

Suppose the triangle is A;;;, whose vertices are located on the boundary of
D;, D;, Dy, respectively. It is surrounded by three necks II;;, IT;; and II;;. Suppose the
potentials on the three neighbor disks are t;, ¢;, ; respectively. From the construction

of the trial function ¢, in Section 3.4, we will see that there will be a constant C
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which will not depend on R or ¢ such that
CL
‘V¢p‘ < ?max(|tl—tjl,|tz—tk],|t] —tk|) asw—)@Aijk (313)
Then the trial function ¢ satisfies

Vo

CL
Ao < g max ([t =ty [t — tl, [t; — tel)

and we will have

1 CL
5/ Vo|? < (7)2 max (|tz - tj|2, It — ti]?, |t; — tk|2) area(A;jx)
L (3.14)
< Cmax ([t; — ;% [t — el [t; — te]?)

where the constant C' does not depend on R, .

From the formula (2.27), we see that

L 2 _ o6 By — 1,2
5, 19O =00 ol

It is similar in the necks IT;; and II;.

What we have is

1 ) 1 1 1
§/A ’V¢|2:O(\/;)max{§/mj |v¢|27§/njk |v¢|27§/w |v¢|z}. (3.15)

where ¢ is the upper bound for all ¢;;. It means the integration of the trial function

ijk

¢ in A will be small compared to the integration of ¢ in the necks II.
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Hence we have

3 [ 9o =5 [ ver=g [ iwer e [ 1ver
-3/ p|v9zsp|2[1+0<\/§>}—£p<w> 1+0<\/%>r (3.10)
—gw+o/ D)

from (3.10). It means we find a trial function ¢ € V' and it will give an upper bound

for (1)

/|v¢\2<5 o +0(\F>] (3.17)

In the summary, we have

Lemma 3.2.3 (The upper bound).

E,(4) < E(¥) < &)1+ 0(@)1, a5 2 0 (3.18)

for any given boundary condition 1.

So &,(¥) is a good approximation for £(¢) with any boundary condition ¢. In
order to approximate £(1), it is enough to approximate £,(¢). In the next section,
we will show how to separare the minimization problem (3.5) into a two lever mini-

mization problem.

Remark 3.2.4. An alternative way to prove that £,(¢) is a good approximation for
E() is to extend the solution u, of (3.7) from Q, to Q directly. However, we need
to discuss the properties of w, near OA in Q,. It is not obvious for u, to have the

property as ¢, has in (3.13).
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3.3 Separation of the perforated energy &,(v)

We the boundary condition v of the problem (3.5) has highly oscillation, there will be
tangential flux in the boundary layer. However, the oscillation of boundary condition
will not influence too much on the flux far from the boundary. The idea is to separare
the energy &,(1) into two parts, which are the energy inside the domain and the
energy near the boundary. We will use different methods to approximate the energies
in these two different parts.

Notice that the boundary layer B and the union of necks II are disjoint, we can

separate the minimization problem (3.5) into two parts like following

Lemma 3.3.1 (The first iterative minimization lemma).

(3.19)

= min (— min /| ¢|2+— min /|ng§|2)
2 ¢eVpU PEVI(U)

where

VeU) ={¢ € H'(B) : ¢lap = ¢, dlop, = Ui, Vi € Sp}.

VaU) = {¢ € H'(II) : ¢|sp, = constant ,Vi € Sy, d|lap, = Ui, Vi € Sp}.

and U € IRN® is a vector for potentials on inclusions which are adjacent to the
boundary 0D. Sg and Sy are index sets for inclusions near the boundary and inside

the domain, respectively.

Proof. Define the energy in all the inner necks II with U given as

En(U) == min /|ng>|2 (3.20)

1
2 peVi ()
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where & depends on the vector .

Minimizing En(U) over Vi leads to the following Euler-Lagrange equations:

Au =0, in IT

u=t;, on 0D;,Vi € S§;
ou
—=0,VieS 3.21
/aDi on I ( )
u=U; on 0D;,Vi € Sp
ou

— =0, on JII N OA
on

Also we can write the solution of the problem (3.21) as (u, T), where 7 € IRM is the

vector of potentials on the inside disks.

We can also define the erengy in the boundary layer B with ¢) and U given as

ealv.t) = 5 min [ VP (3.22)
B

»eVp(U)

Minimizing Eg(¢,U) over Vg leads to the following Euler-Lagrange equations:

Au =0, in B
u=U; on aDl,Vl € Sy
(3.23)
u =1, on 0D

%:0, on 0B NOA
on

Now suppose (u*,U*,T*) is the unique solution of the problem (3.7), it is the

minimizer of £,(¢) over V,. We have

&) =5 [ IvuP (3.24)
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Because both the problem (3.21) and (3.23) have unique solutions with given bound-
ary conditions, see proof in appendix A.2. Then u*|p is the unique solution for the
problem (3.23) with boundary conditions ¢ and U*, and (u*|y, 7*) is the unique

solution for the problem (3.21) with boundary condition &/*. We have

an (Es(,U) + En(Ud))

< Ep(yY,U*) + En(U)

—5 [ 1vwr / vl 3.2
e

:51) ¥)

On the other hand, for any given vector U, suppose the solution of (3.21) is
(ufp, T°) with uf; € Vin(U), and the solution of (3.23) is ul; € Vp(U). We can define

a trial function v in V}, such that

Up, in B

Ugys in II

v = (3.26)
75, on dD;(i € ),

U;, on E)Dz(z € SB)

\

v € HY(Q,) is obvious because II and B do not share any interface. So we have

veV,.
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Then we will have

2
_Eélv?, /I o]
1
/ Vol?
(3.27)

=5 [ 1w+ 5 [ 196

= 5B(¢,Z/{) -+ EH(Z/{)

And this is true for arbitrary vector U, so we have

£() < min (En(Y,U) + En))

Then we proved
E(1) = min (Ep(4,U) + En(U)) (3.28)

]

Remark 3.3.2. The left and right hand sides of (3.28) are two equivalent minimiza-
tion problem. On the right hand side, if we combine the minimizers of the two first
lever minimization problems (3.22) and (3.20) with the minimizer U* of the second
lever minimization problem, we will get the minimizer of the problem (3.1) on the left

hand side. Hence it will satisfies the conservation law on the boundary disks

ou

=0,VieS
aD; on N

which are not appeared in the Euler-Lagrange equations (3.23) and (3.21).

Remark 3.3.3. From the mazximum principle Lemma A.2.2, the entries of the poten-
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tial vector U on the boundary inclusions cannot be arbitrary, it will be bounded from

above and below by the mazimum and minimum values of boundary condition .

Now we have separated the problem (3.5) into two problems, (3.20) and (3.22).
The two problems are in two disconnected domains, Il and B. The energies of the
two problems both depends on &. We can first approximate En(U) and Ex(1,U) by
some formulas of &. Then solve the second step minimization problem over U, which
is a discrete optimization problem.

we need to approximate En(U) and Ep(¢,U) for any given vector U. In the next
section, we will use the discrete network approximation to estimate & (i), which will
only depends on ¢ but not on the boundary condition ¥. And in Chapter 4, we will
use variational principles to approximate Eg (1, U), which will depends on U and the

boundary condition ).

3.4 Approximation in necks

We will use discrete network approximation to estimate Er(U). Borcea et al [8, 6, 7]
gave very rigorous proof for this approximation for general high contrast problems.
Berlyand et al [4, 5] discussed the densely packed composites problems very care-
fully. Novikov [22] discussed the nonlinear case for the high contrast problems and
introduced the perforated medium approach there.

The problem (3.20) is defined on a collection of necks, and these necks are sepa-
rated by disks and triangles. We can use the discrete network approximation for this
problem.

From Novikov [22], we have the following iterative minimization lemma. We call

it the second iterative minimization lemma here.



Lemma 3.4.1 (The second iterative minimization Lemma).

’L 7

EnUU) = —mln Vo 2 min &
smin [ [VoF = min > e,

where T = (ty,ty,--- )T is a vector for potentials on all the inclusions and

VP(U) = {T € RN*N5 : t; = constant (i € S;) and t; = U;(i € Sp)}.

The definition for energy in each neck 11;; is

with

1 1
VH” ={¢¢ Hl(Hij) : ¢lap, = §7¢‘8Dj - _5}

95

(3.29)

(3.30)

(3.31)

(3.32)

This lemma separates the minimization problem (3.20) into a two lever mini-

mization problem. The first lever is the minimization problems (3.31), and we have

approximation to &yy,; in Section 2.3, which only depends on the geometric property

of the necks. The second lever is a discrete minimization problem and it can be solved

very easily.

We will have the following asymptotic approximation

(3.33)
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where 0;; is an approximation for the effective conductance of the neck II;;.

Define the following approximation energy

YU = min ZJZ]H (3.34)

1
2 TeVP ()

The right hand side of (3.34) is a minimization problem of a quadratic form with o;;
given. We can associate this minimization problem with a discrete resistor network
(Go,Y0) introduced in Section 2.4.3.

From Section 2.2, we have
1 1
EYU) == mi alti — 4)? = U ASU 3.35
h) QTEIE)}JI;M)ZUJI i1 = U (3.35)

where AP is the DtN map of the discrete resistor network associate with the high
contrast composite introduced in Section 2.4.3.

Then we have the following approximation for the energy in all the necks 11

En(l) = %MTA(?Z/{[l + 0(\/%)]. (3.36)

with given potentials & on the boundary inclusions.



Chapter 4

Analysis in boundary layer

We also need to approximate Eg(1), U) near the boundary. Here let’s state the problem

again. For a given vector U and the boundary condition v». We want to approximate

.
eatv.t) =5 min [ Vol (4.1)

with
Ve(U) = {¢ € H'(B) : ¢lap = ¥, dlop, = Ui,i € Sp}. (4.2)

We are going to prove that we can also have an quadratic form of U for the approxi-
mation of E5(1,U). However, the coefficients for the quadratic form here will depend
on the boundary condition v now.

From the appendix A.1, the minimizer of the problem (4.1) is the solution of the

57



o8

following Euler-Lagrange equations

Au =0, in B
u=U; on 0BNoD;, Vi € Sp
ou (4.3)

— =0, on 0B NOA

u = 1. on 0D

In order to get the lower bound, we need to do a Legendre transformation (see

appendix A.3)

. . 1 .
gB<¢7u)—%%§{ 8D¢J-n+ Zu/a J'n—§/Q|J|2}> (4.4)

i€Sp D;NOB

with the space
Wp={j€eL*B):V-j=0,j nloproa = 0} (4.5)

where the derivative of j is in weak sense. Also we only need j € L?(B), which means

we can construct j from parts by parts.

Remark 4.0.2. In order to make sure the condition j-n|gpnoa = 0 satisfies, we have
to put some necks Ilg into the domain B. It is easy to construct j in necks Ilg such
that this condition satisfies. But it is complicated to construct j in By to satisfy this

condition. That is why we put some necks Ilg into the boundary layer B.

In order to present our ideas, we will discuss the situation when the boundary
consition is cos kf and approximate Eg(cos kf,U) in the following several sections.

Later we will discuss how to approximate Eg(¢,U) with a general boundary condition

.
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4.1 The upper and lower bounds for Ez(cos kb, U)

In this section, we will first discuss how to construct trial functions for upper and
lowers bounds for Eg(cos kf,U). We need to construct the trial functions separately
in [1g, Ag and By. Then we will prove that the upper and lower bound are very close
under our construction, which means we can use either the upper or the lower bound

as an approximation for Eg(cos kO, U).

4.1.1 The upper bound for Ez(cos kO, U)

For the upper bound, we need to construct a function in H'(B) and satisfies con-
straints in (4.2). From the Lemma A.4.1, we see that in order to construct a trial
function piece by piece such that the function still belongs to H*(B), we only need
the functions of different pieces match each other on the interface in L? sense. Now

we are going to construct the trial functions for the upper bound piece by piece.

Construction in Il

For a neck showed in Figure 2.3, the flux will be strong in the horizontal direction,
but weak in the vertical direction. We construct the trial functions in the necks II;;
for the upper bound like what we did in Section 2.3

hij(z) hij(z)
)

),z € (=5;;,55) (4.6)

R

1 Yy
o(x,y) = 5(% +U;) + W(Ui —U;),Vy € (—

Under this construction, the trial function ¢ matches the boundary conditions on the

left and right boundary of the neck II;;. Also like the discussion in Section 2.3, we



60

have the following approximation in the neck II;; when d;; <6 < R

1 1[5 d
5 /H] Vo(z,y)]* = 5 /—S; Wz)(uj —U)*+0(1)

= Loyl U1+ 0(@)1-

where o;; is the effective conductance of the neck II;; introduced in (2.27).

