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CAAM 335 Matrix Analysis

Solutions to Homework 10

Problem 1 (20 points) Consider

A =
(

1 0 −1
0 1 0

)
(a) (6 points)

Compute all the eigenvalues and orthonormal eigenvectors of AAT and AT A (many
quantities can be easily obtained without substantial calculations).

(b) (7 points)
Find the singular value decomposition A = UΣV T by hand and show your steps (you
may compare with the result from the MATLAB command svd).

(c) (7 points)
Without any further computation, give an orthonormal basis for each of the subspaces:
R (AT ), N (A), R (A), N (AT ), if it is non-trivial.

Solution:

(a)

AAT =
(

1 0 −1
0 1 1

) 1 0
0 1
−1 0

=
(

2 0
1 0

)
Since AAT is diagonal, the eigenvalues are 2 and 1 with corresponding eigenvectors
(1,0)T and (0,1)T .

AT A =

 1 0
0 1
−1 0

( 1 0 −1
0 1 0

)
=

 1 0 −1
0 1 0
−1 0 1


As one would expect, the rank of AT A is 2, columns 1 and 3 are linearly dependent, thus
0 is an eigenvalue with eigenvector (1,0,1)T . One can also see that 1 is an eigenvalue
with eigenvector (0,1,0)T . Since AT A is a symmetric matrix and the eigenvectors of
symmetric matrix are orthogonal, the only remaining direction in R3 must also be an
eigenvector, thus (1,0,−1)T is an eigenvector with eigenvalue 2.
Another way of getting eigenvectors of AT A corresponding to nonzero eigenvalues is
to multiply the eigenvectors of AAT , (1,0)T and (0,1)T , by AT . In this case, the two
columns of AT turn out to be eigenvectors of AT A corresponding to λ1 = 2 and λ2 = 1.
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(b) From A =UΣV T , the eigenvectors of AT A give the right singular vectors and the eigen-
vectors of AAT give the left singular vectors. The singular values involve taking the
square root of eigenvalues of either of AAT . Hence,

V =


1√
2

0 1√
2

0 1 0
− 1√

2
0 1√

2

 , Σ =
( √

2 0 0
0 1 0

)
, U =

(
1 0
0 1

)
.

(c) From the properties of the SVD the range of A is the span of the columns of U as-
sociated with the nonzero eigenvalues of AAT . Similarly the range of AT is equal to
the span of the columns of V corresponding to nonzero eigenvalues of AT A. The null
space of A is the span of the columns of U associated with the zero eigenvalues of AAT .
Similarly, the null space of AT is the span of the columns of V associated with the zero
eigenvalues of AT A.

R (AT ) = span

 1√
2

 1
0
−1

 ,

 0
1
0

 , N (A) = span

 1√
2

 1
0
1

 ,

R (A) = span
{(

1
0

)
,

(
0
1

)}
, N (AT ) = { /0} ,

where N (AT ) technically is not empty, rather it contains only the zero vector which is
contained in every subspace.

Problem 2 (10 points) The pseudo-inverse of A is defined as A† = V Σ†UT . Is it true or false that
AA†A = A and A†AA† = A†? Justify your answers.

Solution:
The statement is true.
Let A ∈ Rm×n with rank r ≤ min(n,m). Then A = UΣV T with U ∈ Rm×m , V ∈ Rn×n and
Σ ∈ Rm×n.

AA†A = UΣV TV Σ
†UTUΣV T = UΣΣ

†
ΣV T
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ΣΣ
†
Σ =


σ1

. . .
σr

0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)




1
σ1

. . .
1
σr

0r×(m−r)

0(n−r)×r 0(n−r)×(m−r)

Σ

=
(

Ir
0(m−r)×(m−r)

)
σ1

. . .
σr

0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)



=


σ1

. . .
σr

0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)

= Σ

Hence
AA†A = UΣV T = A.

A†AA† = V Σ
†UTUΣV TV Σ

†UT = V Σ
†
ΣΣ

†UT

Using the result above for ΣΣ†,

Σ
†
ΣΣ

† =


1

σ1
. . .

1
σr

0r×(m−r)

0(n−r)×r 0(n−r)×(m−r)


(

Ir
0(m−r)×(m−r)

)

=


1

σ1
. . .

1
σr

0r×(m−r)

0(n−r)×r 0(n−r)×(m−r)

= Σ
†

Thus
A†AA† = V Σ

†UT = A†

Problem 3 (10 points) Let matrix A ∈Rm×n. Prove that both AA† and A†A are orthogonal projec-
tion matrices (idempotent and symmetric). Which subspaces do they project onto, respec-
tively? Justify your answers.

Solution:
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To be an orthogonal projector a matrix must be both idempotent, P2 = P, and symmetric
PT = P.
For the idempotent property,

(AA†)(AA†) = AA†AA† = A(A†AA†) = AA†,

where we have utilized the result from the previous exercise and similarly

(A†A)(A†A) = A†AA†A = (A†AA†)A = A†A.

For symmetry,

AA† = UΣV TV Σ
†UT = UΣΣ

†UT = U
(

Ir
0m−r

)
UT ,

which is clearly symmetric and similarly

A†A = V Σ
†UTUΣV T = V Σ

†
ΣV T = V

(
Ir

0n−r

)
V T .

From the decompositions above for AA† and A†A, one can see that AA† projects onto the
range of A whereas A†A projects onto the range of AT .

Problem 4 (10 points) Let matrix A ∈Rm×n have rank n. Show that in this case A† = (AT A)−1AT

and A†A = I (so A† is also called left inverse). Give the analogous results for the case when
A has rank m.

Solution:

(AT A)−1AT = (V Σ
TUTUΣV )−1V Σ

TUT = V (ΣT
Σ)−1V TV Σ

TUT = V (ΣT
Σ)−1

Σ
TUT

Since the rank of A is n, and ΣT Σ is invertible, thus

(ΣT
Σ)−1

Σ
T =


 σ1

. . .
σn

0n×(m−n)




σ1
. . .

σn
0(m−n)×n



−1

Σ
T

=

 σ2
1

. . .
σ2

n


−1 σ1

. . .
σn

0n×(m−n)


=


1

σ1
. . .

1
σn

0n×(m−n)

= Σ
†,
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thus
(AT A)−1AT = V Σ

†UT = A†.

Since (AT A) is invertible because the rank of A is n,

A†A = (AT A)−1AT A = (AT A)−1(AT A) = I.

For the case when A has rank m, A† = AT (AAT )−1. Similar to the calculations above,

AT (AAT )−1 = V Σ
TUT (UΣV TV Σ

TUT )−1 = V Σ
TUTU(ΣΣ

T )−1UT = V Σ
T (ΣΣ

T )−1UT

Since the rank of A is m, ΣΣT is invertible

Σ
T (ΣΣ

T )−1 = Σ
T


 σ1

. . .
σm

0m×(n−m)




σ1
. . .

σm
0(n−m)×m



−1

=


σ1

. . .
σn

0(n−m)×m


 σ2

1
. . .

σ2
n


−1

=


1

σ1
. . .

1
σm

0(n−m)×m

= Σ
†,

thus
AT (AAT )−1 = V Σ

†UT = A†.

Since (AT A) is invertible because the rank of A is m,

AA† = AAT (AAT )−1 = (AAT )(AAT )−1 = I.


