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Week 12 — Summary — Inverse Function Theorem

Reading: I11.3, XVIII.1, XVIIIL.2, XVIIIL.3

A continuous, strictly increasing, real-valued function on R has an inverse that is continuous and strictly
increasing.

A differentiable, strictly increasing function has an inverse that is differentiable and strictly increasing.
The derivative of the inverse is the inverse of the derivative:

9 ) = (fl;(y))_l

Shrinking Lemma: Let M be a closed subset of a complete normed vector space. Let f : M — M be a
mapping, and assume that thereisa 0 < K < 1suchthatforallz,y € M, ||f(z)— f(y)| < K|z —y].
Then there exists a unique z9 € M such that f(zg) = xo. If x € M, then the sequence {f"(x)}
coverages to .

The set of invertible n X n matrices is open subset of all n x n matrices.

Let E be a complete normed vector space, and let L(E, E) be the set of all linear maps from E to E.
The set of invertible elements of L(E, E) is open in L(E, E). If w € L(E, E) is such that |Ju| < 1,
then I — w is invertible and (I — u)™1 = >"°° ju”.

Let Inv(E, E) be the set of invertible elements of L(FE, F). Let ¢ : Inv(E, E) — Inv(E, E) be the map
1y, —1

u > u~!. Then, ¢ is infinitely differentiable, and its derivative is given by ¢’ (u)v = —u~lvu=t.

Let E/, F' be a complete normed vector spaces. Let U be open in F and let f : U — F be a C? map.
We say that f is CP-invertible on U if the image of f is an open set V' in F', and if there is a CP map
g:V — Usuchthat g(f(z)) =xand f(g(y)) =yforallz € Uandy € V.

Inverse function theorem: Let U be open in E. Let xg € U, and let f : U — F be a C” map. Assume
that the derivative f/(zg) : E — F is invertible. The f is locally CP-invertible at . If ¢ is its local
inverse, and y = f(x), then ¢/(y) = f'(x)~1.