Construction in B

Next we are going to construct the trial functions in By. The flux in the layer By is
much more complicated, because we need to consider the flux in both the radius and

tangential directions. However, the idea is still trying to find some ¢ such that
Ap =0

in the domain By.

We usually cannot give an explicit form of ¢ such that A¢ is exactly zero, but we
are trying to make A¢ to be small. The idea is to write ¢ into combination of the
boundary conditions and the potentials ¢/, but the linear combination will not take

care of the tangential flux very well. We construct the trial function in the layer By

like
o(r,0) = wi(r,0) cos kO + w(r,0)L(U) (4.8)

where the weight functions wj; and w both depend on r and 8. We need to carefully
construct them such that ¢(r, @) showed in (4.8) will be a good approximation of the

solution to A¢ = 0 in By.



We can construct the weight functions like following

(r/L)* = (1 = d(6)/L)*(r/L)"*
1—(1—d(0)/L)* ’

wg(r, 0) =

which satisfies

82wk 1 8wk k}2
or? r Or 72

wi(L —d(#),0) =0 and wi(L,0) =1,

and

B In(r/L)
w(r,0) = (1 — d(6)/L)
which satisfies
u 10w
o2 ror

w(L —d(0),0) =1 and w(L,0) =0,

L here is a function of the vector U defined as

Z/{i on 8D1 N GB“
(1 — Eij (9))2/{1 + EU(Q)Z/{], on 8A,] N an
where ;5 is linear on 6

9 — (92 + Odl')
(65 = ) = (6 + )

li;(0) =

61

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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which satisfies

g@](el + Oéi) =0 and €Zj<0j — Oé]') =1

See Figure 4.1(a) and Figure 4.1(b) for more details. L is piecewise defined, it is

constants on dB; and linear on 0B5;;.

L%

C-.

Figure 4.1: (a) The angles of the partition. (b) The partition of By.

Notice that d(6) is the distance between the two boundaries of By, it is a positive
function of . Under this construction, if the layer width d(f) = d does not depend

on 6,

Pw, 10w, k2 w 10w
Ap=(—+-——7—-— kO + (— + —— =

¢ ( or2 + r or r2 wk) COS + ( Or2 + r or )‘C(u) 0

because L(U) is linear on 6. This is the reason we construct the weight functions like

(4.9) and (4.11). Later we will see that this is still a good construction when layer

width d(#) depends on 6.
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Construction in Ap

The small domains A;; are gaps between IIz and By, they have very small areas and
the energy in these domains should also be small compared to the total energy. We
need to construct the trial functions in these domains as bridges which can connect
the trial functions in ITg and By, such that the trial functions belongs to H!(B) when
we combine them together.

As mentioned before, we need to construct trial functions in different domains
such that they match each others in L? sense, see Lemma A.4.1. Notice that on the

boundary OII;; = Oll;; N A, the trial function ¢ is linear,

R

1 Yy
- =-(U+U;) + ———=U; — U;). 4.15
Ol = 304 +16) + L W=t (1.15)

)

We can put the neck II;; into the domain D, and transfer the coordinate system from

(z,y) to (r,0). See Figure 2.6(b). We can define the following parameter along OI1;;

Gi(0) =5 - hygi?) € [0,1] (4.16)
Then (4.15) becomes
Slon- = (1= 105(0)) Us + (500 (4.17)

In order to ensure the whole trial function belongs to H'(B), we construct the

trial functions ¢ in A;; such that it satisfies the boundary condition (4.17) and

Ploa;nan, = (1 —L4i;(0)) Ui + Li(0)U; (4.18)

where ¢;;(6) is defined in (4.14). From the lemma A.4.1, we see that the function ¢
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belongs to H'(B), because we let the trial functions match each other on all interfaces
between different domains.
Also from the Kirszbraun’s theorem Lemma 3.2.2 and the results in Section B.2,

we have

%/ Vol* < OUs —U;)* = %Uij(ui — U;)*[O( %)]. (4.19)

g

Hence we have the following approximation for upper bound in Iz U Apg

%/HBUAB ’V¢’2 B Z %Uz](ul N uj)Q[l + O< %)] (420)

Il;;CB

Also, the trial function ¢ satisfies all the constraints in the space V. Which means

¢ is a qualified trial function to give Eg(cos kO, U) an upper bound. And we have

Lok = Yt con /L [ Ve 2

IL;;CB

where ¢ is the trial function constructed in this section.

4.1.2 The lower bound for Ep(cos kO, U)

Next we will construct the trial functions in B for the lower bound of Eg(cos k6,U).
From (4.4) and (4.5), we need to construct a vector function j € Wy which would
give Ep(cos kO, U) an lower bound. We are going to construct j € Wg from parts by
parts just like what we did for the upper bound.

Our approximation method is going to construct trial functions for the upper and
lower bounds, and then using either the upper or the lower bound as an approximation

for the energy. This motivate us to think about the gap between the upper and lower
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bounds before we are constructing trial functions.
To analyze the gap between the upper and low bounds, also to get some clue to

construct the trial functions for the lower bound, we need the following lemma

Lemma 4.1.1. Suppose ¢ € Vi gives Eg(1p,U) an upper bound Eg(,U) and j € Wy
gives Eg(,U) a lower bound Eg(v,U), then the gap between the upper and lower

bounds is

C(6.5) = Ea(0.U) — Ex(,1) /WV¢—JP (4.22)

Proof. By Green’s identity

/BV¢~j:/V¢-j+/¢V-j

Vj-n+ Z/l/ j'n
/8D Z 8D;NOB

i€Sp

Then we have

=5 fverg - [ win-uf g

1€SB
=5 [1vek 5 [k [ Vo]
2/B| of+5 [ ur-
_1 *12
~5 [ 1vo-i

O
The lemma (4.1.1) suggests us to construct the flux j as close to V¢ as possible
to make the gap (4.22) small. Notice that the flux j € Wg is only required to belong

to the space L?(B), so we can construct the flux j in Iz, A and By separately.
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Construction in Ilg

In the necks II;;, we will still use the same coordinate system when we construct ¢
for the upper bound. As mentioned before, the flux will be strong in the horizontal

direction but weak in vertical direction. We construct j in II;; like

j= (0, L;LJ_(;”){? )T, (4.23)

here we use the same coordinate system as in the construction (4.6). It is easy to
check that j is divergence free in II;; and j-n = 0 on JII;; N OA. Also we have the

gap in Hij

G, = [ [Vo=iF =0 =[0G/l [ Ve (4.24)

iJ ij

from the approximation (4.7) and the discussion in Section 2.3.

Construction in Ag

In the small areas A;;, we just let
j=(0,0)". (4.25)
Then we have the gap in A;;

1
Ga.. ==
o

from the approximation (4.19)

Vo-iP =3 [ IVeF =0 =[0G/l [ IveF (@20

ij ij
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Construction in B,

In the layer By, we will use the polar coordinate system as in the formula (4.8), also
see appendix A.5 for more details of the polar coordinate system. First we construct

a trial function H(r,0) € H'(By), then we let

10H oH
+ —uy.

i=VIH = --"—
=V 00T o

In this way, j will be divergence free in By and there is no other requirements for j in
By,

In order to make the gap in (4.22) small, we need to choose H(r,8) such that
V¢ — VL H| is small. In general we cannot choose H(r,6) such that V*H = V¢,
otherwise A¢ =V - (V¢) = V- (V1 H) = 0. But this is not true for a general trial
function in Vg, at least it is not true for ¢ in (4.8). However, we can choose H (r,0)

such that V¢ and V+H equals to each other in one direction. We let

Hr,0) = F(0) — / ’ %%ds (4.27)

T

where ¢ is the function showed in (4.8) and F'() is a function need to be determined.

By this construction

OH  10¢

—_— = 4.28
ar  rod (4.28)
In conclusion, the gap in By is
G L 1 2 1 _ LH 2
By \= Vo —jI" = Vo —V—H|
2 /g, 2 /g,
(4.29)

1 8¢ 1 1 (L16%(s,0) \°
—5[?0{%*;”9)—;[ ;W“}
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Choose F(f) such that

F(0) = —L%(L, 0) (4.30)

By this assumption, j|,—; = V|-, which means j and V¢ are totally matched at
the boundary dD. Then we will have

1 1 (20, 06, 1 [F1024(s,0) "
GBO_§/BO{_F w&)‘;[ s o dS}

T

1 1 (L 2¢(s,0) 96(s,0) 10%¢(s,0) °
TGRS -t R

AL )

4.1.3 Bounds of the gap

From (4.24) and (4.26), we will have

) 1
GHBUAB = Z (Gnij +GAij) = O( ﬁ) Z §/H A |V¢|2
iR

IL;;CB IL;;CB

| —

G = / {1 / L3A¢<s,e>}2=0<1>=20<\/%> [wor )

for any k£ and U.

In the domains B;;, the width of the layer d(f) = R/2 is a constant, neither wy,



nor w depends on 6. And

LU) = (1= Li;(0))U; + Li;(0)U;

with ¢;; defined in (4.14).

So in this area

oLU) Uy — U,

00 (0, —ay) — (0; + o)
L)

06?

From the construction (4.8), we have

% = % cos k6 + Z—Q:ﬁ(U)
82¢ 82wk 82111
2 = gz 008 k6 + WE(U)
% = —kwysin kO + w%(eu)
2
% = —k?wy, cos kO
So we will have
A¢ — @ + 1% + iaz_qb
o2 ror 2062
Pw,, 10w, K 0w
= Ty T st (Gt g

=0

which means the gap

in the domain B;;.

10w
r Or

)LU)
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(4.33)

(4.34)

(4.35)

(4.36)
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In the domains B;, L(U) = U; is a constant. From the construction (4.8), we have

% % cos k0 awU,
2 2 2
a—f = 0 u;k cos kO + —gjui
agcb o gZ} Buw (4.37)
30 = —kwy, sin k6 + 8_; cos kO + %Ui
82¢ 2 awk . aka 82w
Y _ _ _ ok Z "y
992 k*wy, cos kO k@@ sin k6 + 502 cos kO + 862%
So we will have
rg=T¢ 100, 1%
Cor2  ror 12062
Pw, 10w, k? Pw 10w
— ( 92 + ;W — T’_ka> cos kO + (W + ;E)UZ (4 38)
1 E)wk X 82wk @Zw '
+ 32 {—2]{;W sin k6 + 502 cos kO + WUi
. 1 6wk . 82wk 8211}
— ﬁ {—2]€Wslnk6+ 802 COSk@—l—WUi
Hence the gap in B; is
1 0;i+ou;
Gp, = 5/ G, (0)do (4.39)
91'—0[1'

2

L 1 (L
(0) = S N
Gi(0) /L—d(G) rdr {r /r sA@(s, G)ds}

L ar L ds Ow(s,0) 92wy, (s,0) 02w (s, 0) 42140)
= TS PS5 g+ TS gk + S0 Ty ) 1
/de) r {/ s ( o ST T CoSROE o0 u)}

< 3Gk (0) + 3G%,(0) + 3U*Gy5(0)
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where

L dr Lds Owy(s,0) ?
k(g) = = (oY)
Calt) = /L—d(e) r </r s (=2 90 ))
L L 2 2
X0 :/ dr (/ ds 9 wk(jﬁ)) (4.41)
L—d(0) r S o0

"
autt)= [ & /L@@?wwﬂ
S L—d®) T r 8 06°

Here we used Cauchy-Schwars inequality.

In the appendix B, we will prove that

0i+a;
G — % / Gi(6) = Cy + Coll? (4.42)
0

i =

which will not blow up for any k£ as § — 0. Here Cy, Cy are constants of O(1). Then

the total gap in By is

NB NB 0;+ay
1 i i 1 5
Gp, = Gp, = 25/9_ Gil0)do = 500/ ) | 1Vof (4.43)
=1 =1 Qi 0

k3

In the summary, by the construction of ¢ for upper bound and the related con-
struction j for the lower bound, we have the following gap in B between the upper and

lower bounds for the energy in B with boundary condition cos(kf) and any vector U

6o.3) = 2o/ [ 1vor

It means

SB<COS kQ,Z/{) = % Z aij(L{i - Uj)2 + % |V¢|2 [1 + O(\/%)] (444)
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where ¢ in By is defined in (4.8).

4.2 The approximation for Eg(coskd,U)

Now we use the formula in (4.44) to approximate Eg(cos kO, U). We need to approx-

imate the following integral in the B
Np
[wer=3" [ wer S [ (vo
Bo i=1 Y Bi B;jCBo Bij

with ¢ given in the equation (4.8).

