Computation of Natural Cubic Splines

> leta=20<z1<...<xp=band h; = xiy1 — ;.

» The cubic spline S satisfies the following properties

S(z) = Si(x), =z € [zi,zit1] fori=0,...,n—1,

S(z:) = f(x:) fori=0,...,n,

Sit1(xit1) = Si(xit1) fori=0,...,n—2,

Sii1(zit1) = Si(zit1) fori=0,...,n—2,

S (ziv1) = 81 (zig1) fori=0,...,n—2.
where S;(x) = a; + bi(x — ;) + ci(z — ;)% + di(x — x;)*.
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» (1b) = a; = f(zs), i=0,...,n— 1.
> (16) = 2¢it1 = S;CH(xH_l) = Sl{l(l’i_;_l) =2¢; +6d;h;, i =0,...,n— 2.
At z,.: 2¢, & r_1(Tn) = 2¢n—1 + 6dn_1hn_1.
= dzz %IH(CZ‘+1 —Ci), ’L.:O7...,n—1.
> (1a-e) and the previous identities = (after a few calculations)
b; = hii(a¢+1 — ai) — %(201 =4 Ci+1), 7= 0, 1, Lo, n— 1.
> (la-e), the previous identities and S (zo) = S;,_1(zn) = 0 (after a few

calculations) lead to a linear system for co, ..., cn.



Computation of Natural Cubic Splines

> If S satisfies (1) and has zero second derivatives at both ends, then
def

2¢o = Sy (o) = 0,2¢n, = S;,_1(xn) =0, and

> Te=r,
> where T € R®™D*(m=1 js the symmetric tridiagonal matrix
2(ho + h1) h1
hi 2(h1 —+ h2) ho
hn73 Q(hnf?) + hn72) hn72
hn72 2(hn72 + hnfl)
and ¢, € R"! are given by
o (a2 — a1) = 3=(a1 — ao)
o 7o (a3 — az) = 32 (az — a1)
c= , r= :
3 3
Cn—2 m(an—l - an—?) - m(an—Q - an—S)
Cn—1 ﬁ(an —ap-1) — ﬁ(an—l — an—2)

» T is symmetric positive definite.



