
CAAM/NEUR 415 Miterm

Fall 2011

Instructions:

1. Time limit: 4 Hours

2. No notes, book, or any other outside sources.

3. Indicate your compliance with the honor system by writing out in full and signing
the traditional pledge in the space below.

4. Staple this cover sheet to your solutions. The test is due at 5:00 on Friday, Oct.
14.
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Problem 1

Consider the passive isopotential cell, where the potential, v = V − VCl, is governed by

v′(t) + v(t)/τ = f(t), v(0) = 0,

for τ = Cm/gCl and f(t) = Istim(t)/(ACm).

(1a) Use the identity
d

dt
(v(t)et/τ ) = (v′(t) + v(t)/τ)et/τ

to show

v(t) =

∫ t

0

e(s−t)/τf(s)ds. (1)

(1b) Suppose the cell is driven by the impulse Istim(t) = I0δ(t− t1), where δ denotes the
Dirac-delta function. Compute vmax ≡ maxt v(t). At what time does the potential attain
its maximum value?

(1c) Since the passive cell cannot model the action potential, we often assume the cell
spikes when its potential reaches a threshold vth. Using the same stimulus as in (c), de-
termine the threshold current Iθ ≡ min I0 such that vmax ≥ vth. When I0 ≥ Iθ, at what
time will the cell spike?

(1d) Assume the cell receives such an impulse every ∆t ms, where

Istim(t) = I0

∞∑
i=1

δ(t− i∆t).

Determine the threshold potential Iθ as a function of the input frequency ω = 1/∆t.
Sketch a plot of this function.

Hint: Evaluate v(tn) and use the geometric series:

∞∑
i=0

xi =
1

1− x
for |x| < 1.
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Problem 2

Consider the isopotential cell with the active h-current:

CmV ′(t) = −gCl(V (t)− VCl)− ghq
2(t)(V (t)− Vh) + Istim(t)

τq(V )q′(t) = q∞(V )− q(t)

(2a) What equation must the resting potential Vr satisfy?

(2b) Assume that for some small ε, Istim(t) = εĨ(t), V (t) = Vr + εṼ (t) + O(ε2), and
q(t) = q + εq̃(t) + O(ε2), where q = q∞(Vr). Expand each functional q∞(V ) and τq(V )
as a Taylor series about Vr. Then, derive the quasi-active equations describing the linear
perturbations from rest.

(2c) Construct the quasi-active system y′(t) = By(t) + f(t), where y = [q̃ Ṽ ]T . Identify
each element of B and f.

Problem 3

Consider the simplified cable with three compartments, where vs is the soma potential,
vp is the potential for the proximal compartment, and vd is the potential for the distal
compartment. Let C be the membrane capacitance, G be the membrane conductance,
and R be the axial resistance.

(3a) Write the governing equations for vs, vp, and vd, where vs(0) = vp(0) = vd(0) = 0.
Show that if v ≡ [vs vp vd]

T , then v can be written as

v′(t) = Bv(t) + f(t).

Write the matrix B and driving term f.
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(3b) Assume Bqn = znqn with orthonormal eigenvectors:

qT
i qj =

{
1, if i = j
0, otherwise.

Let

f(t) =
3∑

j=1

cj(t)qj and v(t) =
3∑

j=1

aj(t)qj.

Write the soma potential vs in terms of the eigenvalues and eigenvectors of B. You may
find Equation (1) from Problem 1 helpful in solving for the coefficients aj.

(3c) Let R = C = G = 1. B has the orthonormal eigenvectors

q1 =
1√
3

 1
1
1

 , q2 =
1√
2

 −1
0
1

 , and q3 =
1√
6

 −1
2

−1

 .

Compute the corresponding eigenvalues. Is the resting potential stable?

(3d) Assume the stimulus is constant, Istim(t) = I0. Solve for the steady-state soma
potential, limt→∞ vs(t) in terms of I0.

(3e) Assume the proximal compartment receives the stimulus Istim = I0 instead of the
distal compartment. What is the new steady-state potential at the soma?

Problem 4

Consider the passive fork consisting of a mother branch of radius a3 and length `3, and
two daughter branches of radii a1 and a2 and lengths `1 and `2, respectively. Assume the
soma has the same radius and surface area as the mother branch.

a) Define the electrotonic length Lj = `j/λ, and assume L1 = L2. If neither daughter
branch receives a stimulus, under what additional condition can the fork be collapsed
into the equivalent cylinder, where its potential is governed by the equation

∂U

∂T
(X, T ) + U(X, T ) =

∂2U

∂X2
(X, T ), 0 < X < L, 0 < T

∂U

∂X
(L, T ) =

∂U

∂X
(0, T ) = 0, 0 < T

where L = L1 + L3.
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b) Assume a voltage clamp is used at the soma. Then, the boundary condition ∂U
∂X

(L, T ) =
0 is replaced with U(L, T ) = UC for all T. Write the ODE for for the steady-state solution
Uss(X) = limt→∞ U(X, T ) and its boundary conditions.

c) Solve the resulting system for the steady-state potential. Sketch a plot of the solution
as a function of distance from the soma and interpret this plot.

d) The assumptions needed for the equivalent cylinder are rarely met. Assume a1 �
a2 = a3. Do you expect the steady-state potential to be greater in daughter branch 1 or
daughter branch 2? Justify your answer.
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