4.2.1 The approximation in B;;

Notice that B;; is the area between the neighbor disk D;, D; and the boundary 0D,
see Figure 4.1(a) and Figure 4.1(b). Suppose the center of D;, D; are located at (r;, 6;)

and (r;, 6;) respectively. We suppose that 6; < 6; and denote the angle

Qi 1=

(6 — 05) — B+ ) and By = (6, + ) + (6 — o)) (4.45)

It will satisfy o;; = O(R/L) in our construction when we suppose § < R. We also
have (91 + ay, 9]‘ — ij) = (QU — Oéz‘j7 Qij + aij)'

In the domain B;;, we can write £(U) as

t

20[@‘

1
,C(U) = i(uj +Z/{z) + (Z/{] — Z/{Z> fOI‘ all ¢ S (—Oéij, Oél'j).
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We need to approximate

0;—a; L
/ |V¢]2—/ d9/ rdr|Vo|*
Bi]' 91-1—011 L—R/2

Here the layer width d(f) = R/2, and the weight function wy,w will only depend on
r but not on 6.

From the construction for ¢ in (4.8), we will have

0 0 S U — U\*

or or (8771

Integrate the above formula in B;; will give us

2kp? 2k%p?In(1 — R/(2L)) (%
Vol|? = kay; + ——ay; — / cos 2k0d6
/Bij Vel Tol=p2Y (1—p?)? bitas
+ 2 / U L) cos kods ! / U euay)?de (4.46)
cos — :
(1 = R/(2D)) Jy s (1 = R/2D)) Jy 1a,
1—p*+2plnp ,—In(1—R/(2L))
2U; - U; U, —U;
+ ( J ) hlp(l _pg) + ( J ) 6aij
where p = (1 — R/(2L))*.
We can sum all these integrations in such domains together
Np
ijeSg ¥ Bii i,jeSp i,jeSn i=1
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where
L1y 1m-R/eD)
Lo 3ln(1 - R/(QL)) 6 i
0 ;5 + g
" (- R/GD)
0 1 frew 0 1 05+ t 0
" Wby )t = — cos k(0;; + t)dt
Y 2In(1l - R/(2L)) /eij—aij cos k(b +1) 2In(1 — R/(2L)) /eij—aij g (6 +1)
1 61i+ou; 1 Otan
k(0 +t)dt L cosk(6y; + t)dt
"Wl = R/(2L)) /9”_% cos k(6 + t)dt + 2In(1 — R/(2L)) /9“_% o, 08 k(B + 1)
kp? k2p? In(1 — R/(2L)) i+
0
Ci - 1— pQ al] - (1 _ p2)2 /o;j_aij COS 2]{?(074 -+ t)dt
kp? k2p?In(1 — R/(2L)) [Puten
a 2k(0; + t)dt
+ 1_ 2 075 (1—p?)? /9”% cos 2k(0;; +t)

Here we suppose for fixed ¢, the inclusions D;.D;, D; are in anticlockwise directions.

Notice that when k is small, ko;; will also be O(1). However when k grows,
kai; will blow up. All other terms in (4.47) are the error which is generated by our
approximation. Later we will see that the coefficients for the error terms in (4.47)
will be O(1), which will not blow up as k goes to infinity and will be small comparing
to relative coefficients in the formulas for the total energy.

Since a;; = O(R/L) and In(1 — R/(2L)) = O(R/L), it is obvious to obtain

4]
ai; = O(1) = O(y/ o,
where o0;; is the effective conductance in the neck II;; between the inclusions D
and D;. Here D;, D; are inclusions near the boundary 0D which are also neighbor
inclusions near the domain B;; we are discussing here.

In the next section, we will show that the integration in each B; will have the
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following form
B
From the formulas for a;, b;, ¢; in Section B.5, it is easy to obtain

a; = 0(1) < O( E)ai

26304 < U + (0F)* < Ui+ O(1)

e}l < O(1)

We need to notice that b, ) do not depend on U; and they both will decay to 0 as k

17

goes to infinity. Then we can obtain the following approximation

Ng 5
5 IVo|* = km + Z@“@? + 20 + )1+ Oy )]
' ; (4.48)
+ Y oty = U)*O( 7

1,JESB

since

Np
E o, + E Q5 = T.
=1

BijCB
The last term in above equation is an error term, which will be absorbed by the
energy in the neck II;; between the inclusions D; and D;. As k goes to infinity, i/; and
the coefficients b;, ¢; will decay to 0, which means the error will decay to 0 also. In
this case, the energy will just be k7 which equals to the energy for the homogeneous
problem without any inclusions. This means that as the oscillations of the boundary
conditions getting higher and higher, the inclusions inside will not have influence on

the total energy.
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4.2.2 The approximation in B;

Remember the formular (2.28) in Section 2.3, we define the effective conductance of

the boundary neck, which is B; here, as

It is actually an approximation of

2LR; 2LR;
N =y 1).

This is because

We will show how can we get the formula for effective conductance o; in the approx-
imation for integral in B;.
Now let’s approximate the integral in B;, which is the area between the disk D;

and the boundary 0D, see Figure 4.1(b)

Oi—i—aj L
/ |V¢]2:/ d@/ rdr|Veol|?

7

where d(f) is a function of 6 defined in (2.45).

In B;, we have

ow ow S| ow ow 2
2 _ (0K by . ; Tk )
Vol = ( o cos kB + 87"1/{1) +7’2( kwy, sin k6 + 0 cos kB + 891/[2)
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and we want to write the integral into a quadratic form of U; like following
/ IVo|? := kai + aldy + 2bU; + ¢ (4.49)
B

After some calculation, we will have

Oitai L ow 1 ow
a; = do rdr —2—1-——2}
/ei—a,- L—d(6) {( or ) r? ( 89)

i+ L Oy, w 1 . o
by = do d 7k 2 kg o Wk Nl
/02‘041' /Ld(e)r r {( 5y 08 )87" + r2( wysin kO + % cos )89}

Oita L 29 2
¢ = —koy; + / d@/ rdr <% cos k:@) + - (—k:wk sin k6 + % cos k:@)
— L—d(6) or r 00

k3

By the approximation of a;, b; and ¢; in Section B.5, we will show that

2LR

a; = ~ +O(1)
2LR  cos kb,
T riéi 6k\/2R5i/(Lri) * ( )
4.50)
26; (

;=T al exp [—2]{: Ol (cos kb;)?

T'i(si T;

T [2LR 2ko; J; 20, R
+ 51/ 3, ( T Liy j2(exp {—Qkf}) — exp [—Qk L

Then we will have

) +0(1).

/ IVo|? = ka; + a;ld? + 2bU; + c;
B,

2
=ka;+ [ 7 2L (Z/li —exp |—k Qiéi] cos k@;) + 2R | 14 O(4/ %)14-51)
T

Ti5¢
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where the resonance term Ry; is

Rii = Z” s {\/ T Liy <exp {—T]) — exp [—21{;
=7 { = Liy 9 (exp [— 7 }) — exp [—Qk Ir

Here Lz is the Polylogarithm function which is defined by

(o) Zk
Lif(z) =) —. (4.53)

2

and it has the following asymptotical expansion

Liyj(e7") = \/g +¢(1/2) = ¢(=1/2)z + O(z*?) for 0 < z < 1, (4.54)

where ( is the Riemann zeta function.

Remark 4.2.1. In the results (4.51), the first term of the second line is the network
effect term. It is similar to the energy in the necks we discussed before, and it has the
same singularity order. The ka; term represents the energy for the tangential fluxes.
The term Ry; is the resonance term, and we will discuss it carefully in this section.
The term shows up in the results also because of the inclusions, however it is more

complicated than the network effect.

4.2.3 Summary on the results

We have approximation for the integrals in B;; and B; separately. But we need to

add them together to get the total energy for given boundary condition cos kf. First
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of all,

VP = / Yo+ 3 Vo
By

Bi,CB
s 2R6; [
= ZZI o; (Z/lz- — exp [—k L) COS k9i> +2 ZR’“ 14 O( R)]

(4.55)
)
+ Zkaz + Z k?OéZ] + (Z O'ij(uj' —Lli)2> O( E)
B;;CB ,JESE
= (m+zai(ui—skixp;i) +2Rk.1> [1+0 \/ ( > oy —Uy) ) O(\/R)
i=1 1,JESB
Where Wf = (W5, U5y, -+, Uiy, )" € RYP*! is a column vector with ¢ entry
Ui, = cos kb;. (4.56)
Sy, = diag{Sk1, Ska,* *+ , Seng } € RYB*N5 is the decay matrix with
2R0;
; = —k : 4.57
Sy = exp [ - (1.57)

It is like an average of the boundary condition near each inclusion D; and it decays

to 0 as k grows.

Ri = (Rp1, Ria, -, Riny) € RVNE

is the resonance vector with Ry; given by

2ko; 2ko; 2R0;
Rki = Z { I Lll/g <exp |: I :|> — exXp [—2k' m

} . (4.58)
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Notice that we replaced r; by L — R and generate a O(1) error which is ignored in

this definition.
2LR

(L — R)d;

o; =T

is the approximation for the effective conductance of the boundary neck B;.

1 € RV8*! ig a column vector with all entries 1 and
Np
Ri1-3 R
i1

Notice that the definition for U§, S, and Ry works for all positive integer k. The
entries of the decay matrix S; decays to 0 as k grows.

In the summary, also from the formula (2.49), we have

Np
1 . 5
gp(COS k}@) = 5 min UTAODU + Z aij(Z/{i — Z/{j)Q + Z g; (Z/[z — S/m\l/kz)Q [1 + O( E)}
II;;CB =1
1 0 4.59
+ - (km+ 2Ry - 1) [1 + O(4/ =)] (4.59)
2 R
1 )
=3 (km + (Spl5)"AP(Sp05) 4+ 2Ry, - 1) [1 + O( }_z)]

Where AP, AP are introduced in Section 2.4.3 for our problem.

In order to simplify the results above, we will simplify some formulas first. There

are three different cases.

Case 1: k< L/R

In this case, it is easy to show that the network effect will dominate.

Ey(coskl) = %(\IIE)TAD\I’EH + o(1)].
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km and the resonance term will be O(1). It will also be right to write above results

as

Ep(cos k) = (km + (SkU5) AP (SpV5) + 2Ry - 1) [1 + o(1)]

Case 2: L/R<<k<<L/§

(4.60)

In the results, we would like to keep terms of order \/R/d or greater than that. We

will keep k7 and the network effect terms there. However, in this case the resonance

Ry = (Rik1, Riz, - -+, Riny) can be simplified to

, [ IR
Rki:%(l—exp —2k R0

since

g; 2]{3(5, . [ 2]6(52 . g;
Z L’]T Lll/g (exp -— L :|) = Z[l +0(1)],

and we can drop terms less than \/R/J above.

The results would be
(coskf, Acoskd) = (km + (Spl5)"AP(SkV5) + 2Ry, - 1) [1 + o(1)]

where R = (Ri1, Ri2, -, Reny) is the resonance term with

)

= — 1= -2 [
sz ( exp [ k ( R)

Case 3: k> L/§
In this case

R R IR
~ — > _ =
km NB]CLNN36>>NB 5

(4.61)

(4.62)

(4.63)
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It will be much greater than two other terms in(4.59), and we would like to only keep

k7 in the results.

€ (cos k) = %lm[l +o(1)].

However, we can write the results like what we have in (4.62) since it will not change
the leading order of the results.

We can summarize the results in the following unified form

Theorem 4.2.2. For any positive integer k, we have
(coskf, Acoskl) = (km + (Spl5)"AP(SkV5) + 2Ry, - 1) [1 + o(1)] (4.64)

where V§ is defined in (4.56), Sy, is defined in (4.57). AP € RNe*N5 s the Dirichlet

to Neumann map for the discrete resistor network introduced in Section 2.4.3. and

)

4.3 The approximation for general boundary con-

Ri = (Rik1, Ria, - -+, Riny) 15 the resonance term with

0; 2R0;
=t 1= Ok, | —
Rii =75 ( P [ (L-R)L

ditions

Our goal is to approximate (¢(0), A(0)) for any given boundary data (6), where
A is the Dirichlet to Neumann (DtN) map introduced in (2.5).

For a general boundary condition (6), we can always suppose that the media is

/ ") =0

because for any constant 1, we have Ay = 0.

grounded
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We would like to suppose that 1)(0)

[M] =

P(0) =) (af coskl + aj sin k0). (4.65)

e
Il

1

for some positive integer K. Where

2m
ag = ! (0) cos kOd

™ Jo

1 2m
ap = %/0 Y (0) sin kOdo

In the previous section, we have the results for () = coskf. In this section,
we will first talk about the situation for ¥(6) = sinkf. Then we will talk about
the situation when v (#) has two different Fourier modes. At last, we would like to

generalize our results to boundary condition in (4.65).

