
CAAM 553

Homework 2

1. 10 points. Let x0, x1 be two successive points from a secant method applied to solving f(x) = 0 with
f0 = f(x0), f1 = f(x1). Show that regardless of which point x0 or x1 is regarded as the most recent
point, the new point derived from the secant step will be the same.

2. 15 points = 5 each. Which of the following iterations will converge to the indicated fixed point x∗
(provided x0 is sufficiently close to x∗)? If it does converge, give the order of convergence. For linear
convergence, give the rate of linear convergence.

(a) xn+1 = −16 + 6xn + 12
xn

, x∗ = 2

(b) xn+1 = 2
3xn + 1

x2
n

, x∗ = 31/3

(c) xn+1 = 12
1+xn

, x∗ = 3

3. (25 points) Assume f(x∗) = 0 and f ′(x∗) 6= 0. Consider the iteration defined by

xk+1 = xk −
f(xk)2

f(xk + f(xk))− f(xk)
= G(xk).

(a) (10 points) Show that

G(x) = x− f(x)

f ′(x) + 1
2f
′′(ξ)f(x)

, ξ between x, x+ f(x)

(b) (10 points) Use fixed point theory to show that, for xk → x∗, the iteration converges quadratically.
Note that G′(x∗) is not well-defined at x∗, but may be evaluated by assuming continuity.

(c) (5 points) Assuming convergence of all iterations, compare the advantages of this iteration to
Newton’s method and secant method.

4. 30 points = 10+10+10

Suppose xn+1 = g(xn) with g ∈ C1([a, b]). Assume that this iteration converges for any x0 ∈ (a, b) if
if |g′(x)| < 1 for all x ∈ (a, b).

(a) The following sequence

xn+1 =
1

2

(
xn +

2

xn

)
results from applying Newton’s method to f(x) = x2 − 2, and converges to

√
2.

Rewrite this sequence as a fixed point iteration and show that this sequence converges quadrati-
cally (for x0 close enough to

√
2). Determine a condition on x0 > 0 which guarantees convergence

of this iteration. Note: the actual iteration will converge for any x0 > 0; please use fixed point
theory to determine conditions on x0.

(b) Newton’s method can be “damped” or “relaxed” as follows

xn+1 = xn − λ
f(xn)

f ′(xn)
, λ ∈ (0, 1].

where λ is some constant. If λ = 1, the original Newton’s method is recovered. Show that for
λ < 1, damped Newton’s method converges linearly (if f(ξ) = 0 is a single root and for x0 close
enough to ξ), and determine the rate of convergence.

(c) Apply the damped Newton iteration to f(x) = x2 − 2. Write out the resulting iteration and
determine (in terms of λ) for what values of x0 the iteration will converge. Does λ < 1 increase
or decrease the range of x0 for which damped Newton converges?