4.3.1 The approximation for ¢ (6) = sin k6

The case for boundary condition sin k6 will be very similar to the case for boundary
condition cos kf. The discussion for parts inside the domain is the same, and we
only need to discuss how to deal with the problem in the boundary layer B. The
trial functions for upper and lower bounds are the same in [1g as we discussed for
boundary condition cos k6.

In the domain By, the trial function for upper bound will be
o(r,0) = wg(r,0) sin kb + w(r,0)LU) (4.66)

which will match the boundary condition sin k6 on 0D. It is also similar to construct

j in By as we discussed for cos k6.
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In the domains Ap, for the upper bound we can still extend the trial functions
from Iz and By, such that the whole trial function in B belongs to H'(B). We also
let j = 0 in Ap for the lower bound.

Then we will have the same bound for the gap in Il and Ap as showed in (4.31).

For the gap in By, it is still 0 in each B;;. In each B;, we will have

0? 10 1 02
o 100 1%

B T T T 2
= (G 4y g s+ (G gt
v 712 {21{% cos kO + a;;“j sin k6 + aa%}ui} (467
- % {213% cos ko + a;;‘;’“ sin k6 + %u,}

Hence the gap in B; is

2

L 1 L
(0) = — A
Gi(0) /L—d(e) rdr {7" /r sA@(s, G)ds}

Ldr ([ ds Owy(s, 0) 0wy (s, 0) . 0w (s, 0) 2
= /Ld(0)7 {/T ? (2]@7 COSkQ—FTSleQ—FWUi)}

< 3G¥(0) + 3GH(0) + 3U*Gi3(0)

where G¥ (0), G%(0), Gi3(0) have the same definition in (4.41) Then we will have the

same approximation as in (4.43). And we will have
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where ¢ in By is defined in (4.66).
We will have a similar approximation like the discussion for situation with bound-

ary condition cos k6,

Np
2 2 2
/BO|V¢| —;/&Waﬂ + Y v

BB (4.69)
o
Where W} = (U5, U5y, -+, Uiy, )" € RYP*! is a column vector with i entry
U, = sin k6. (4.70)
And
2LR
O =Ty e
(L — R)d;

is an approximation for the effective conductance of the boundary neck B; defined as
before. Ry is the same resonance vector as before defined in (4.58).
We can use the same way to put En(U) and E(sin kf,U) together and eliminate U

as the discussion before. In the summary, we will get the following results:

Theorem 4.3.1. For any positive integer k, we have
(sinkf, Asinkd) = (km + (Sp0;)"AP(S,¥5) + 2Ry, - 1) [1 4 o(1)] (4.71)

where V% is defined in (4.70), Sy is defined in (4.57), and Ry is the resonance term
defined in (4.63). AP € IRN3*NB s the Dirichlet to Neumann map for the discrete

resistor network introduced in Section 2.4.3.
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4.3.2 The approximation for v (6) = sin kf + cos mé

We need to approximate
((sin k@ + cosm#) , A(sin k€ + cos mb)). (4.72)

Since we only change the boundary condition, the key issue is still to construct special
trial functions in By, the discussion for other parts will be exactly the same. We

construct it as following
o(r,0) = wi(r,0) sin kO + w,, (1, 0) cosmé + w(r, 8)L(U) (4.73)

It will be similar to prove that this trial function in By combining with trial functions
in other parts will give us a tight upper bound. It means that we can use the upper
bound as an approximation for (1)(0), Ay (0)) like before.

To present the results simpler, we would like to reclaim some definition we used
before. The first one is the resonance vector Ry = (Ry1, Ri2, -+ , Rkng) With Ry,
defined in (4.63). This definition is for arbitrary positive k.

The second one the is decay matrix Sy, = diag{Sk1, Sk2, -+ , Skny } With Sk; defined
in (4.57).

The third one are boundary vectors W, W; associated with boundary conditions
cos k@, sin k6 respectively. These are defined in (4.56) and (4.70).

In this section, we would like to define the following potential vector for simplicity
U =S¥ + S,V (4.74)

This vector is from the boundary condition v(6) = sin k6 + cos m#, however different
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Fourier mode will have different decay rates.

By computing V¢ in By, we will have the following expression from what we

already have

((sin k6 + cosm#) , A(sin k6 + cos m#))

= ((k7r +mr) + UTAPY + 2(Ry + Ryn) - 1) [1+o(1)]

+2 / (% O oo k) cos mf — k_kawm cos k@ sin me) (4.75)
Bo 87” 87’ ,
Np
RS
-9 ,Zl o;exp | —(k+m) L(LL—&ZR) sin k6; cos mb;

Remember that

5= (Uss)U(UB)-

We need to discuss the integration separately in these subdomains like before.
There are four different cases in our discussion, the approximation depends on the

distance between k and m.

Case 0

First of all, we will discuss the special case when £ = m. In each B;;, we will have

or Or 72

0;—o L 2
= / sin k6 cos k@d@/ rdr ((%)2 - k—2wi)
0;+a; L—d 8T r

_ =221 —d/L)* [l — d/L] /
= (1—(1—d/L)%)? ,

— 0(1).

/ <8wk Owm sin kO cos mf — k—mwkwm cos k6 sin mg)
Bij

(4.76)
sin 2k6d6

i =
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This is because d = R/2 now. From Proposition B.1.1, it is easy to see that

—2k*(1 —d/L)* In[l —d/L], [%F in

‘ (1= (1= /D)™y ]/ S Mde‘
2(1— R/QL)(R/2L)) | _ o Loi, _

<C ‘ CE T 7ic73 0 I

In each B;, we will have

Or or

0;+a; L 2
= / sin k6 cos k@d@/ rdr ((%)2 — k—2w,3)
0i—avi L—d or r

B Oitei _ok2(1 —d/L)**1n[l —d/L] . (4.77)
/ei_ai (1— (1 —d/L)%)2 sin 2k6d0

/ <8wk Owm sin k6 cos mb — k—TUJkUJm cos k0 sin m@)
B; "

2R9;

2% | Gin kO : 1).
I - 1) sin k6; cos k6; + O(1)

= g;exp [—Qk

This just cancel out the last term in (4.75). We will have

Lemma 4.3.2. When 1(0) = sin k6 + cos k6,
(W(0), Ap(0)) = (2km + UTAPW + 4Ry, - 1) [1 + o(1)] (4.78)

When k # m, it will be more complicated. First we will discuss the integration in

each B;; when the width of the layer d = R/2. From Proposition B.1.1, it is easy to

prove that

(U

sin[(k — m)@]d@‘ <0(1)

i =

kak: (1 —{ - D% 1-( —1d/L)2m) /:ﬁai sin(k + mwdg‘ <o)

i~
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In each B;;, we will have

/ <% 0w sin k6 cos mb — k—mwkwm cos kf sin m9>

or Or r2
/ ] df / (6wk Owm sin k6 cos m6 — k—znwkwm cos k0 sin m@)
0; +a@ L—d or Or r
0;+a;
k e A sin[(k — m)0]db .
n km (1 — d/L>2k I (1 - d/L)Qm /6i+ai Sin[(k B m)g]dg ’
kE+m\1—-(1—-d/L)* 1-(1—=d/L)*) J, ..
km 1 1 Oitai
i (1 TO—d/D*  T-(- d/L>2m) /ei_ai sinlk o m)Pldd
km 05 —a;
- in[(k — m)0|do 1
Fm sin[(k —m)0]dd + O(1)
In each B;, we will have
/ % Owm sin k0 cos mO — k—mwkwm cos k0 sin m6
or Or r2
Oitai owy, Ow,y, km
/ de / ( sin k6 cos mé — —5 W W, COS k@ sin m@)
0, I—d or Or r
0; +o¢1
= k —m)0|do 4.80
L st = (1.80)

e kmo( (1—d/L)* (L—d/Ly™ \
- /9 ktm (1 —A-dDF 1-(1- d/L)2m) sin|(k —m)6]df

i =

Bita km 1 1 .
+/gi . m—k(1—(1—d/L)2k—1_(1_d/L)2m)Sm[(k+m>9]d9

—ay

Notice that when k # m, we always have

0;+a; 2
sin[(k —m)0]dl = / sin[(k — m)0]df = 0.
0

it

Z/ej_a]sm[k‘ m) d@—i—Z/
Bi; 7?

When k # m, we will have the following three different cases for the approximation

of integrations in (4.80).
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Case 1
The first case is when

2(k Am)VR) S Land 2k —m|R< L

where

k A m = min{k, m}.

In each B;, we will have

/ (8wk Otm sin k6 cos mf — k—kawm cos kt/ sin m@)
B; "

or Or
;4o
- % - sin[(k — m)0]dd
4.81)
| 20 A ) 2k Am)ai1.\ | (
+ 50 ( TLzl/Z(exp [_T ) | sin[(k — m)6;]
1 2R0; .
+ 50 €Xp —(m+ k) ] sin[(k + m)6;] + O(1).
Notice that
1 2R0; , .
50 eXP —(m+ k) A0 (sin[(k + m)0;] — 2sin k6; cos mb;)
1 2R0; :
= _501' exp —(m + k) m Sln[(k — m)@z]
In this region, we can replace
TLZ1/2<GXP [—T )
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by 1 as what we did before in Section 4.2.3, because we would like to drop terms

which is less then order \/R/d. We also have

ogiexp |—(m+ k) IL-B| 0; exp [—2(k¢ Am) ) +O(1)
because 2|k — m|R < L.
In the summary, we will have
((0), AMp(0)) = ((km +mm) + UTAPWY + 2R) [1 + o(1)] (4.82)

where ¢(6) = sin k6 4+ cos mf and

R=(Ri+ Rum) - 1+ 2Ripm - V5_,..

Here R, R, Riam is defied in (4.63) and ¥§_  is defined in (4.70). U is the vector
defined in (4.74) for boundary condition () = sin k€ + cos m#.

Case 2

The second case is when

20k Am)VR) S L and 2k —m|R> L



In this case we have

/ (ka 0wy, sin k6 cos mb — kr—?wkwm cos k6 sin m9>
B;

or or
_ k’i_mm ;:a sin[(k — m)0]do
+ %Ui exp :—\k —m| L(iL—&R) sin[(k — m)0;]
4 %Ui exp :_(m + k) L(iL—éiR) sin[(k +m)6;] + O(1).

Now we will have

((0), Ap(0)) = ((km +mm) + UTAPY +2R) [1 + o(1)]

where (0) = sin k6 + cos mf and

R = (Rk; + Rm) -1+ 2Rk/\m : (S‘k,m‘\l/z_m).

Here Ry, R, Ream is defied in (4.63) and W§_  is defined in (4.70).
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(4.83)

(4.84)

(4.85)

The results in these case 1 and case 2 are the same except the resonance term.

However, under the condition of case 1, we actually have

Riam = Vi = Rinm * (Shk—m|¥i_m) + O(1).

It means that we have the same results for case 1 and case 2.
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Case 3

The last case is
20k Am)VR) > L

In this case,

kw+m7r~—(k+n£)NBR :NB—(kﬁz)‘Ré\/?»Nw/?

However, the network effect term, resonance term and the last two lines in (4.80) will
be bounded up by \/R_/é . It is obvious that the network effect term and resonance
term is bounded up by \/R_/(S and they will decay to 0 as k goes to infinity. To
bound the last two lines in (4.80), we can use the similar methods in the proof for
Proposition B.5.2. It may be difficult to give exact approximation formulas for these
two lines, but it is easy to bound them by \/R_/(5 .

Hence we have
(W(0), Ap(0)) = (km + mm)[1 + o(1)] (4.86)

We can still write the results like before in (4.84) since it will not change the leading
order of the results in this case.
Also notice that

km +mm = (¢, A))

where A; is the DtN map for homogeneous media.

At the end, we summarize the results in this section as a theorem



Theorem 4.3.3. When 1(0) = sin k6 + cosmf, we have
(W), Ap(0)) = ((¢, Aygp) + UTAPW +2R) [1 + o(1)]
where U = S, Wi + S, V¢, and

94

(4.87)

(4.88)

4.3.3 The approximation for general boundary conditions

Similarly, we will have results for boundary condition 1(#) = coskf + cosmé and

¥(0) = sin kO + sinmf. The methods will be very similar like before, we will present

the results as theorems without proof in this section.

Theorem 4.3.4. When 1(0) = cos k6 + cosmb, we have
(W(0), Ap(0)) = ((¢, Aap) + UTAPWU +2R) [1 + o(1)]
where U = Sp¥{ + S, V¢, and
R=(Re+Rm) 14+ 2Rkam - (Sjk=m|Vi_m)-
Theorem 4.3.5. When 1(0) = sin k6 + sin mf, we have
(W(0), Ap(0)) = ((¥, M) + TTAPT +2R) [1+ o(1)]
where U = S, Wi + S, V5 and

R=(Rr+Rm) 1+ 2Rknm - (SphmVi_,n)-

(4.89)

(4.90)

(4.91)

(4.92)
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From here, it is easy to generalize above results to the boundary condition ¥ (6) =
aj sin kO + af, cosmf and similar cases. For general boundary condition, we refer to

Theorem 2.5.2 presented in Chapter 2.



Chapter 5

Summary and future work

5.1 Summary

In this thesis, we use variational methods to approximate the energy for a high con-
trast elliptic problem with any boundary condition. Since the oscillation of the bound-
ary condition will have some effect in the total energy and the effect will not go far
from the boundary, we divide our problem into two problems, which are located in
two separated subdomains. We use existing results to approximate the energy in
the subdomain far from the boundary, and develop a way to approximate the en-
ergy in the area near the boundary. Then we combine these two results and get our
approximation for energy with arbitrary boundary condition. In other words, we ap-
proximated the Dirichlet to Neumann (DtN) map for the problem in high contrast
media.

More precisely, we can use an approximation matrix up to any size to approxi-
mate the continuous DtN map for the high contrast two phase composites. In our
approximation, we basically captured the leading order O( %) of the DtN map, It

is a singular term because that the distance d between neighbor inclusions and the

96
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radius R of inclusions are in different scales.

In numerical methods, if we want simulatie the flux for this problem, we need
the mesh size h < §. We will end up with a very huge linear system and it may be
very difficult to solve. The idea is to use our approximation of the DtN map as a
preconditioner in our numerical method, such that we can solve problems numerically

in high contrast media more efficient.

5.2 Application to domain decomposition meth-
ods

In this section, we will describe how to apply the results we have obtained to develop
fast domain decomposition methods. Because we have the approximation for the
Dirichlet to Neumann map, it will be a good idea to use it as a preconditioner in our

numerical methods.

5.2.1 The problem

We are considering the following elliptic problem in the domain € € IR?:

—V-ox)Vu(x)=f, Q
(5.1)
u(x) =0, 09

Suppose () is partitioned into two nonoverlapping subdomains €2, €2, where ) =
QLU 2N =0, := 00, NON,. For simplicity in our problem, we suppose that
Q= B(0,2),Q; = B(0,1),9Q, = B(0,2)\ B(0,1),I' = dB(0,1), see Figure 5.1.

We also suppose that o(x) only has high contrast values in €y, but it doesn’t have

high contrast values in 3. In other words, o(x) is huge in the inclusions, but it is



98

O(1) in the other places, see Figure 5.1.

Figure 5.1: The problem in high contrast domain, the black disks are inclusions.

To present our idea, we only discuss the case for two subdomains here. However
it is easy to generalize our methods to the problem with many subdomains. In each
subdomain which contains inclusions, it should satisfy the geometric assumptions we
made in Section 2.4.

Now we have a high contrast problem. We know that the solution for (1.1) will
change a lot in the necks between different inclusions, and it is smooth in other places
of 0. In order to catch the big changes of the solution in these necks, we need very
fine mesh to solve the problem numerically.

In this sense, we will have a very large linear system

Au = f. (5.2)
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It will be very difficult to solve this problem directly, because the matrix A may
have huge size and it may be ill conditioned . So we are interested in the domain

decomposition methods for our problem, see [13, 25] and refers therein.

5.2.2 Circular grids and finite volume discretization

In the last section, we didn’t describe what kind of numerical methods we will use to
get the linear system (5.2). We will use a finite volume discretization for our problem
(5.1) on a circular grids, see [9, 10, 11].

In this discretization, there will be M vertexes on the interface I'. In order to
compute the flux in the necks between inclusions, the mesh size must be smaller than
4, which is the distance between neighbor inclusions. It means that M > O(1/4) >

Np, where Npg is the number of inclusions near the interface I' in ;.

Remark 5.2.1. [ will give more details later.

5.2.3 Nonoverlapping domain decomposition methods

The idea of nonoverlapping domain decomposition methods is to split a problem in a
big domain into many subproblems in small subdomains. It will use the information
on the interface to communicate with each other subdomain. If we can have some
information on the interface, trace of the solution or the flux, we can use it as Dirichlet
condition or Neumann condition for the problems in subdomains. Then we only need
to solve a small linear system in each subdomain to get the solution over the whole
domain. There are many advantages to solve some small systems rather than to solve
a huge linear system.

The key issue of nonoverlapping domain decomposition methods is to solve some

information on the interface first. It could be the trace of the solution or the flux
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on the interface. After we have the information on the interface, we can use it as a
Dirichlet or Neumann condition to solve problems in each subdomain separately. In
general, we will have interface equations to solve the trace of the solution or the flux
on the interface.

In this section, we will introduce nonoverlapping domain decomposition methods
for two subdomains, and introduce two different kinds of interface equations. We will
follow the idea of Toselli and Widlund’s book [25].

Base on the partition introduced in Section 5.2.1, we can write the linear system

into the following block form:

An O A13 Uy fl
0  Ag Ay us | = | fal - (5-3)
A1T3 Ags Ass Uus f3

where we divide the degrees of freedom into 21,2 and I', respectively. The blocks
Aja, Aoy are zero only under the assumption that the nodes in €2 and €2y are not
directly coupled. Since we will use finite volume methods for our problem, they are
not directly coupled.

There are inclusions and different scales inside the domain §2; and the solution in
Q; will change fast in some places, we need really fine mesh inside 2;. In this sense,
the submatrix A;; will have very large size. We need to avoid solving linear systems
in €2; as much as we can. But we can use very coarse mesh in {2y because there is
no singularity in €25. The matrix Asy will be relatively small and it will not be so

expensive to solve linear systems in Qy. Ass is matrix belongs to JRM*M
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The Schur complement system

If us is known, from the equation (5.3) we have

uy = A (f1 — Aizus),

uy = Agy (fo — Asguz).

(5.4)

Substituting for uj,us in the equation (5.3), we have a reduced problem for the
unknown wus

Suz = g, (5.5)

where

S = Agy — AT AT Ary — AT AG) Aoy
(5.6)

g=1Js— A1T3A1_11f1 - A2T3A2_21f2.
This is equation for solving the trace of the solution on the interface I'. After solving
the problem (5.5), we only need to solve a linear system once in each subdomain to
get u, see (5.4).

The matrix S € IRM*M is the Schur complement of As3 in A, where M is the
number of discretization nodes on the interface I'. S is very expansive to compute, it
requires M solves in each subdomain because we need to compute A;; ' A3, see (5.6).
S is also a dense matrix, it will be difficult to solve (5.5) directly even if we have the
matrix S.

In general, we will use interface preconditioners to solve the system (5.5) without
computing S explicitly. With a good preconditioner, we have a big chance to get us
by using far less than M solves in each subdomains.

The main idea is to write S into the sum of two parts which reflect the contribution



from §2; and €2, more explicitly. The term Asz3 can be written as

Asz = A:(a? + A:(a?7

where Ag corresponds to the contribution to Asz from the subdomain €2;.

In this case, we can write

S =SW 483

where
SO = AW — ATAT Ay, i=1,2.
By this way, we can also split f3
fo ="+ 17,
and define

g = [0 — AGAG S
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(5.8)

In general, the preconditioner for (5.5) will be SM=1 S)~1 or the combination of

these two. S®~1 is the discretized Neumann to Dirichlet map for the subproblem in

€2; on the interface I', see [13].

Considering we have the approximation for the Dirichlet to Newmann map in our

previous discussion. We will first solve out the flux on the interface, which is a solution

of a flux equation. We can use our approximation of the Dirichlet to Neumann map

as a precondition for the flux equation.
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The equation for flux on interface

Now suppose ¥ = 7). = —~) is the flux on I which points from Q; to Q. If we see

7@ as a Neumann condition on the interface I and considering

-V - (oVu;) = f; in €,

u; =0 on 09; \ T, (5.9)
Ou; ,

We will have the following equations in each subdomain €2;,

Aii Ags Uy fz‘ (5 10)

Asi A:(als “:(;) f éi) + ”Y(i)
It will give us
ug) = SO (g +4),
Then the equation for v on I' is to ensure that

ugl) = ugf) on I'.

We will have the following equation for flux on I

(5.11)
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where

F=8W-14 gt

d=dY 4+ d?® = —gW-140) 4 g@~1,(2)

with g is defined in (5.8).

In this case, it is natural to use S, S® or their combinations as the precondi-
tioner to solve the system (5.11). S is the discretized Dirichlet to Neumann map
of the subproblem in €2; along the interface I'. Since we use it as a preconditioner,
we can use an approximation for the Dirichlet to Neumann map instead of the exact
S0,

This section gave us the idea of domain decomposition methods in matrix forms,
but we don’t really want to compute the matrix S or F' to solve the systems (5.6) or
(5.11). People usually use iterative methods to solve the equations on the interface.
We also explained why we prefer to solve the system (5.11) instead of (5.6).

In the next section, we will introduce an iterative method without computing F
in (5.11) explicitly. We will also use our approximation of the Dirichlet to Neumann

map in €2; as an alternative preconditioner.

5.2.4 The modified Dirichlet-Dirichlet algorithm

Following Toselli and Widlund’s book [25], we will first introduce the Dirichlet-
Dirichlet algorithm. Then we will introduce our modified algorithm, which will use

our approximation for the Dirichlet to Neumann map in the high contrast subdomain

Q.



The Dirichlet-Dirichlet algorithm
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Assume 7" = 4" = —% is flux on I" in the n'" iteration. In this iteration, we need

to update v* to "™ in some way. The Dirichlet-Dirichlet algorithm will have the

following three steps in each iteration.

1. The first step is to solve a Neumann problem in each subdomain:

VYV (oVUIT = i,

wt? =0 on 0Q; \ T,

(2

n+1/2
ou;

8Tli

= on I,
2. The second step is to solve a Dirichlet problem in each subdomain

~V - (eVot) =0 in €,

vt =0 on O\ T,

7

n+1/2 n+1/2
(H-l:ul /_u2 /

i on I,

(Y

3. The third step is to correct 4"

with a suitable 6 € (0, 6).

If we write this iteration into the matrix form, we will have

(5.12)

(5.13)

(5.14)

(5.15)

which is a preconditioned Richardson iteration for the system (5.11) with the precon-
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ditioner S + S,

The modified Dirichlet-Dirichlet algorithm

However in our problem, we will use very fine mesh in 2; to ensure the accurace of
the numerical solution. This motivate us to avoid solving subproblems in €2;, or solve
less subproblems in ;. The idea is to use the approximation for the Dirichlet to
Neumann map we obtained before. Actually, we can have a matrix up to any size,
which is an approximation for the Dirichlet to Neumann map. Here we use a matrix
Ay € RM*M a5 an approximation of the Dirichlet to Neumann map in €; on I'.

When we discretize the problem and trying to solve it numerically, we will have a
discretized Dirichlet to Neumann map S € RM*M in Q,. It is natural to use Ay,
to approximate the S,

We can now modify the Dirichlet-Dirichlet algorithm and use our approximation
there. Assume 4" = 4" = —44 is flux on I in the n'* iteration. The three steps in

n'" iteration will be

1. The first step is still to solve a Neumann problem in each subdomain:

-V (O’VU?—Hp) = f; in €2,

uf ™ =0 ondQ;\T, (5.16)
auﬂ+1/2

i _am r
on; T o
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2. The second step is to solve a Dirichlet problem in €2, only

~Avitt =0 in Q,

vttt =0 on 09, (5.17)
vyt = u?“p — ugH/Q on I,

3. The third step is to correct 4"

n+1
vy

8712 '

,ynJrl N AM(u;H—l/? _ u;+1/2) +

(5.18)

with a suitable 6 € (0, 6).

In this modified algorithm, we only solve a half number of subproblems in €2; as in
the original Dirichlet-Dirichlet algorithm, if they have the same number of iterations
to converge to the true solution.

If we write this new iteration into the matrix form, we will have

A = (A 4+ S (d — FAy™), (5.19)

which is a preconditioned Richardson iteration for the system (5.11) with the precon-
ditioner Ay, + S@.

We need to prove the following lemma

Lemma 5.2.2. The condition number of the matriz (Ay + SP) (S~ 4 S@=1Y il

not depend on neither the contrast of the media or the size of the mesh.

This lemma means that our modified algorithm will have similar iteration steps

as the Dirichlet-Dirichlet algorithm to converge to the true solutions.
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5.2.5 A fast way to get an initial guess

In the iterative methods, a good initial guess is really important. Still remember that
we want to avoid solving subproblems in £2;. In this section, we will see that in order
to get an initial guess, we don’t need to solve any subproblem in €2; at all.

Suppose 7? is the flux on I" which points from Q; to €, in the n'" iteration to
get an initial guess 7°. Here we can start from 40 = 0. There are two steps in each

iteration.
1. The first step is to solve a Neumann problem in 25:

—AUTP = in Qs

uy™? =0 on 90 (5.20)
P n+1/2
ugnQ - _72 on F>

2. Then we correct 79 like following
V= (1= 00 + 0(Apuy ™). (5.21)

with a suitable 6 € (0, ).
If Aps in the iteration step (5.21) is the exact discretized Dirichlet to Neumann

map S, The iteration steps above in matrix form will be
Y1 = An =05V (d — Fy). (5.22)

which is a preconditioned Richardson iteration for the system (5.11) with the precon-
ditioner SM. Tt will converge to the solution of the system (5.11).

When we use the approximation Ay, for SO like showed in (5.21), the convergence
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vector 7° will be an approximation for the solution of (5.11). It will be a good choice
for the initial guess in our modified Dirichlet-Dirichlet method. Notice that in the

iteration steps to get 7°, we didn’t solve any subproblem in ;.



Appendix A

Functional analysis

A.1 Euler-Lagrange Equations

Suppose 2 € IR? is a domain with some holes D;(i € S) inside. The boundary of € is

where |[I'p| > 0.

We are considering the following minimization problem

1 )
e =mins [ V0P, (A2)
where

V={¢c H(Q): ¢|r, =¥, ¢|op, = constant ,Vi € S}. (A.3)

110
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Define another space
Vo=1{¢p€ H(Q): ¢|r, =0,¢|op, = constant ,Vi € S}. (A4)

Then for any u € V,v € Vj and s € IR, we have u + sv € V.
Suppose u is the minimizer of the problem (A.2), we are going to find what
condition should the minimizer u satisfy.

Let
Flol =5 [ V6P (A5
and
£(5) = Flu+ sv] = %/Qw(u + s0)|? (A.6)

with w € Vv € Vj and s € IR.

w is the minimizer of the problem (A.2) means f/'(0) = 0. From (A.6),

1'(0) :/VU-VU,
Q
Then we will have

/ Vu-Vv =0, for all v € Vp (A7)
Q
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From Green’s theorem, for all v € Vj,

/Auv+/ —v—l—/ —v—l— / v
aD;
8u

(A.8)
/Auv+/ —v+ U|8Di/ —
ry 0 ics ap, On
Then we will have the following equations for «
Au =0, in Q
ou
- 0, on I'y (A.9)
/ @ =0, on 0D;, forallie S
op, On

Plus the constraint conditions in the space V', we will have the Euler-Lagrange equa-

tions for the minimizer of the problem (A.2)

Au =0, in Q2

u =t on 0D;,Vi € S
ou
an 0, on I'y (A.10)
/ @:0, foralli e S
ap, On
u =1, onI'p

where t; are constants need to be determined from the above equations. We denote
the solution of the problem (A.10) as (u,7T), where T = (t1,t2,---)7 is a vector of
potentials on dD;(i € S).

When there is no holes D; inside the domain, the Euler-Lagrange equations will
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be

Au =0, in

%6 onTy (A11)
on
u =1, onI'p

A.2 Uniqueness and maximal principle
In this section, we are going to prove two lemmas related to the Euler-Lagrange
equations.

Lemma A.2.1 (Uniqueness). The Euler-Lagrange equations (A.10) have an unique

solution.

Proof. Suppose there are two different solutions of the problem (A.10), they are
(u1,T1) and (ug, T2). Then (u, T) = (u; —ug, T1 — T3) will be solution of the following

problem
Au =0, in 2
u=t;, on 0D;
ou
9, =0 on 'y (A.12)
0
/ P _o,  ondD,VieS
aD; @n
u =0, on I'p
Then

/ |Vul? = /(Au)u + %u + —u + Z/ —u = 0. (A.13)
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This means wu is a constant in 2. From the continuity, we have u =0 and 7 = 0. So
the Euler-Lagrange equations (A.10) have an unique solution (u, 7). The uniqueness

argument is also true for the equation (A.11). O

Lemma A.2.2 (Maximum principle). Let (u,T) be the solution of the problem (A.10),

then

m(_aztx{u} < H%&X{¢} and max{t;} < n%ax{w} (A.14)

Proof. Suppose M := maxgu, and let A := {z € Q : u(z) = M}. In order to prove
the solution (u,7) will be the constant M everywhere, it is enough to prove that
A = Q. A is relatively closed in 2. We will prove that A is also relatively open in
Q). There will be two different cases in our proof. If there is a o € 2 such that
u(zg) = M, from mean value theorem for harmonic functions, there will be a small
enough r such that B(zq,r) C A.

If there is a t; = M, suppose the radius of the hole D; is R; and the center of D;

is zg. Define a function

1
F(r):= —QW(Ri ) /83(3307&“) u(z)dS(x),

which is the average of u on the circle 0B(xg, R; + r). It is easy to prove that

1 ou
Fl - —dS .
(r) 2m(R; + 1) /83(10,Rv:+7’) on @

We can use the Green’s formula in the annulus B(xg, R; + 1)\ B(zo, R;) and the fact
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that

ou
—dS(z) =0
ap, On (@)

in (A.10) to obtain

0
/ —udS(w) = / Audz = 0.
8B (zo,R;+r) on B(zo,R;i+r)\B(zo0,R;)

It will give us F’(r) = 0, which means F(r) is a constant.

Then we will have a similar mean value theorem in the annulus B(zo, R;+7)\ B(xo, R;)

1

M= /
ﬂ—(RZ + T)Q - WR? B(zo,Ri+r)\B(zo,R;)

udr < M

for small enough r. It means

B(zg, R; + 1) \ B(zo, R;) C A, for some r > 0

So A is relative open in either situation above. Since () is a connected domain
and A # () is both relative open and closed in 2, we have A = Q. It means the
solution will be a constant if either situation above happened. Until now, we proved
the maximum principle for the equation (A.10). O

It will be easy to prove that the solution (u,7") will also be bounded below by the
minimum values of the boundary condition . From this lemma, we see that U in

Lemma 3.3.1 cannot be arbitrary, it is bounded by the boundary condition .
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A.3 Legendre Transformation

We are still considering the minimization problem (A.2) with the test space V' in
(A.3). In this section we are going to get the dual problem of the minimization
problem (A.2), which is a maximization problem.

First let us introduce the following space

W:{jeL?(Q):v-j:o,/ jn=0Vi€e8),j nlr, =0} (A.15)

D;

The derivative of the trial functions j is in week sense, for example V - j = 0 means

/V¢~j:—/v-j¢:0, for all ¢ € C2°(9).
Q Q

The Legendre transformation for any vector v € IR? is

1, R
-V = - = A.16
pV =i = o) (A.16)
This is true because
N N o 1
?g%’g(VJ -3 ) = SV T 5}2}5@(@ —j)=zv.

Then (A.2) becomes

1 )
#=uipy [ 196

. R
= %r)rjré%/ﬂ(vem - 537 (A.17)

= maxmin/(ng j- 1‘]2)
Q

JEW ¢eVv 2
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The last equality of (A.17) is true because F'[¢| satisfies the conditions of Proposition

5.2 in Chapter 3 [18], then we can change the order of min and max. So we have

£ = maxmin/(Vqﬁ j- 1.]2)
Q

JEW eV 2

B L[, :

_Ijlé%({_ﬁ/gj +g1€1‘1/1/QV¢'J} (A.18)
B 1 (., . . . : :
_g%%;{ §/QJ —i—glg/l /QV jo + FD¢.] H+/FN¢J I’H—Z/aDiébJ n]}

ieS
Considering the conditions for j € W, we will have

L[ .
A TAR JACRY

. (A.19)
_ B R .
“pl [ )
So the dual problem of (A.2) is the maximization problem
& a { Yj-n ! / '2} (A.20)
= max ‘n—— :
jew T'p J 2 QJ

with the space W given in (A.15).

A.4 Functions in H!

In this thesis, we need to construct trial functions in H'(Q) where Q € IR%. However,
we need to construct the function piece by piece sometimes, and the following lemma

will be useful.

Lemma A.4.1. Suppose 2 = QU Qy U~ is a Lipschitz domain in IR?, where v =

0 N 0y is the interface shared by the Lipschitz domains 0y and y. Suppose
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u; € HY()(i = 1,2), and

||’You1 - 70“2HL2(7) =0,

where you; is the trace of u;(i =1,2) on . Then

YoU1, on -y
U2, m QQ

belongs to H ().

Proof. Let

'y =002 N0, and I'y = 092 N 0€ .

Then 092 = I'y UT'y. Suppose n;(i = 1,2) is the outward unit normal of the domain
;. Notice that n; = —ny on 7.
Define

Vul, in Ql

Vu (A.22)

VUQ, in QQ

Because 7 is a measure zero set in {2, we can give any reasonable definition for Vu
on . Also because u; € H'(;)(i = 1,2), we have Vu € L*(Q). The left thing is to

prove Vu is the weak derivative of u in €.
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For any vector function v € (C§°(2))?,

[ = v ] < s = ol v 12y =0
Y

So we have [ (u — us)v - n; =0.

From Green’s identities

—/uV-v——/ ulv-v—/ usV - v
Q o Qo
= Vu1~v—/u1v-n1—/ulv-n1
Q1 Iy v
+ Vuz-v—/ u2v-n2—/u2v-n2 (A.23)
Q2 I v
:/Vu-v—/(ul—ug)v-nl
Q ¥
:/Vu~v.
Q

Which means Vu is the weak derivative of u in the whole space €, so u € H'(Q). O
In order to construct a function in H'({2), we can construct it piece by piece in

different subdomains and let them matched each other on the interface.

A.5 The polar coordinate system

Let (e,,e,) be basis vectors of Cartesian coordinate system (z,y), and (u,,up) be

basis vectors of the polar coordinate system (r, ). We have

e, = cosfu, — sinfuy,
(A.24)

e, = sinfu, + cos fuy,



For a function ¢(r,0),

“or T e

Lo(rg) = 199y 4 99

Vo(r,0)

For a vector function j = j,u, + jouy,

. 1o, . 1 )
V-j= ;E(r]r) + ;-(]0)

Then

2o 106

Ag(r,0) =V - (Vo) =52 .5
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(A.25)

(A.26)

(A.27)



Appendix B

Local approximation

B.1 Properties of some functions

In this thesis, we need to use some properties of some functions. The proof of these

properties are very easy and we will state them in this section.

Proposition B.1.1. When a € (0,1) and b > 1, the following function

lmbk
Tk

f (k)

s a monotonically decreasing function for k > 1.

The proof for this proposition is just basic calculus. Notice that for any positive

integer k, we have
b

1—ab’

f(k) < f(1) =

121
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B.2 The approximation in A;;

We need to show that we can have an extension of the trial function ¢ from Ilg U By
into the domain A, actually fro II;; U B;; into the domain A;; locally.

In order to use the Kirszbraun’s theorem introduced in the lemma 3.2.2. We need
to evaluate |V¢| near 0A;; in I1;; U B;;.

In the neck II;;, we already show in the section 3.2 that

C
|V¢| S E(Uz — Uj)2 on @A” N 8HZ]

In the domain B;;, the trial function is given in (4.8). The weight functions wy, w

only depends on 6 because d(§) = R/2. On the boundary 0A;; N 0B;;

2
Vo|* = —c sk«9+a—£(b{) - —Ewksmkeqt1 OLU) )|
0 00
r r=L—R/2 r r r=L—R/2
k(1 — R/(2L))%* |’ ? U — U |”
<
=¢ ‘ 1= (- R/CL*| " ¢ (i — R/EL))| ¢ aij
C C C
< — _
-~ R? R2 pU—U) < R?

where C' is a constant and «;; = O(R) is defined in (4.45). Here we also used the

proposition B.1.1 and the fact that

+0(1).

1 2L
In(1 — R/(2L)) ‘ "R

From the Kirszbraun’s theorem, we can extend the trial function from II;; U B;;

into the domain A;;, and it will satisfy
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It is easy to show that the area of A;; is O(R?). Hence we have

C
[ 1vor < a1 =00, (B2

Aij

B.3 Some properties of d(f) in B;

Without loss of generality, we can suppose that §; = 0. This assumption will not
affect the approximation for G;() in (4.40).

Now we have

d(0) = L — r;cos() — \/R? — (r;sinf)?

= 8; + (1 — cos()) + (R — \/R2 — (r;sin(0))?) (B.3)

> R — \/R? — (r;sin(f))?

and d(#) is bounded above by R/2.

Also we have

'0) — 7 sin r; cos 6
d'(0) = risin(f) <1+ \/RQ—(risin0)2>

_ r; sin(6) I d(o
VR — (r; sin@)Q( ©)

Suppose P; is one of the intersections between 0D, and 0D;. Considering the area

the triangle OO, P; and using Heron’s formula, there will be

1 \/(n+p+R)(—n+p+R)(ri—p+R)(ri+p—R)

gPrisina; = 16



From (2.41) and (2.42), we have r; ~ L — R, also notice that p = L — R/2

1

T;sin o &

STz Y CL — R2IBR2)E/2)L - 5R/Y

V3R
Q(L_—R/z)\/(L — R/4)(L — 5R/4)
< —\/gR
= 2(L—-R/2)
_ V3R(L-3R/4)

2(L — R/2)

(L — 3R/4)?

From(B.5), we have for any 0 € (—a;, ;)

VAR

risin(f) < r;sin(q;) < 5

So we have

|r; sin 0|
L—d(

V/R? — (r;sin0)? ©)

< Llrising] 2L

R2—-3R2j4 R

|d'(0)] =

|7 sin 6|
<V3L=0(1)

and

= — (R ++/R? — (r;sin6)?)

AL 8L

_ L2—1
L o)
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. Hence

(B.5)

(B.7)



Also because r;cosf < L and r;sinf < \/§R/2, we have

r; cos O R (r;sin6)?

" ()] = - 7| (L= d(#))

(R? — (r;sin6)2)3/2  R? — (r;sin )
L
< max{%ri cos,3L}

8L2
R

IN

= O(L*R™)
Since 0; < d(f) < R/2 < L we have following approximation

1 I
“mi—a) _a oW

125

(B.9)

Here we will talk about the approximation for integration of 1/d(f) in B;. Re-

member that

d(0) = 6; + 7;(1 — cos(8)) + R(1 — \/1 — (r;sin(F)/R)?)

where 6 € (—a;, o) with o, = O(R/L).

First from Taylor’s expansion theorem, we can easily have

7”1'92
2

Ti04

|7 (1 — cos(9)) — 54

| <

Also from Taylor expansion theorem, we can easily have

1'2

1 1
§$§1—\/1—I§§$+W fOI'aHCCG[O,'Y]

where 0 < v < 1 is a positive constant.

(B.10)

(B.11)
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Notice that we already proved (B.6). From the (B.11), we will have

1= VT Gom@ ) - 5
< (1= VT G/ - |+ |5 - Sy .
B.12
r; SIH(Q) 4 Ti\2 14
< C(T) +O(E) 0

Lo\*
<C|—
<< (%)
where C' is a constant which does not depend on d; or R.

Denota the approximation for d(f) as

N T
) =5, +

02 — 5 4 T‘i92 i R 7’10 2 nﬁi

v v v Ti0i p2
2R 2 2<R) 2R9'

Put above bounds together, we will have

= rd* R rif., 1
_ _ (6, + B8 T2 Ti0ign
(6) — )] = o) ~ (6+ 5 + SR+ o)
.02 1 7. 0;
< |ri(1 — cos(0)) — ri6 + R|(1 —+/1— (r;sin(6)/R)?) — —(@)2 + ri0 62
2R 2R (B.13)
0t Lo
< ) L6;R™6?
<51 —I—C(R)R—I—C iR
< CL'R*0" + CL§;R™'¢?
Next we will prove that
' L ! ‘ <O(R™) for all 6 € (—ay, ;) (B.14)
d(@) d*(e) — 79 (2 .

We need to prove the above bound in different regions. We first divide the region
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(—av, ;) into two regions
0] < B; and B; < [0] < o

where ; = v/2R6;/L. Actually, any 5; = O(v/R0;/L) would be fine to get the bound
(B.14).
When |6| < §;, we have

‘dw)—dwﬂf;CR*W++CI@R*w2§cn%4$
(B.15)

d(0) > 0; and d() > 6,
hence we have

d(6) — d(0)
d(0)d(0)

‘1 1’_

When 5; < 16| < o, first we will easily have

riL 2 riL 2 —172p2
> - —
5 0 5 0 CR L0

d(0) = 6; +

Using the formula (B.11), we have

d(0) > R(1 — /1 — (r;sinf/R)?) >

2
T 2 2 o —17292
v > — >

> 2R(Smé’) > (WQ) > CR L°07,

2R

here we used the formula sing > 20 V6 € [0, 7/2].

Hence in the region g; < 0] < «a;, we also have

d(9) — d()

“3L40* + CL§; R0
] CR FCLAR _ oy
d(0)d(0)

<
= (CR-1L262)2 =
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In the summary, we proved (B.14).

Notice that o; = O(R/L), we have

% Ldf e LdQ “ Ldf
+ O(1) = —F—— 4 0(1
/_ai d(e) / ( ) /al 6 + LT202 ( )

\/ s arctan\/QRé

.+ O(1
ST (B.16)
/ T
=2 O(1
7304 (2 \/Lrioz,) +00)
2LR
= 1
5, T+ O(1)

Notice that

Lri R
m&i = O(Hé.—l) > 1,

and we used the following approximation above

arctan(z) = g

B.4 The approximation for G;(6)

In order to approximate G;(6) in (4.40), we need to approximate the following three

integrals one by one

= [ ([ at)
asoy = [0 ([faTul0) B17)

Gul)= /:dw)?( [t >>2
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In this situation, we also denote p(6) = (1 — d(6)/L)* for simplicity. Then from (4.9)

(r/L)* =p*(r/L)™" _ (r/L)" = (r/L)F (r/L)~"

wg(r, 0) = - = 7
D) /2 - /0 (== ) (B.13)
0wy (r, 0) o [(PA((4K + 2)p* + 4k — 2)d"? —2p?d"

= o= o/ (RO s )

and
1 r
v = ez an ™
ow(r,0) d .
90  (L—d)(In(1—d/L))? In(7) (B.19)
82111(7’, 9) B 2d’2 d/2 + (L . d)d” | r
06> ((L —d)*(In(1—d/L))* (L —d)*(In(1 - d/L))2) n(z)

We will use C' to denote some general constant which will change in different cases,

but doesn’t depend on k, R or ¢ in the following approximation.

1. Because 0 < d(f) < R/2, we have

(1—d/L)* ™t < Cp? and (1 —d/L)*2 < Cp*.

(2—(r/L)*—(r/L)7*)? is monotonic decreasing on 7 because its derivative is negative

when r € (L —d, L). Hence we have

2—(r/L)}— (/L)) <2-(1—d/L)"—(1—-d/L)™")?=p2(1—-p)*, Vre(L-dlL)
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also

Then we have

cio=[ ([ e %90%)

L—d(o) "
<C (( kad/ > Cff ( /IL kft(t’“ - t"g))2
=C (< Wdl ) T (/L) - (/. (B20)

d/ 2
SC(( > Ld(9 7” (1—p)
=C(d'/L) k2p2[— In(1 —d/L)]

where we changed parameter ¢t = s/L on the second line.
Here k?p? = k?(1 — d/L)* will get it’s maximal value when k = —1/In(1 —d/L),

which means

1
2 2 < —2
YV Cma—4DE°
Then we have
> a2 L
. < < (—< (— .
Ga(0) < “Trma-dan) =i =“r (B.21)

because d?/d = O(L*R™').
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2. Similarly, by integration over s we will have

ci - [ ([ oy
& L—d@) T r S 06>

d?p*[(4k + 2)p* + (4k — 2)]
=¢ ( (L — dR(1— 1)

>2 [~ In(1 — d/L))p2(1 —p)* (B.22)

—2d"p? ? . —2/1 . \4
0 (i) = d/L - )

Since (4k +2)p® + (4k —2) < (4k+2) + (4k —2) = 8k and —In(1—d/L) = 4(1+0(1))

Also from the approximation (B.9), we have

. d/4 /{32]92 d" -
Gip(0) <C 1 s[—In(l —d/L)|+ C(—)"p’[~In(l —d/L)]
S . (Lyd '
- (L—-d)*(1-p)2L R L
From the Proposition B.1.1, we have
2,2 _ E o\ 2 . 2
k*p _ k(1 —d/L) < (1—-4d/L) < C(£)2
(1—p)? 1—(1—d/L)* 1—(1-d/L) d
Since (L — d)* = L*(1 + o(1)), we have
. d/2 12 12 L
G5(0) < Cﬁm—l—C— CH—FC’— Cﬁ’ (B.24)

because d'/L = O(1) and d”?/d = O(L*R™!) from (B.7) and (B.8).
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3. For the last integration,

= [ /L@éﬂwwﬁ
i o L—d(0) r r S 892

B 9242 d?+ d"(L — d) 2 In tdt
- ((L—d>2[1n<1 ~DF T TP —d/L>P) / o T / L B

[ 241 —d/L)]d " —(In(1 — d/L))?
B ([1n(1 —d/L)P(L —d)? " (L —d)[In(1 — d/L)P) 20

Because 2+1In(1—d/L) = 2(14o0(1)) and (L—d) = L(1+40(1)), by Cauchy-Schwardz

inequality we have

2+ In(1 — d/L))2d" d"[—1n(1 — d/L)]
Gis(0) < (20[— m(—d/L](L—df |~ 20(L —d)? )

d/4 112
=0z In(1 — d/L)L4 T Ol —d/L)] (B.26)
4" od d? L LR
< _
_CL3d+C( )? L_CLd+C( )= 7
L
< —
< OR

In conclusion, we have

1 0;+a; 1 0;+a;
1 / Gi(0)dh = = / (GE (6) + G(6) + Gs(6)) d8 < C

2 i —ov 2 Oi—o

Laz

— 0(1)(B.27)

because a; = O(R/L).

B.5 The approximation for a;, b;, c;

In this section, we will approximate a;, b; and ¢; separately.
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Approximation for q;

First let’s look at a;,

Oitai L ow 1 ow
a; = d@/ rdr(—2+——2>
/ei—ai L—d(6) ( or ) 7’2( 00 )

Oita 1 d? <B28)
= /91,_%_ <— (i —d/L) | 3(L —dP(—In(i = d/L))) d0

We can bound the second integration like following

0;+ay; A2 0;+oy; 2
df| < —di| <
L. e ‘ <c|f ‘ =¢

ei“l‘aiL
Tl = o0
/ R] 1)

i =0

i —au i

Also notice that

1 L
“n(i—d/L) 4 o),

In this approximation, we requires that R < L.

Hence from (B.16), we will have

lita df “  Ldt
@ :/9 i —awyn oW = /ai aw o oW

i = -

2LR
T'Z‘(Si

+ O(1)

where

d(0; +t) = L —rycost — /R? — (r;sint)? = &; + 7;(1 — cost) + (R — y/R2 — (r;sint)?)

for t € (—ay, ;). Here we changed parameter 0 = 0; + t.
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Approximation for b;

For b;, we have

Oita 8wk ow 1 owy, ow
_/ez d@/Ld rdr{—cosk:@)E%— (— kwksmkH—{—Wcosk‘@)ae}
91+a1 cos k6 itai bd'sinkf 1 — p? + 2plnp
= ————df + / db B.30
AR e N e e (B30
_/9”0” 2d"* cos ko pll—p*+(1+p )lnp]de
6;—; (L —d)?In(1—d/L) Inp(1 — p?)?

where p(0) = (1 — d(8)/L)*.
We can first show that

_1—p*+2phnp
B0 = - )
_ Pl =p*+ (1 +p*)Inp|
Falp) = Inp(1 - p?)?
Fy(p) = =P+ (A= p)plnp — (1+p")p(lnp)?

(Inp)2(1 — p?)?

are bounded for any p € (0,1). This is easy to see because the functions of p above
are bounded when p — 0 or p — 1.

Also from B.3, we have

= O(L*R™") and d’ = O(L*R™1)
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From integration by parts and «; = O(R/L), we will have

Oitoi pdsinkf 1 — p* 4+ 2plnp Oitoi 1 —p?+2plnp
/ei_ai (L—d) (Inp)*(1—p?) /ei_ai (L —d) (Inp)*(1 —p?)
it d 1—p>+2ph

.., et fry et H
/9”“‘“ (d"(L —d) + d?*)coskf 1 — p* + 2p1npd9‘

bi—a (L —d)? (Inp)*(1 —p?)
/"H“i 2d" cos ko (1-p°)?+ (1 —p°)plnp — (14 p*)p(Inp)*
bi—a; (L —d)?In(1—d/L) (Inp)2(1 — p?)?
/‘Haf d'(L —d) + d”

0 (L —d)?

i) -

d(cos k@)‘

=0(1)+

<o)+

+

.

i

<0(1)+C

/9¢+ai 2d2
. (L—d)?In(1—d/L)

i =

8] +.C

i =

<O(1)+O(LR Ya; + O(LR™ Yay

—0(1)

We also have

/9#%' 2d"? cos k6 p[l —p? + (1 +p?) Inp] W
[%

i—a; (L —d)*In(1 —-d/L) Inp(1 — p?)?

0i+a; d?
—df

<C <O(LR Yy = 0(1).

So we have

Oitai cos k#
bi:/e T+ O, (B.31)

i—

Also from the approximation (B.16), we will have

Bitou cos ko @ Lcosk(0; +1)
__ [z Tl ).
S wdam® =L o0

v 2R

i—a; %
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What we need to approximate is

A k Qi t a;  Lik(0;+t)
/ %dt:%{# o
—or 0+ R —ai 0i + 55

) ; ikt oOLR . Sy iky/2R6;/(Lr;)x
=R{LM [ dty =R [Tk / ——dr
- 51 + Lrit? TZ'(SZ' —S; 1+ T2

2R

(B.32)

Here we changed parameter and

S=—— 2 _ 0 E)>>1.

" /2R6;/(Lr;) o;

From the residue formula, we have

Si iky/2R0;/(Lr;)x iky/2R6;/(Lry)x
/ v+ / Sy = e RVRRE/IN) (B.33)
— Cs,

s, 1+ 22 1+ 2?2

where Cg, = {S;e??,0 < 0 < 7} is the circle with radius S; in the upper half complex

plane. And

eik\/QR(Si/(LT’i)x 1 7TS (5
- drl < - - < v -1y — 2.
/cs. T+a2 = /cs. 1 +S§e2z9dx -5t 0(8:7) = O R)

Hence we have

Si _iky/2R6;/(Lr;)x 15
/ e—dl‘ — 7T€_k V 2R4;/(Lr;) + O( %)

S; 1+£L'2
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In the summary

LR ,, [5 oiky/2R6;/(Lri)a
{V 7i0; ekaz/s de o
o o) oy

2LR  cos kb,

= -7
7i0; ky/2R8i/(Lrs)

e

%
R

+O(1)

Approximation for c;

At last, let’s look at ¢;,

0;i+oy L 2 2
itai 1
ci = —ka; + / d«9/ r Jwn coskl | + — | —kwysinkl + Ouw coskf | dr
) L—d(6) 0 r 90

Ca r
— ki + /em F 1 “’2} a6 — /Gﬁai [2k2p2 In(l—d/L) zk;e] d6
' 0;—a; 21— p2 0;—a; (1 - p2)2 (B 35)
bitei okd'p p[l —p*+ (14 p*)Inp| |
3 sin 2k6d6
0;—a; (L - d) (1 - p )

cos® kOdo

/92‘+Oéi Qde’QpQ ln(l — d/L) 1-— p4 + 4172 Inp
o, (LR Inp(l— P

i Qg
Like before we can first show that

Fi(p) = A= pi;r_(;;;ﬁ) ne

1—p*+4p*Inp
B == a e

are both bounded for any p € (0,1).
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Then we will have

/“O‘i 2kd'p p[l —p* + (1+p?) Inp]
0 (L —d) (1—p?)?

sin 2k0d0‘

L—5;
/ ks"lds
L—R/2

i~

0i+a;
<C / 2kd' (L — d)k‘lde‘ <C
0

i

< O|(L — R/2)F — (L — 6,)F| = O(1)

Here we changed parameter s = L — d(6).

Like the proof in appendix B.4, we can prove

2k2d*p* In(1 — d/L) < d”
(L—dP(1—p*)? |~ Ld

which will give us

cos® kOdb

/9#%‘ 2k2d”p*In(1 — d/L) 1 — p* + 4p*Inp
0 (L—d(L=p*)?  Inp(l—p?)?

i~y

0+ d"2
0; —a;
So we have
bitai k14 p? Oitei 2k2p? In(1 — d/L)
= — ko, ———df — 2k0dO + O(1
C; o + /Oiai 51 _p2d9 /Qiai e cos + O(1)

(B.36)

0+ k2 2%kn21
p p-np
= — cos2k0 | dO + O(1
/9 (1—292 (1—p?)? ) @

i~
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Later in this section, we will prove the following results as two propositions.

it 2LR | 2kd; ok
— /L O
/92__&2 r;0; L7T ) +0(),

e —2kp2 Inp r [2LR %
/9;‘042' —(1 P cos 2k0df = 2\ s exp | —2k L cos 2k0; + O(1)  (B.37)
2LR 20;R , m |2LR 20, R
- - i) =5 —2k
& 0, exp [ 2k - (cos k6;) 5\ 7o, exp L +0(1).
In the summary, we have
2L 20
G = 1t exp | —2k 0.1 (cos k;)?
704 i
(B.38)
2LR 2k9; d; 20.R
92 )~ - 1).
2V ro; ( Lt LZI/Q(eXp { QkL}) oxXp [ 2k riL ) +0(1)

Now we are going to estimate two integrals in (B.37). We state them as two

propositions here and we will prove them separately.

Proposition B.5.1. The first integral

0i+a k2 97, %S, 5
P ™ i ;

- L —2k—=1)4+O(1

/ei—a,- 1 p2d0 5\ 0 \ s zl/g(exp[ kLb O(1),

where p = (1 —d(0)/L)*.

Proof. Here is the proof for this proposition, it has several steps.

1. First notice that

p=(1—dB)/L), 6c ;- b;+a)
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where

d(; +0) = L —r;cos — /R? — (r;8in0)2 = &; + r;(1 — cos0) + (R — /R2? — (r;sin 6)?)

We can change parameter 6 = 6; +t to get

Oita; 2 & o2
/ P 2d9:/ T
bi—a; 1D o L=

where

p* = (1—d(t)/L)* = 0O/t e (—ay, )

with

d(t) = L —ricost — \/R2 — (r;sint)? = &; + r;(1 — cost) + (R — \/R% — (r;sint)?)

t
2R

d(t) = 6; +

which is an approximation for d(¢). We are going to replace d(t) in the integral by
d(t).

2. Then let’s look at the following function

ke—2kr k’
F(k,x) = 1_ ¢ 2ke  g2he _ 1
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For fixed k,
OF(k,x) —2ke?ke 2e%® < C ] <1
= —, |z
ox (e2kz —1)2| = (e2* —1)2 — z?’
This is because for fixed =,
—2ke?ke
(62kz _ 1)2

is a decrease function of k.

So we have the following approximation

kp? k k oF ~

-2 e 2Rm(-d0/D) —1  g2hdw/L _q + %(lﬁf)(— In(1 —d(t)/L) — d(t)/L).

where & = d(t)/L. From the analysis above and the approximation in Section B.3,

we have

d(t)/L —d(t)/L
62

'8F

S (R (= In(1 = d(0)/1) ~ )/ )| < C < O(L/R).

which means

o fp? o kdt
[ dt—/ i o
3R,
Lr; / 62k6 JL( 1+x2) 1 + O(l) (B39)
OLR 2k, / Ldx
- / 4 0()
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where we changed parameter ¢t = y/2R6;/(Lr;)x and

S;=— Y —0(/R/S) > 1.

2R6;/(Lr;)

3. Denote A\ = 2kd;/L here, so A\ changes from §;/L to infinity as k increase from 1

to oo. It is also easy to see that A/(e*1*%*) — 1) is a decreasing function of A, hence

A 1
eX(1+22)) _ 1 S lli% eM1+z2)) - 14 22

So we have

A 1 0
/@ e /| T oS —on )

In the summary we have

A o 1 [2LR [ \dx 1 [2LR [ \dx
/ai 1 —Pth T2 7304 —S; eA+a%) — + owl= 2 7304 /oo eA+a?) — ] o)

2LR —1/2dy 1 [2LR Y
,/m\/'/ Y +0(1) = 5 >3 VAT Liyja(e ™)

m [2L 2k;5 g
7:0; )

by considering the definition

Lif(s) = — /OO ("
Pa\%) 1= [(s) Jo et/z—1

and the fact that I'(1/2) = /7. O

(B.40)
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Proposition B.5.2. The second integral

0;+a; 2
T _2kp Inp ™ [2LR
—_— 2k0do = —
/ei_ai -y cos 5\ 7, exp

where p = (1 — d(0)/L)*.

—2k 25}{{] cos 2k0; + O(1) (B.41)

T

Proof. The proof steps will be very similar to the proof in Proposition B.5.1.

1. The first step is still to change parameter § = 6; + ¢, and use the formula
cos 2k(6; + t) = cos 2k0; cos 2kt — sin 2k0); sin 2kt.

Notice that sin 2kt is an odd function and the other terms in the integration are even

functions. Which means

—2k%(1 — d(t)/L)* In(1 — d(t)/L)

(1— (1—d(t)/L)%)? cos 2ktdt

/'97;+ai —2]€p2 lnp
0

W cos 2k0df = cos 2k9i/ Z
i — Oy - p — Oy

2. By using the similar method in the proof for Proposition B.5.1, we first use J(t)

to approximate d(t) and then change the parameter. We will end up with

/ T —2kp?lnp cos 2k0d0
0

i — (1 - p2)2

1 SN (L 2?)er 1)
= §hi oS 2k9i/s (i) 1) cos(Ah;x)dx + O(1)

1 © 3\2(1 2\  A(1+22?)
= §h,- cos 2/{91-/ ((6/\:52))6_ )2 cos(Ah;x)dx + O(1)

1 % \2(1 2\ A(1422)
zihiCOSZkQﬁE{/ (1+2)e eMizdy b O(1).

(6,\(1+z2) —1)?



144

where h; = |/2E8 = O(\/g). S; and A has the exactly same definition as in Propo-
sition B.5.1. Remember that A = 2ké;/L.

3. In order to approximate the integral

ez)\hizdz

oo /\2(1 + 22)6)\(1+z2)
~ (eX1+2%) —1)2

with A > 0. We consider the following three contours

Ci={x+iy:y=0, —oo<z<oo}
Co={z+iy: 2 xy=m, 0<y<oo}
Cs={z+iy: 2 \ay=—-7m, 0<y<oo}

Actually C] is the real axis, Cy and C5 are symmetric along the image axis.

C1UCyU(—C3) is a closed contour with counter clockwise direction. Assume the

domain between this contour is D. Then the function

A2(1 4 22)er1+2%)
<6>\(1+z2) _ 1)2

iAh;z

e

only has one singular point z =4 in D, because 0 < F(A(1 + 2?)) < 7 in D.

From the residue theorem, we have

22

/ AN (1 + 22)er0+ )ei’\hizdz LT o

5 .
C1UC2U(—C53) (e/\(lJrZ ) — 1)2 2

Because

2 00 2
A2(1 + 22)eri+ )e“'”zdz _ A2(1 + 22)eM1+= )e“hizdz
1 (6)‘(1+22) _ 1>2 (e)\(1+z2) _ 1)2
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is the integral we want to approximate. Considering the symmetric of Cy and Cj, it

is enough to prove

(eX0+27) —1)2

4. On the contour Cs, 2 \xy = 7, we have

ML+ 2%) = A1 +2* —y?) +in

hence

2 2,2\, 2_,2
6)\(1+z ) — 6)\(1—1—1‘ yo)Him _6)\(1+x y?)

Also

i)\hiz — |ei)\hix 7)\hiy — 7)\h¢y

e e e

And we have

1
|dz| = |dz + idy| = /1 + 2/ (y)?dy = (/1 + (%)QEdy =

So for large x, we will have

A1 2\ A (1422 —y2)
(1+2%)e i

<

2(1 2\ A(1+22)
/ A+ 2 )e eMizdz| = O(1).
C!

/ 2\
1+ (?)2x4dy.

A1+ 22)

)\(1 + Z2>€)\(1+22)
(eM1F2) —1)2

<€A(1+z2fy2) + 1)2

i \z?
6)\22

<C

dy' < Cdy

eM14z2—y?) +1

dz’
(B.42)



And for large y, we will have

A1+ 22)6)‘(1+22)d < A1+ 22)6A(1”2’y2)d o A1+ 22)d
(6,\(1+z2) —1)2 = (eX+a?—y7) 1)2 A= Ve <
)\ 2
<C Ay zdy‘ < Cdy
ey
Hence we will have
A1 +Z2)6>\(1+z2)
(ek(l—l—zQ) _ 1)2 dz S Ody

for any x,y > 0 such that 2 Axy = 7. Which will give us

N1+ 22)6/\(1+Z2) iAhiz ]
o (M) )2 € “

< / Che Mi¥dy = ¢ < O(1),
0 h;
because

R
) > 1.

In the summary we proved (B.41) for any k.
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